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Preface 


This book has been written to fill a gap that we, as teachers and researchers in the 
field in probability, have increasingly felt. Stable processes, which have attracted 
growing interest in recent years, are not the single subject of any monograph or 
comprehensive overview. In this book, we hope to make this important branch 
of probability widely accessible and provide both an introduction and a basic 
reference text. 

The central limit theorem which offers the fundamental justification for ap- 
proximate normality points to the importance of the stable distributions: they 
are the only limiting distributions of normalized sums of independent, identically 
distributed random variables, and perforce include the Gaussian as distinguished 
elements. Gaussian distributions and processes have long been well understood 
and their utility as both stochastic modeling constructs and analytical tools is 
well-accepted. However, they do not allow for large fluctuations and are thus 
often inadequate for modeling high variability. Non-Gaussian stable models, on 
the other hand, do not share such limitations. In general, the upper and lower tails 
of their marginal distributions decrease like a power function. The rate of decay 
depends on a number а, which takes a value between 0 and 2. The smaller а, the 
slower the decay and the heavier the tails. The distributions always have infinite 
variance and when a < 1, they have an infinite mean as well. 

In the last two or three decades, data with “heavy tails" have been collected 
in fields as diverse as economics, telecommunications, hydrology and physics of 
condensed matter, which suggests using non-Gaussian stable processes as possible 
models. Such models offer the additional merit of flexibility and variety when 
compared to Gaussian processes. The latter are completely specified by their mean 
and autocovariance functions, whereas non-Gaussian stable processes command 
a much richer parameterization. Gaussian distributions, moreover, are always 
symmetric around their mean; the non-Gaussian stable ones can have an arbitrary 
degree of skewness. 

In this book, we emphasize the probabilistic approach over the analytic one. 
We talk of tails, moments and dependence structures and focus on multivariate 
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properties and sample paths. The book will be useful to a wide spectrum of 
researchers in probability, applied probability and statistics as well as to graduate 
students. As background, we require only a first year graduate course in probabil- 
ity. Our goal has been to write a very readable text and to keep the wider context 
in clear perspective. Proofs are presented in detail. Each chapter begins with a 
brief summary and concludes with a wide range of exercises at varying levels of 
difficulty. To guide students on the more challenging problems, we have supplied 
detailed hints. 

In Chapter 1 we introduce the one-dimensional stable random variables and 
provide a foundation for the subsequent chapters. We review classical material 
from the first part of this century, and then present more recent developments, 
including sections on simulation and on the series representation. That repre- 
sentation, which provides a link between the classical theory and the new, more 
modern approaches, is used extensively in the subsequent chapters. 

Much of the rich structure of the stable non-Gaussian world becomes already 
apparent in Chapter 2 where multivariate stable distributions are presented and 
fundamental notions like spectral measure, covariation, and codifference are 
introduced. While the reader may notice that some of the Gaussian tools remain 
useful, this chapter is more a story of contrast than of similarity between Gaussian 
and non-Gaussian stable multivariate distributions. One important difference 
is that the components of a stable non-Gaussian vector cannot, in general, be 
expressed as a finite linear combination of independent random variables. Instead, 
one has to use stable stochastic integrals as a representation. These have enough 
built-in "independence" and are sufficiently versatile to represent non-Gaussian 
stable processes. Stable stochastic integrals are defined in several ways in Chapter 
3, where the reader first encounters some of the most important classes of stable 
processes. 

In Chapter 4 we study in greater detail the dependence structure of multivariate 
stable distributions: the effect of conditioning, order statistics, existence of joint 
moments, association and codifference are зоте of the topics that are discussed. 
Simple regression is analyzed in depth in Chapter 5. While non-Gaussian stable 
distributions have only moments of order less than а, they may have conditional 
moments of order greater than œ. In particular, a regression of one symmetric 
a-stable random variable on another may be well defined even with a < 1; it is 
then linear as in the Gaussian case. When the stable distributions involved are 
no longer symmetric, the situation is more complicated and the regression, in this 
case, is typically non-linear. We provide exact forms for the regression. 

Complex-valued symmetric stable random variables, briefly introduced in 
Chapter 2, are discussed in greater detail in Chapter 6. In that chapter we develop 
the theory of complex-valued stable integrals and stochastic processes, together 
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with their series representation, and introduce the harmonizable stable processes. 
Harmonizable or "spectral" representations are commonly used in Gaussian pro- 
cesses; in the non-Gaussian stable context, they characterize a special class of 
stochastic processes. 

In Chapter 7 we discuss self-similar processes, also called "random fractals". 
These processes are invariant in distribution under judicious scaling of time and 
space. They are important in probability because of their connection to limit 
theorems and they are of great interest in modeling because they can display 
“long-range dependence" or “long memory." Some aspects of self-similarity ap- 
pear in geophysics, hydrology, turbulence, economics, communications and in 
relation to “1/f noises." Self-similar processes are also used in physics, particu- 
larly in connection to the so-called “renormalization group theory” and “списа! 
phenomena.". We start by introducing the Gaussian ones, namely the fractional 
Brownian motions, and then concentrate on the much richer family of stable non- 
Gaussian self-similar processes. We also discuss autoregressive moving-average 
(ARMA) and fractional ARIMA models with stable innovations. The latter can 
display high variability together with long-range dependence. 

In Chapter 8 we consider Chentsov random fields. We show how one can 
extend Chentsov's geometric construction of Lévy Brownian motion to constrict 
a variety of self-similar stable random fields. 

In the following four chapters we consider the sample path properties of stable 
processes. Chapter 9 is of an introductory nature. Its purpose is to help a reader 
with little prior experience to gain familiarity with the basic notions in the field, 
such as versions, separability, zero-one laws, etc. As a result, much of the 
discussion in Chapter 9 is not specific to stable processes but is applicable to any 
stochastic process. An advanced reader may wish to skip the first three sections 
of that chapter. 

In Chapter 10 we discuss the most basic sample path properties of stable 
processes, namely sample boundedness and continuity. Some stable processes are 
continuous, others have discontinuities of the first type, and there are some that are 
unbounded in any finite interval. Self-similar stable processes provide a number 
of examples of these different types of sample paths. We also describe the upper 
tails of the distribution of suprema of stable processes and include a discussion on 
oscillations. In Chapter 11 we consider the measurability and integrability of the | 
sample paths. One application is a formula for the inversion of the harmonizable 
process which is similar to the one for ordinary Fourier transforms. 

The description of sample boundedness and continuity of stable processes 
given in Chapter 10 is complete only when 0 < a < 1. In Chapter 12 we offer a 
different approach for the case 1 < a « 2, one based on metric entropy. Although 
Chapter 12 does not contain a full solution to the problem, it provides new insight 
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into boundedness and continuity in the stable case. 

A promise made to the reader in Chapter 3 is kept in Chapter 13, where 

a detailed discussion of integral representation of a-stable processes is given. 
` Finally, Chapter 14 contains historical notes, references and extensions to the 
material presented in the text. i 

There are many ways to read this book. Chapters 1, 2 and 3 are prerequisites for 
all the subsequent ones. Together with Chapter 4, they provide a good overview of 
the subject. The remaining chapters contain more specialized material and can be 
read independentiy. Chapters 9 through 12 which cover the sample paths’ behavior 
have a more abstract flavor. Chapter 13 on integral representation requires only 
Chapter 3 as background. In a one-semester course one can cover the introductory 
chapters, 1 through 4, as well as Chapter 7 on self-similar processes. 

We are. grateful to the Weizmann Institute and the Guggenheim Foundation. 
The first offered a fellowship to Gennady Samorodnitsky, the second to Murad 
Taqqu. These fellowships allowed us to start the project. The National Science 
Foundation, the Air Force Office of Scientific Research and the Office of Naval 
Research provided us with grants to investigate stable processes. We thank also 
Albert Paulson for allowing us to reproduce some stable distribution tables from 
an unpublished technical report and the following publishers for their kind permis- 
sion to reproduce some material from their publications: Birkháuser, Blackwell 
Publishers, Academic Press, Elsevier Press, the American Statistical Association 
and the Institute for Mathematical Statistics. 

Many people read parts of the manuscript and provided helpful suggestions. 
We would like to thank Laurence Baxter, Stamatis Cambanis, Daniel Chambers, 
Jan Kallsen, Mark Kon, Michel Ledoux, Makoto Maejima, Joop Mijnheer, Jolanta 
Misiewicz, Svetlozar (Zari) Rachev, Balram Rajput, Sid Resnick, Yumiko Sato, 

.Shigeo Takenaka, Wim Vervaat and Tomasz Zak. We are also indebted to our 
students Renata Cioczek-Georges and Piotr Kokoszka, who were closely involved 
with many substantive aspects of this project, and Vadim Teverovsky who designed 
most of the figures. Alex Kasman, supported by the NSF grant USE-8953023, 
developed "calcgraphics," which allowed us to combine Mathematica and BIEX. 
At the same time, Ognian Enchev showed us how to work around some of IATpX's 
idiosyncrasies. We had the good fortune to have Tom Orowan, a superb typist 
and friend, type this manuscript at Boston University. And finally, we thank our 
wives, Julia and Rachelle, for their support and understanding. 


Abbreviations 


a.s. almost surely 

ARIMA autoregressive integrated moving average process 
ARMA autoregressive moving average process 

CHFSM complex harmonizable fractional stable motion 


FARIMA fractional autoregressive integrated moving average process 


FBM fractional Brownian motion 

FGN fractional Gaussian noise 

H-ss self-similar with index H 

Н -5551 self-similar with index Н and with stationary increments 


Н -sssis self-similar with index H and with stationary increments 
in the strong sense 


LFSM linear fractional stable motion 
log-FSM — log-fractional stable motion 
RHFSM real harmonizable fractional stable motion 


SaS symmetric a-stable 


Notation 


= equality in distribution 

laor 1(A) indicator function of the set А 

а<Р> signed power, equal to [a|?sign a 

ал ~ by Jim а, /%› =} 

ау 53 dy jim а/ђу = k Гог some k > 0 

6(xo) ог бүл measure that gives unit mass to the point zo 

plim limit in probability 

Leb Lebesgue measure 

N(u, 42) normal distribution with mean p and variance v? 

sign(z) lifz»0,0ifz—0, -lifz«O0 

Salo, p, и) stable distribution with index a, scale parameter c, 
skewness parameter 8 and shift parameter д; in 
particular, 5(0,0, p) = М(џ, 20) 

Sa unit sphere in R4 ; it is a (d — 1)-dimensional surface 


X ~ Ss(o,B,u) X has the distribution S, (c, B, 1) 
ПХ scale parameter of a SaS random variable X 
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Chapter 1 


Stable random variables on 
the real line 


This chapter concerns univariate stable distributions. Because these distributions 
are described in several textbooks and monographs, we do not include the proof 
of some well known results. Instead, we refer the reader to Feller (1971) or 
Gnedenko and Kolmogorov (1954) where such proofs can be found. Our goal is 
to provide a clear summary of the classical theory. Modern developments, such 
as the series representation, are presented in detail. 

We define univariate stable distributions in four equivalent ways. The first 
two definitions concern the "stability" property: the family of stable distributions 
is preserved under convolution. The third concerns the role of stable distributions 
in the context of the central limit theorem. Stable distributions approximate the 
distribution of normalized sums of i.i.d. random variables making them useful in 
modeling the contribution of many smail random effects. The fourth definition 
specifies the characteristic function of a stable random variable. We will use the 
characteristic function extensively because few stable density functions are known 
in closed form. 

А univariate stable distribution is characterized by four parameters. These are 
the index of stability a, the scale parameter с, the skewness parameter В and the 
shift parameter jj. The stable distribution is Gaussian when а = 2, and in this 
case, с is proportional to the standard deviation, 8 can be taken to be zero and д 
is the mean. 

In Section 1.2 we present sorne basic properties of stable distributions. We 
clarify the role played by the four parameters. Stable distributions with a < 2 
Share many properties with the Gaussian distribution, but they also differ from 
the Gaussian in significant ways. When а < 2, for example, the tails of the 
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distributions decay like a power function. This means that a stable random 
variable exhibits much more variability than a Gaussian one: it is much more 
likely to take values far away from the median. Mandelbrot (1982) referred to this 
as "Noah effect," an allusion to the biblical figure who lived through a very severe 
flood. The high variability of the stable distributions is one of the reasons they 
play an important role in modeling. Stable distributions have been used to model 
such diverse phenomena as gravitational fields of stars, temperature distributions 
in nuclear reactors, stresses in crystalline lattices, stock market prices and annual 
rainfall. 

In Section 1.3, we discuss symmetric stable distributions, which are a-stable 
with 8 and и zero. Their characteristic function takes a particularly simple form, 
very similar to that of a centered Gaussian distribution. 

We establish in Sections 1.4 and 1.5 the series representation for a stable 
random variable. We show that any stable random variable can be expressed 
as an infinite sum which involves the arrival times of a Poisson process. This 
representation clarifies the role played by the index of stability а. Analogous 
representations will be established for stable random vectors and stable stochastic 
processes. 

In Section 1.6, we display graphs of univariate stable density and cumulative 
distribution functions and provide a guide to numerical tables. We show, in Section 
1.7, how to simulate stable random variables. 


11 Equivalent definitions of a stable distribution 


The theory of univariate stable distributions was essentially developed in the 1920s 
and 1930s by Paul Lévy and Aleksander Yakovlevich Khinchine. It is covered 
in detail in such classics as Gnedenko and Kolmogorov (1954) and Feller (1971), 
and it is the object of a more recent monograph of Zolotarev (1986). The main 
features of the theory are outlined in many graduate textbooks in probability. 

We give four equivalent definitions of a stable distribution. 


Definition 1.1.1 A random variable X is said to have a stable distribution if for 
any positive numbers А and B, there is a positive number C and a real number D 
such that 


AX, + BX, = CX + D, : (1.1.1) 


where X, and X are independent copies of X, and where “ 2» denotes equality 
in distribution. 
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Note that a random variable .X concentrated at one point is always stable. This 
degenerate case is of no special interest and, unless stated explicitly, we always 
assume that X is non-degenerate. A random variable X is called strictly stable if 
(1.1.1) holds with D = 0. A stable random variable X is called symmetric stable 
if its distribution is symmetric, that is, if X and —X have the same distribution. 
A symmetric stable random variable is obviously strictly stable. 


Warning. In the older literature, e.g. Lévy (1954) and Feller (1966), the terms 
“stable” and "strictly stable" are replaced, respectively, by "quasi-stable" and 
“stable.” Feller (1971) uses, respectively, “stable (in the broad sense)” and “stable 
(in the strict sense).” 


Theorem 1.1.2 For any stable random variable X, there is a number а € (0, 2] 
such that the number C in (1.1.1) satisfies 


C? = A? + Ве. (1.1.2) 
See Feller (1971), Section VI.1, for a proof. The number а is called the index of 


stability or characteristic exponent. A stable random variable X with index о is 
called a-stable. 


Example 1.1.3 If X is a Gaussian random variable with mean и and variance v? 
(X ~ N(u,v*)), then X is stable with a = 2 because 


AX; + BX, ~ М((А + В)џ, (А? + B*)v*), 
i.e., (1.1.1) holds with C = (A? + B?)!/? and D = (А + B – Сји. 
We now turn to the second definition. 


Definition 1.1.4 (equivalent to Definition 1.1.1). А random variable X is said to 
have a stable distribution if for any n > 2, there is a positive number C, and a 
real number D,, such that 


Nit Хә» +++ 0X + Dn, (1.1.3) 
where X1, X2,. .. , Xn are independent copies of X. 


If X is stable according to the Definition 1.1.1, then, by induction, it is 
also stable according to Definition 1.1.4. It is easy to show that the reverse 
implication is also true (Feller 1971, Section VI.1). Therefore the two definitions 
are equivalent. 

It turns out (Feller 1971, Theorem У1.1.1), that in (1.1.3) we have, necessarily, 


CQ, = nila (1.1.4) 


for some 0 « a < 2. This is of course the same o which appears in (1.1.2). 
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Remarks 


1. If we want to use Definition 1.1.4, is it necessary to verify that (1.1.3) holds 
for every n = 2 ? Would it be sufficient to verify (1.1.3) for fewer ns.? 
It turns out that the requirement X, + X, = C,X + D, alone is not 


. sufficient, but a random variable satisfying both X1 + Х + CX + D; 
and X, + Х + Хз © CX + D3 is necessarily stable (Zolotarev (1986), 
p. 14). 


2. Consider a sequence X = (Х, 125 ə of random variables. Fix a number 
б > 0. For each n > 1, define the transformation 7, that takes X into the 
new sequence of random variables T, X = {(Т„Х);}° oo given by 


1 (i4-1)n-1 
(InX)i = = 2; X;. 
ј=іп 
To visualize the action of Та, divide the real line in blocks of size n. In 
each block, sum the random variables whose index belongs to the block and 
renormalize that sum by a power function of the length of the block. The 
index n of T;, refers to the length of the block and 6 is the exponent of the 
power function. ` 


The transformations Th, n > 1, are called renormalization group trans- 
formations with critical exponent 6. More general.renormalization group 
transformations occur in physics in the context of critical phenomena, and 


in applied mathematics. 


The family of transformations (T5, > 1) forms a semi-group. Indeed, 
Tmn = Ta Тм, i.e., the transformation 7, followed by the transformation 
Tm is equivalent to the transformation Tmn. А sequence X = (ХН 2 
is said to be a fixed point of the renormalization group transformation if 
Т.Х = X forall n > 1, i.e., if the distribution of X is invariant under Т, 


for any n > 1. 


The sequence X = {X;}92_., of iid. strictly a-stable random variables 
is a fixed point of the Tas with 6 = 1 /о because 


1 ` m 
(Т.Х); = avs (Xin + Хан + Xii) = Ха 
by (1.1.3), and because the independence of the X;s implies the indepen- 


dence of the (T4 X)is. 


We will see in Chapter 7 that there exist dependent stable sequences. which 
are also invariant under renormalization group transformations. The cor- 
- responding critical exponent 6 will then depend not only on the index of 
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stability œ but also on an additional parameter associated with the depen- 
dence. 


The third definition states that stable distributions are the only distributions 
that can be obtained as limits of normalized sums of i.i.d. random variables. 


Definition 1.1.5 (equivalent to Definitions 1.1.1 and 1.1.4). A random variable 
X is said to have a stable distribution if it has a domain of attraction, i.e., if 
there is a sequence of i.i.d. random variables Y,, Y2, .. . and sequences of positive 
numbers (4, ) and real numbers {an }, such that 


Yo aec у 
IL tan $X. (1.1.5) 
ul 


за d POES эб 
The notation => denotes convergence in distribution. 


It is clear that the previous definitions yield (1.1.5), e.g., by taking the Y;s to be 
independent and distributed like X. The converse із еаѕу to show (Gnedenko & 
Kolmogorov 1954, p. 162). When X is Gaussian and the Y;s are i.i.d. with finite 
variance, then (1.1.5) is the statement of the ordinary central limit theorem. The 
Yis are said to belong to the normal domain of attraction of X when а, = па, 
In general, dn = n'/“h(n) where h(x), z > 0, is a slowly varying function at 
infinity, that is, Jim h(uz)/h(z) = | for all u > 0 (Feller 1971, XVIL5). The 
function h(x) = ln x, for example, is slowly varying at infinity. 

The fourth definition specifies the characteristic function of a stable random 
variable. 


Definition 1.1.6 (equivalent to Definitions 1.1.1, 1.1.4 and 1.1.5). А random 
variable X is said to have a stable distribution if there are parameters 0 < o < 
2, 0 > 0, —1 € 8 € 1, and p real such that its characteristic function has the 
following form: 
SE — iß( sign 0) tan 52) + 7 ifo z 1, 
EexpióX = 


opf -oi + 482 ( sign 0) 1п |Ө|) + 2) Ка = 1. 


(1.1.6) 
The parameter o is the index of stability and 
1 if@>0, 
signü 4 0 #0=0, 
-] if8«0. 


The parameters c, 8 and p are unique (£ is irrelevant when a = 2). 
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It is easy to check that Definition 1.1.6 implies Definition 1.1.4. The proof of 
the converse can be found in many textbooks, e.g. Gnedenko and Kolmogorov 
(1954), Section 34. The idea of the proof is to use Definition 1.1.5 to obtain the 
Lévy-Khinchine representation of the characteristic function, namely 


Eexpi6 X = exp(iM0 — 0767} 


if œ = 2, and 


EexpibX = exp iuo p [^ we 2-5. +0 [ qp 5. 
o ? pite ^ oS , ја 


(1.1.7) 
if œ < 2. Here M is real, о > 0, P and Q are non-negative numbers, and 
(0,2) = e? — 102 (1.1.8) 
1 + 22 


Then, in the case a < 2, when X is non-degenerate (Р + Q > 0), one sets 


P-Q 


digi те 
and evaluates the integrals as in Feller (1966), p. 542. : 
There is a great deal of flexibility in the choice of the function 4. Another 
choice, which involves the unit ball [—1, 1] of R!, is 


(0,2) = e'^* — 1 — 20211 (2). 


( Changing у affects the values of the constants M, Р, Q.) 
The measure 
P Q 
L(dz) ша pir 1(0,оо) (х)ат + ize 1 (-оо,0) (х)ах 

іп (1.1.7), is called ће Lévy measure.! We will see in Section 3.12 that the 
representation (1.1.7) has an interpretation in terms of limits of compound Poisson 
random variables with L(dz) playing the role of the intensity of “jumps” of size 
т. 


! L(dz) is sometimes called "spectral measure” in the literature. In order to avoid any possible 
confusion with the "spectral measure" of Chapter 2, we refer to L(dz) as the "Lévy measure." 
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Remarks 


1. When о = 2, the characteristic function (1.1.6) becomes EexpióX = 
exp{—c76?+i6}. This is the characteristic function of a Gaussian random 
variable with mean и and variance 202. Note that o is not equal to the 
standard deviation. Note also that although the value of @ is not specified 
because В tan л = 0, one typically associates the Gaussian distribution with 
the choice 8 = 0. . 


2. When с = 1, the imaginary term in (1.1.6) contains the factor In |6]. The 
presence of this logarithm is the source of many difficulties associated with 
the case а = 1. In the sequel, the case œ = 1 will often have to be treated 
separately. 


3. In (1.1.6), B appears with a negative sign when a # 1 and with a positive 
sign with о = 1. This minor point has been the source of great confusion 
in the literature (see Hall (1980) for a discussion). 


4. The characteristic function (1.1.6) can be written as 
E expið X = exp(c?(—|0]* + i&u(0, а, 8)) + зиду, 


where Bjg[z-! Га 1 
a-l tan Z3 ifo , 
w(0, a, 8) = [ —82 in |ð] + Ка = 1. 


The function w(8, а, 8) is not continuous at œ = 1 and 8 > 0. However, 
as Zolotarev (1986) remarks, setting 
_ [| pt Bortan іа 3 1, 
n-l u ifo = 1, (1.1.9) 
yields the expression 
Eexpitó X = exp{a%(—|0|% + idu (8, a, 8)) + і}, (1.1.10) 
where 
f B(f97' —1)tan?? іа Al, 
ша) = { 68210 [6| ifo = 1, (1.1.11) 
is a function which is jointly continuous in а and 0. This last expression 
makes plausible the presence of the logarithm in the case а = 1. 


If one insists on having convergence in distribution as a — оу, с — 
со, В — Во, н — ро, then one should change the parameterization and 
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characterize an a-stable random variable as having a characteristic function 
of the form 


EexpibX = exp{o* (в + 19801012! — 1) tan =) + ind}, 


where a: € (0,2], с> 0,18| € 1, ш € R!, and where the characteristic 
function for а = 1 is defined by letting а — 1. The drawback is that p 
does not have the nice properties of и given in the next section. We shall, 
therefore, continue to use the form (1.1.6) of the characteristic function. 


. When а 5 1, the characteristic function (116) is sometimes written as 
Ee'9X = exp( - og |0|% e: (6n). (1.1.12) 
where 
ил(8) = w2(8, a, 8) = -h (sign 8)7 К(а), 
and where / is such that 


an (с = {ап > 


and К (ог) will be defined below. The new scale parameter c? is related to 
с as follows: 
02 = ос), 


where x 
cz = (cos 825 К(а)) (= 
or, in terms of fj, 
QN -1/Qo) 
e = (1+ fa TS) я 
Zolotarev (1986), р. 12, chooses? 


| a ifa<l, 
K(a) = а —1+ 90 (1 -— о) = 
a-2 ifa>l. 


2Some authors, e. g., DuMouchel (1971) and Chambers, Mallows, and Stuck (1976), choose 


а ifa < 1, 
K(a) = 1 — |! – ој =min(a, 2 – а) = 


2-а ifa>l. 


With this choice, 8 has the same sign as 8 if a < 1, but has the opposite sign if o 1. 
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With this choice, 


Z Arctan(B tan =2) if0cocl, 
B; = 
phu Атаап(8іап 922) if 1 <a<2. 


For fixed o, the index { is a monotone increasing function of 8 and 
Во = —1, 0, 1 if and only if 8 = —1, 0, 1, respectively. 


Figure 1.1: 5 versus 8. If a > 1, replace the 
а in the figure by 2 — а. 


Notation. Since (1.1.6) is characterized by four parameters 
а €(0,2],¢>0, 8€[-1,1, pER', 
we will denote stable distributions by 5, (c, 8, p) ап write 
X ~ Salo, B, и) 
to indicate that X has the stable distribution So (а, 8, p). We also write 
X ~ 5а8 
when X is symmetric a-stable, i.e., as shown in Property 1.2.5 below, when 


В=и=0. 


The probability densities of a-stable random variables exist and are-continuous 
but, with a few exceptions, they are not known in closed form (Zolotarev 1986). 
The exceptions are: 
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(а) The Gaussian distribution 5:(0,0, u) = N (и, 207), whose density is 
(oyr)! e- (==) Ie - 


(b) The Cauchy distribution S, (0,0, п), whose density is 


с 


020) +92): SEP) 
If X ~ Si(o, 0, 0), then for z > 0, 
H 1 т 
P(X зра 421 Е 
(X < z) 5 + = Arctan(=). (1.1.14) 


(See Exercise 1.7.) 


(c) The Lévy distribution S, j;(c, 1, п), whose density 


(Z) aono": (1.1.15) 


is concentrated on (и, oo). If X ~ 5; (а, 1,0), then for x > 0, 


P(X <=) =2(1-0(/2)), (tier 


where Ф denotes the cumulative distribution function of the N (0, 1) distri- 
bution. (See Exercise 1.9.) 


(d) A constant ш which has the degenerate distribution 5, (0,0, џ) for any 
0 < a € 2. Our convention is to exclude degenerate distributions because 
they have unusual properties. For example, all moments of a degenerate 
distribution are finite, whereas a non-degenerate œ-stable distribution with 
0 <a < 2 has infinite second moments (Property 1.2.16). 


1.2 Properties of stable random variables 


A useful tool for studying a-stable distributions is the characteristic function 
(1.1.6). We shall use it to derive some basic properties of stable random variables 
and to obtain an interpretation of the parameters о, о, 8 and д. 


Property 1.2.1 Let X, and X; be independent random variables with X; ~ 
Soler, Bi, pi), i = 1,2. Then X1 + X2 ~ Salo, D, p), with 


fio? + Њог 


о = (0% +02 Ча = 
(o? +07) 8 of + oF 


‚ K= Ш из. 
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PROOF: We verify this for œ # 1. By independence, 
In Eexpi0(X, + X2) = In(Eexpió X1) + In(Eexpi& X;) 
: : та A . 
= —(оў + ор)јеје + il? sign (0) (tan 22) (810? + зо?) + ilp + pa) 


~. fiat + prot 


= —(g® суја |1 
(of + уне ji- sich + Ре 


sign (0) tan ze] + 50(ш + из). 


The proof for a = lissimilar. W 
The parameter и is a shift parameter because of 


Property 1.2.2 Let X ~ Salo, B, u) and let a be a real constant. Then X + a ~ 
Salo, B, u +a). 


This follows trivially from the form of the characteristic function (1.1.6). 
Property 1.2.3 Let X ~ 5, (а, 8, p) and let a be a non-zero real constant. Then 


аХ ~ Se (lale, sign (а)8, аи) if afl (1 2 1) 
aX ~ Si(lale, sign (2)8, ар — за пјађсб) if a — 1. ul 


PROOF: By (1.1.6), we have for a > 1, 
In{E expi0(aX)} 
= –јваје а“ (1 — 48 sign (að) tan =) + (да) 
- -(elal*lel^ (1 — if sign (a) sign (0) tan =) + иа). 
The proof foro = lissimila M 


The parameter с is called the scale parameter. Observe that when a = 1, 
multiplication by a constant affects the shift parameter in a non-linear way. Hence, 
the name "scale parameter" for с is a misnomer when a = 1 and Å # 0. When 
и = 0, we have 


Property 1.2.4 Forany0 <a < 2, 
X ~ S4(c,0,0) «=» —X ~ Sala, — 8,0). (1.2.2) 
The following property identifies 8 as a skewness parameter. 


Property 1.2.5 X ~ 5а(а,8, и) is symmetric if and only if В = 0 and p = 0. It 
is symmetric about р if and only if B = 0. 
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PROOF: For a random variable to be symmetric, it is necessary and sufficient - 
that its characteristic function be real. By (1.1.6), this is the case if and only if 
B = 0 and и = 0. The second statement follows from Property 1.2.2. M 

A symmetric stable random variable is strictly stable, but a strictly stable 
random variable is not necessarily symmetric. In fact, 


Property 1.2.6 Let X ~ Salo, B, p) with а = 1. Then X is strictly stable if and 
only if u = 0. 


PROOF: Let Х|, Хә be independent copies of X and let A and B be arbitrary 
positive constants. By Properties 1.2.1 and 1.2.3, 


AX, + ВХ; ~ 5, (e(A* + Во)“, B, n(A + B)). 
We must set С = (A9 + B*)'/* in (1.1.1). By Properties 1.2.2 and 1.2.3, 
СХ + р ~ S, (c(A* $ В°)\!/= 8, Ае үк В°)\\/© + р), 


and, therefore, we have AX; + ВХ» = £ CX +D with D = Oif and only и = 0. 
The proof is now complete. Ё 


Corollary 1.2.7 Let X ~ Salo, 8, p) with a # 1. Then X — p is strictly stable. 


PROOF: Use Properties 1.2.2 and 1.2.6. Ш 
Thus, any a-stable random variable with a # 1 can be made strictly stable by 
shifting. This is not true when а = 1, as the next property indicates. 


Property 1.2.8 X ~ S;(o, 8, п) is strictly stable if and only if B = 0. 


PROOF: Let X; and X; be independent copies of X and let A > 0, B > 0. 
Then, by Properties 1.2.3 and 1.2.1, 


2 
AX; + ВХ ~ S ((A+B)o, B, (А + В) - zof(AIn A + BinB)), 


whereas 


(А+ В)Х ~ 8 (4 + В)о, 8, (А + B)u — Zapia + B)in(A + B)). 


Therefore D = 0 in (1.1.1) if and only if AX; + BX2 4 (A + В)Х, i.e., if and 
only if 
B(A1n A + Вав) = (A+ B) In(A + B) 


for any А > 0, B > 0. It is thus necessary and sufficient that 3 = 0. || 
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Corollary 1.2.9 If X,,..., Xn are 11.4. So (o, B, p), then 
Xi +- + XQ Ene XV щп- n2) 


ifa x5 1, and $ 
Xp ++ X = ах, + ~ofnlan 


ја=1. 


Corollary 1.2.10 (i) Мо non-strictly 1-stable random variable can be made 
strictly stable by shifting. 
(ii) Every strictly 1-stable random variable can be made symmetric by shifting. 


Of the four parameters с, с, З and и, the parameter и is the least important 
because it affects only location. We shall often assume for simplicity that џ = 0. 

Let us now focus on the skewness parameter З. As noted in Property 1.2.4, 
X ~ Sala, — 8,0) = —X ~ Salo, 8,0). The distribution 5, (2, B, 0) is said 
to be skewed to the right if В > 0 and to the left if B < 0. It is said to be totally 
skewed to the right if В = 1 and totally skewed to the left if В = —1. 

This terminology is somewhat misleading because it really refers, not to the 
support of the distribution, but to the parameters P and Q in (1.1.7) that weigh 
the Lévy measure. In the case a « 1 and 8 = 1, however, the support of the 
distribution S, (c, 1, 0) is in fact the positive half-line. The following proposition 
establishes that the support is contained in the positive half-line by representing the 
random variable X ~ S, (c, 1,0) as a limit of a sequence of positive compound 
Poisson random variables. The random variable X ~ 5, (о, 1,0) with0 <a < 1 
is called a stable subordinator. 


Proposition 1.2.11 Fix 0 < o « 1,6 > 0 and let М; be a Poisson random 


variable with mean EN; = 67% and let Ysk, k = 1,2,..., be i.i.d. positive 
random variables, independent of Ns, with distribution 

62A7* АР б, 

PY» A= | if \<6. 

Then the compound Poisson random variable 

Ns 

Xs — У Ys 
k=l 


converges in distribution as 6 — 0 to the stable subordinator 


X ~ 8.(0,1,0) 
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with 
с“ = Г(1 — а) со$(ла/2). 


Moreover, the Laplace transform of X is given by 


ЕеҮХ =e" у> 0), (1.2.3) 
with а > 0 and 
a? = T(1 — а) = o?/ cos(1a/2). (1.2.4) 
РЕООЕ: Forany complex number r, 
Er" = res) e = exp(ó-*(r – 1)). 
Therefore 
Eexp(i0X;) = Е Elexp(i6 X;)|Ns] 


Е[Е exp(i9¥5,1)|%* 
= ехр(б о(Е ехр(гву; 1) — 1)} 


со 5 
= exp{5~° T бза) (gid _ iar}. 
6 
Letting 6 — 0, we obtain 
Е | 
lim Еехр(і0Х;) = exp{ | од“ (9) („РА _ aA. (1.2.5) 
= 0 


Evaluating this integral (see the Appendix of Feller (1966), Chapter XVIL4), we 
obtain 


lim Eexp(i0 Xs) 
" EC To. „та 
= exp{ lerr(1 o) (cos z  isign (0) sin 5 )) 
= NEC E та ос та 
= exp{ Jej?r(1 — о) cos 2 (1 i sign (0) tan 2 үн 
which proves that Xs converges in distribution to 
Tay Wa 
X 5. ((ra — о) cos =) 1,0). 
Similarly, if у > 0, 


Еехр(–7Х5) = ex; f бал (et D(e70^ = а}. 
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Letting 6 — 0, 


| 


Eexp(-yX) ехр{ | аА (+0) (етл _ 044) 


со 
= орле f az (e72 — аа} 


0 
со 
= exp -f z ^e 245 
tu j 
= ехр{ – га -a)}, 
which establishes (1.2.3). И 
Remarks 


1. Relation (1.2.5) is the Lévy-Khinchine representation (1.1.7) with О = 0. 
(The term de iEn in (1.1.7) converges for а < 1 and can thus be 
absorbed in the constant M.) 


2. Proposition 1.2.11 shows only that the support of a 5; (а, 1,0) random 
variable, 0 < а < 1, is contained in Ry. Exercise 1.14 shows that the 
support is in fact the whole of R4. 


3. Proposition 1.2.11 shows that the Laplace transform Ee^?X, y > 0 of 
X ~ 5,(0,1,0), 0 < а < 1, exists and equals е“% 7". Because of 
the rapid decay of the left tail in the distribution of X when 1 < a < 2 
(see (1.2.11) and (1.2.12) below), the "Laplace transform" exists for all 
0<a<2 (Gupta & Waymire 1990). 


Proposition 1.2.12 The "Laplace transform" Ee^?X, y > 0, of the random 
variable X ~ Salc, 1,0), 0 Ка <2, с> 0, equals 


a 


-4X _ МА [^3 а К 
Ее ехр{ E gg ) if o x 1, 
and " 
-7X _ = ; = 
Ee = exp{o=yin7} ifa-t. 


PROOF: Use Proposition 1.2.11 if 0 < а < 1 and Exercise 1.15 if 1 < а € 2 to 
establish the result. M 


Remark. The constant —c? (cos == —! is negative if 0 < o < 1 and is positive 
if 1 < a < 2. It equals a? when а = 2. 


Random variables that are totally skewed to the right can be regarded as basic 
building blocks because of the following: 
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Property 1.2.13 Let X have distribution So(c, 8,0) with a < 2. Then there 
exist two i.i.d. random variables Ү and Y» with common distribution S, (c, 1,0) 


such that 
ха (Fy (аб ујак, — 029 
апа 
x (152) - (12) + (158156 2.150) 
(1.2.7) 
ўа = 1. 


PROOF: This is a direct consequence of Properties 1.2.1, 1.2.2 and 1.2.3. (See 
Exercise 1.17.) W 


Since —Y; ~ Salo, —1,0) is concentrated on the negative real line when 
a < 1, we have, by (1.2.6), 


Property 1.2.14 For a < 1 and fixed c, the family of distributions 5 (2, 8,0) 
is stochastically ordered in -1 € B € 1; ie. if Xg ~ 5а(о,8,0) and Bi < fh, 
then P(Xg, > x} € P(Xg, > x) for all x. Moreover, 5а (0, 8,0) has support 
on the whole real line for —1 < В < 1. 


The figures in Section 1.6 below show that when o > 1, the family 
{5.(0,8,0), -1 € 8 < 1} is no longer stochastically ordered. Note also 
that the support of 5, (c, 5, 0) is the whole real line even for 8 = +1. The tails of 
the distribution, however, are affected by the skewness parameter 2 as Property 
1.2.15 below indicates. Property 1.2.15 concerns the asymptotic behavior of the 
tail probabilities Р{Х > A) and P(X < —A) as А — со. 

In the Gaussian case а = 2, 


1 
2/п0А 


as А — со (Feller 1957). When o < 2, however, the tail probabilities behave 
like A79. (If ад and b are real numbers, we use the notation a) ~ by to denote 
lim a4/by = 1.) 

A—oco 


P(X < -А) = P(X > А) ~ g^ (Ge?) 


Property 1.2.15 Let X ~ Salo, B, u) with0 < а < 2. Then 


li 
КЫ 
АС 
а 
R 


бт. ДЕРАХ > А} 
(1.2.8) 


Џ 
БЫ 

a 
а 


limao A&P(X < —A) 
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where 


- (1.2.9) 
2/n фа=1. 
One can use Theorem 1.4.5 below to obtain this result (Exercise 1.27). One can 
also apply a central limit theorem type argument, as in Feller (1971), Theorem 
XVILS.1. 
In the case a « 1, Property 1.2.15 follows easily from a Tauberian theorem 
and (1.2.6). Indeed, let X ~ 5S,(c,1,0). By Proposition 1.2.12, Ee7?* = 
exp(—a^^47) with a* = a?/ cos 52. Since 


со -= aema (о 
Са = (/ z ?sin zaz) 
0 


= | — Ее“7Х 
T e P(X»A)dÀ = x m (integration by parts) 
0 
1 – ехр{ 0%} 
Y 
Np aqe! 


as y — 0, we obtain, by the Tauberian theorem (Feller 1971, Theorem XIII.5.4), 
ae 
IIT nA 
га –а) 
Q 
EPES E 
T(1 – a)cos(ra/2) 
=g Cyr T 


-а 


P(X > А} 


=а 


as À — oo. This yields the result for & < 1 and B = 1. We use (1.2.6) to obtain 
it for a < Landall -1 € 8 < 1. We can then use Proposition 1.3.1 below to 
obtain it for all œ > 1 and 8 = 0 (Exercise 1.28). 


As a special case, if X ~ S, (c, 0, 0), then as А — co, 


P(X > X) ма" n, (1.2.10) 


Suppose X ~ 5а(а,—1,0). Since # = —1, Property 1.2.15 gives 
Jim A* P(X > А) = 0, i.e., Р(Х > A) tends to 0 faster than A7? as А — оо. 
What is the true rate? When a « 1, X is totally skewed to the left and hence 
P(X > А) = 0 forall À > 0. It tums out, that when а > 1, as А — co, 


Р(Х > А) 


TS | a/(a-1) 
~ ema aes) 2 o (-ta- (2) | 


(1.2.11) 
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where 
= | т -i/a 
Gq = (соз 502 – а)) Я 
When o = 1, 
1 2 = 1 
Р(Х > А) ~ m exp [oo — аа) (1.2.12) 


(see Zolotarev (1986), Theorem 2.5.3.). The same formulas apply to the left tail 
when 6 = 1 because Р(Х < —А) = P(—X > А) and X ~ Salc, 1,0) implies 
—X ~ Salo, —1,0). 


The tail behavior (1.2.8) is a widely used property of a-stable distributions. 
Since E|X|" = fj^ P{|X|" > A}dd, we have: 


Property 1.2.16 Let X ~ Salo, 8, и) with 0 < а < 2. Then 


E|X|? < со forany О<р<а, 
E|X|? = оо forany р> о. 


The fact that a-stable random variables with a < 2 have an infinite second 
moment means that many of the techniques valid for the Gaussian case do not 
apply. An added complication stems from the fact that even E|X |? is infinite. 
When o < 1, one also has E|X| = co, precluding the use of expectations. 


Property 1.2.17 Let X ~ 5.(0,8,0) with 0 < а < 2 and B = 0 in the case 
а = 1. Then, for every 0 < p < a, there is a constant со з(р) such that 


(Е|Х|Р)!/Р = со p(p)o. (1.2.13) 


The constant ca g(p) equals (Е|ХојР) /Р where Xo ~ Sa(1, 8,0). 


PROOF: This follows immediately from the fact that X 25x, Ш 
One can show (Hardin Jr. 1984) that 


(се„в(р))Р 
2»-lT(1— 2) 2, ә атурР/2а р ат 
= о — — t tan — Я 
р ја u-7-1 sin? udu (1+ 7) mM (5m 7) 


Note that for fixed o and p and a + 1, E|X|? is an even function of 8 and 
increases in |8]. Note also that if X ~ 505,0 < а < 2, then the moment E|X | 
determines the scale parameter с of X and, therefore, the whole distribution. 
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Property 1.2.18 Let X ~ 5. (а, 8, и). Then 


lim(o —r)E|X|' = oCsc?, (1.2.14) 
тја 

lim(o —r)EX*'? = аС во“, (1.2.15) 
тта 


where Са is given by (1.2.9) and a4*? := |а)? sign (а). 


PROOF: Clearly, for any r < a, EX} = fy P(X > t'/")dt. By Property 
1.2.15, for every є > 0%, there is an Ma M(e) € (1,00) such that, for every 
и> М, 


*P(X >u) є (Ca Все ез, 
Fixing an е > 0, we have 


lim sup(a ~ r) EX? 


rte 


M? oo 
— limsup(a — r) ( f P(X > #1) + / Р(Х > а) 
0 Me 


тја 


oo 
= lim sup(a — 7 f u* P(X > uju”! du, 
Ме!" 


тїа 


with a similar relation for the limit inferior. Hence 


1+8 a ve У 
о (С. 5-9 – €) < liminf(a – r) BX} 
€ limsup(a — т)Е Хт <а(бв—; 1+8 c? + о. 


тја 


Since this is true for every є > 0, we conclude that 


limo = r) EX} = aC. 152, (12.16) 


Similarly, ich 
lim(a — r)EX* = oC, 6°. (1.2.17) 
тја 2 


Our claim, (1.2.14) and (1.2.15), follows now from (1.2.16) and (1.2.17) and the 
obvious relations |X|" = Х + XZ and Х<> = X} - XZ. Ш 


Property 1219 Whenl <a < 2, the shift parameter p equals the mean. 
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PROOF: Let X ~ 5,(0,8, н), 1 < а < 2. The random variable X has finite 
mean (by Property 1.2.16 in the case 1 < а < 2, and because X is Gaussian when 
а = 2.) Moreover, X — p is strictly stable by Corollary 1.2.7. Let X, and X; 
be two independent copies of X. By Definition 1.1.1 of stability and (1.1.2), the 
relation 

AUG – и) + В(Х – н) = (49 + BP)" (X – p) 


holds for any positive А and B. Taking expectations of both sides gives 
A(EX – и) + B(EX – џ) = (Аг + B9) (EX — p), 


and thus ЕХ = и. И 
For an alternative proof see Exercise 1.19. 


13 Symmetric o-stable random variables 


We have seen that X is SaS (symmetric a-stable) if and only if X ~ 5а(а,0,0) 
(Property 1.2.5). Using (1.1.6), we observe that if X is 505, then its characteristic 
function takes the particularly simple form 


EexpióX = е 797, (1.3.1) 


Hence а Sas distribution is characterized only by the scale parameter с. A random 
variable X is called standard SaS if ø = 1. Note that a standard 505 random 
variable with о = 2 is N (0,2) because, when о = 2, we have o? = 1 Var X. 

SaS random variables will play an important role in the sequel. The following 
result shows that one can always transform a So'S random variable into а SaS 
random variable for any 0 < a < a’, 


Proposition 1.3.1 Let X ~ Sa (0,0,0) with 0 < a! € 2 and let 0 < а < o. 
Let A be an аја! -stable random variable totally skewed to the right with Laplace 
transform | 

Еехр(-үА) = ехр{—7°/° }, у> 0, 


ie., А ~ Saja ((cos $%)*/%, 1,0), and assume X and А to be independent. 
Then : 
Z = АЧХ ~ Salc, 0,0). 


PROOF: For a real 6, we have, by (1.3.1), 


EexpióZ = Eexp(i&A"^ X) 
E(E exp(i(8A ^ ) X)|A) 
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Eexp(-o" |9|% A} 
exp{—(o* јеје 7o") 
exp(-c?|]9|^). M 


In particular, this implies that if X is a zero mean Gaussian random variable 
and if А is a positive 2-stable random variable independent of X, then 


Z = AV? X ~ 505. 


This shows that every 50:5 random variable is conditionally Gaussian.? 
A result similar to Proposition 1.3.1 holds for skewed X ~ Sa (а',0',0) if 
о! 1, namely 


| Sa(0,8,0) ifa 1, 
2 = АИ x. 
5,(0,0,р) if a=1. 


The random variable 2 is skewed if а 5 1 and it has non-zero shift if o; = 1. The 
parameters in its distribution are complicated functions of c^ and 8' (Hardin Jr. 
1984); however, in the special case a’ < 1 and 3 = 1, the parameter 8 equals 1 
(see Exercise 1.21). 


1.4 Series representation 


We wish now to show that an a-stable random variable X with 0 < а < 2 can be 
represented as a convergent sum of random variables involving arrival times of a 
Poisson process. 

Let N (t) represent the number of “customer arrivals" in the time interval (0, t]. 
The process {N (t), t > 0) isa Poisson process with rate A if the interarrival times 
тад — Ti, t > 1, are independent and exponentially distributed with mean 1/A. 
In that case, EN (t) = At, i.e., the rate А equals the mean number of arrivals per 
unit time. 

Poisson processes have many special properties. Here are two of them. If 
each arrival is eliminated with probability O € p « 1, independently of the others, 
then the resulting process is Poisson with rate А(1 — р). If (Ni(t),t > O} and 
{N2(t),t > 0) are two independent Poisson processes, with rates Ај and А, 
respectively, then the superposed process { № (t) + N2(t),t > 0) is Poisson with 
rate A, + А; (Ross 1985). These properties make intuitive sense. The second one 
turns out to be the main ingredient in the proof of the following result. 


3f X ~ N(0, 22), then ће SaS random variable Z = А!/? X can be viewed informally as 
N(0, а? A), i.e., normal with the random variance o? A. 
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Proposition 1.4.1 Let (7;) denote the arrival times of a Poisson process with rate 


1 and let (Fi) be i.i.d. random variables, independent of the sequence (n). If 
the series 


oo 
– Џа 
>. 5 ^R, (1.4.1) 
i=l 
converges a.s., then it converges to a strictly œ-stable random variable. 


PROOF: Assume that 5772, T; " 7 R; converges а.з. to a random variable X and 
set X' = DE, (ту VAR, and X" = УХ (77) Мене where (1), (27). 
{Ri}, {Rj} are independent sequences and are copies of (7;) and ( В}, respec- 
tively. For any А > 0, B > 0, A? + Ве = 1, we have 


oo oo 
AX! + ВХ" = У (A7*7)7* Ri + У (B7); Ме RY 


i=1 i=l 


Nu UR. (14.2) 


i=l 


lla 


To verify this last relation, note firstly that ( A7*7;) is the sequence of arrival - 
times of a Poisson process with rate A^ since the interarrival times А“ (ал – 
Ti), > 1, аге i.i.d. and satisfy 


Р(А“ (па - п) > z) = Р(та -Ti > Ага) = e7477 


for x > 0, i.e., they are exponentially distributed with mean A^?. Similarly, 
(B7!) is the sequence of arrival times of an (independent) Poisson process 
with rate B?. Now let us superpose these two Poisson processes. To do this, 
we list on the same time axis the arrival times of both processes and view the 
combined arrival times as being generated by a single process. This superposed 
process is Poisson with rate A? + B^ = 1. If ту, 75,. . . denote its arrival times, 
then each т; is either A^? 7/, or B^? та forsome m > lorn > 1. Set Ri = Ri, 
if T; = А“ от and R; = Ву іт; = B-r.. The resulting Ris are obviously 
i.i.d., and thus (1.4.2) holds. The random variable X is strictly a-stable because 
AX'+BX" = Xx. Ш 

The. preceding proposition suggests that a stable random variable X can be 
represented as infinite series of the type (1.4.1). It is necessary, however, to add 
some assumptions on « and on the distribution of R; in order to ensure that the 
series converges a.s.. We will require 0 < а < 2 and that the distribution of 
R; have finite absolute o/^ moment and be symmetric, so that the resulting X is 
Sas. In fact, we will set R; = e;W; where W; = |R;| and where e; = +1 is an 
independent random variable denoting the sign of R;. Also, for convenience, we 
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write Г; instead of т;. This is because the i^ arrival in a Poisson process is the 
sum of i independent exponentials and hence has a gamma distribution. These 
comments together with Proposition 1.4.1 motivate the following theorem. We 
begin by stating our assumptions. 

Let (61,62,...), {Wi, Wa,...}, (Ty; T2,...) be three independent sequences 
of random variables. Here є, €2, . . . is ani.i.d. sequence of Rademacher variables, 
ie., 


„= b, with probability 1 72, 
* ) —1 with probability 1/2 . 


Wi, W2,... is an i.i.d. sequence of random variables (not necessarily positive) 
with finite absolute o^^ moment. Finally, let Г, I2,... be a sequence of arrival 
times of a Poisson process with unit arrival rate, i.e., Г, = Уа ej, where the 
ejs are i.i.d. exponential random variables with Ee; = 1. The random variables 
rı, T5, ... are, therefore, dependent and they are not identically distributed. The 


random variable I'; has a gamma distribution with parameter ? and mean ET, = 1. 


Theorem 1.4.2 Suppose 0 < а < 2. Then the sum У el; ^W; 
converges almost surely to a random variable X whose distribution is 
Sa((Cz! ЕИ је) / 2, 0,0) where Ca is the constant defined in (1.2.9). 


PROOF: We proceed in three steps. 
Step 1. Let Ui, U2, ... be an iid. sequence of uniform random variables on 
(0,1), independent of the sequences (61, 67, ...) and (Wi, W2,...}. Set 
Y; = qU; "^W; ,4 = 1,2,.... 
Because of the є;5, Yi, Y2,... is a sequence of i.i.d. symmetric random variables. 


Let us compute their tail probability. Letting Fw) denote the distribution of |W], 


we have for A » 0, 
P(Y: > А) P(U; "^|W;| > А) 
P(U; < А“ *|W;|?) 


i 7 P(U, < A-*u*) yy (du) 
0 


А oo 
f Аш Fi (dw) + / Fw \(dw) 
0 A 


ек. || ме Fyj (du) + P(W;] > А). 
0 


Therefore 


Jim “РУ > 2) = ЕИ] + lim A* PW] > A) = ЕТИ, 
+00 +оо 
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so that У; is in the domain of (normal) attraction of a symmetric a-stable random 
variable, i.e., ` 


1 < d 
X225 3 X, (143) 
i=l 
where X ~ Sq(o,0,0) with с = (Cz! E|W;|*)'/9 (see, for example, Feller 
(1971), page 581). | 


Step 2. By writing n~"/* 377 | eU; /^W, їп a different way, we shall show 
that it has the same limiting distribution as Уус, eit; “W,, where the Г,5 are 
the gamma random variables appearing in the statement of the theorem. 

To see the connection between the U;s and the Г;ѕ consider the "arrival" 
times in a Poisson process with unit rate. Given Г, +1, the time of the (n + 1)” 
arrival, the previous n arrivals are uniformly distributed in the interval (0, Fa). 
Since the Г;5 are ordered, Г < Г € --- € Гл, the (conditional) distribution 
of (T1, T2, ..., I4) is that of the order statistic of n iid. U(0, Гл) random 
variables. Thus, given Г, 1, the vector (Г; /Г,1, 2 = 1,2,..., 7) is distributed 
as G'n, the order statistic distribution of n i.i.d. U (0, 1) random variables. 

We now proceed by taking advantage of two helpful features. Firstly, the 
conditional distribution of (D;/T441, i = 1,2,...,7) given Гл is equal to the 
unconditional distribution. (This is because the distribution G, does not depend 
on L'441.) Secondly, any permutation of the Uis in У® | «U; / W, preserves 
the distribution since ће e;Wi;s are i.d... This means that we can replace the 
Uis in that sum by the ordered U;s without affecting the distribution of the sum. 
Consequently, 


n n n j -l/a 
n e S7 y, = n^ У «aU; ^w, 4 n/a || Г; ) W,. 


i=l i=l i=l Papi 


Using (1.4.3), we obtain 


Ifa n 
(==) Yar" w: 4 X ~ Sa(a,0,0). (1.4.4) 
izl 

Step 3. It remains to show that the left-hand side of (1.4.4) converges a.s. to 
Eri eT; OW. 

By the strong law of large numbers, the event A = {limn Ira =1}N 
(T, > 0) has probability 1, since Г„ is a sum of n i.i.d. exponential random 
variables with mean 1. To prove that 59, ei T; е W; converges a.s., it is enough 
to show that it converges a.s. for each fixed sequence {Г; } belonging to the event 
A. Fix such a sequence. Then the summands ej T; Е ^W; are independent and 
Cii € T; < Chi for some positive constants C and C» and i = 1,2,.... We can 
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apply the three series theorem (Feller 1971, Theorem 1Х.9.3). For each A > 0, 
we have: 


(i) 

Pw > л°г;} 
i=l 

УРИ > o) 


i=l 


< oo 


У Plerz" W: >A} 
i=) 


IA 


since E[W;|* < oo, 
(ii) 
oo 
У Бег, ^ Wa (ler; "^W; < A} «0 


i=l 
since each summand equals 0, 
(iii) 
oo 


YE (rz "war; "wi < му 


i=l 


«ci ite | аца < loi) Fy (du) 


i=l 0 


со AC ego 
< cf anas | ш? Frw| (dw) 
p ; со 
=c f w F(a) | r? ady 
0 Ае Су! we 
со 
= e w? Fiy|(dw) 


ОС a 1 
which is finite (C апа С” are positive constants). Therefore У)? 1 «Г; low, 
converges а.з. to У) 6; V^ W; as n — oo and we conclude that 


Sary ew, 2х. Ш 


i=l 


Let X and Y be two random variables, possibly defined on different probability 
spaces. We say that X has the representation Y if X iy. 


26 STABLE RANDOM VARIABLES ON THE REAL LINE 1.4 


Corollary 1.4.3 (Series representation). Any SaS, 0 < a < 2, random variable 
with distribution So (c, 0, 0) has the series representation 


Ca l/a co ET 
(кк) sr; "^w. (1.4.5) 
i-l 


Remarks 


1. We did not use Proposition 1.4.1 in the proof of Theorem 1.42. This 
proposition, together with step 3 of the preceding proof establish that Х is 
(symmetric) a-stable but do not provide the value of c. 


2. The distribution of °°, eT? "W; depends only on EJW; је. The distri- 
bution W; is immaterial as long as Б|И/ |2 < оо. For example, ће W;s 
can be of U (0, 1) or N(0, 1). 


3. The series representation can, in principle, be used to generate а 505 
random variable. Although the Г,5 are not independent, they are easily, 
generated as successive sums of exponential random variables. This is 
not, however, a good way to generate SaS random variables because the 
convergence is too slow. The method of Chambers et al. discussed in 
Section 1.7 is much better. 


The series representation provides some insight into Sa.S random variables. 
The absolute values |e;L; "^W. of the successive summands decrease stochas- 
tically as i increases because ГГ /^ > T;'/^ > .... The first summand 
ar” ^W, is stochastically the greatest in absolute value. Its probability tail 
(that is, the tail of its distribution function) has the same asymptotic rate of growth 
as an o-stable random variable. Indeed, 


Pilar > А] 


T РГ « w^ A7?]Fw, (dw) 
0 


f (1 — 7727) Ey, (ёш) 
~ EWJ 


as А — oo. The other summands є;Г; V ^W, i > 2 provide the necessary 
corrections for the whole sum to have an a-stable distribution. 

In fact, Corollary 1.4.3 states that X ~ 5.(0,0,0) can be represented as 
X = сув ух ur; ^w; with E[W;|* = с“. Both X and the first term of 
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the series, C} ^ar ^W,, have the same asymptotic behavior, because on one 
hand, i 
Р(Х> А ~ 5Сао*® as А — oo (1.4.6) 


(Property 1.2.15), and on the other hand, 
1 
P(C ar ^w, > А) ~ 50207 A7* as À — со. (14.7) 


The probability tail of the remainder of the series, "°°, «T; / ^W;, has a smaller 
order. In fact, if E|W;|*** < oo for some e > 0, then 


со 
E «r; "ew; < со (14.8) 
i=2 
and, hence, 
со 
P(S ar; "^w, > a) = о(175) 
4=2 
as А — оо. But if we only assume E|Wj|* < оо, then (1.4.8) may not hold (see 
Exercise 1.25). Nevertheless, one always has 


Property 1.4.4 


Р(ў er; ^W, > a) = o(A7?) as А — оо. (14.9) 


i=? 


PROOF: For any M > 0, write 


со со со 
Yarn а = Yer?" ^ waqwi < М)+ У ar; WAW 2 M). 


i22 1=2 i=2 


Since W;1(|W;| < M) has moments of all order, 
co 
62 «T; WaW: < M)» A) = (A7?) 
i=2 


follows from (1.4.8). Hence, 


i. Ae P( ely W. > А) 


i=2 
oo 
< lim обор (У er; "*WA(W;] > M)» a) 
i=2 


<2 lim Р(х er; /^WAQW; > М) > А) 


i=l 
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using the relation 

PUU+V>A)>PU>A,V >0)=P(U > A)P(V > 0), 
valid for any two independent random variables U and V. Here V = «И and 
P(e,W, > 0) > 5. We conclude by (1.4.6) that 


oo 
im, SA P(Y er; Ww, > a) < EWjje1(W;] > M). 
i-2 


We establish the claim by letting M — co. ИМ 


The series representation given in (1.4.5) holds for а SaS random variable. 
We now provide a corresponding representation for a skewed a-stable random 
variable. | 

Consider again two independent sequences (Wi, W2,...} and (Г,,Г5,...). 
Here the sequence W,, W2,... is an 1.1.0. sequence of random variables with 


ЕИ | < оо ifO0<a<2,a1, 
E|Wiln|W,]|« oo ifa=1. 
The sequence Гү, 15, . . . is defined as above. 


Theorem 1.4.5 The series 


оо 
> (ri ^w - kf) (14.10) 
per 
with 
0 фо<а<1, 
pO E (и Ane те sinz dz) if a — 1, 
ay (i -(G-IF)EW, о>, 
4 = 1,2,..., converges a.s. to a So (c, 8,0) random variable with 
roe E|W,|* 
GE" 


where Cx is the constant defined in (1.2.9) and 


Е|И |“ sign Wi 


В = E|WA|e 
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Moreover, in the case а = 1, the series 
co =) s 
Y (rem omm f as] (1.4.11) 
= 1/i т 
i=l 
converges a.s. to a 5: (а, В, p) random variable, where с and 8 are as above and 
H= -EW, In [Wi]. 


The proof is essentially similar to that of Theorem 1.4.2 but is much more 
technical. It will be given in the following section. ` 


Remarks 


1. Thistheorem can be viewed as a representation theorem. A random variable 
X ~ Se (c, B, u), 0 < а < 2 can be represented as 


i=l 


where the sequence of i.i.d. random variables W; satisfies 
Еру |“ = Сс“ 
and 
E|W,|* sign УЛ = Саба“. 
There is, therefore, a wide latitude in the choice of the distribution of the 


Wis. This can be useful in applications. 


2. To recover ће SaS case, replace each W; by є;И/;, where P(e; = 1) 


= P(e; = —1) = 1/2and the sequence (6, } is independent of the sequence 
(Wi). 
3. The theorem can be used to derive (1.2.8) because the tail of the first term 


of the series dominates the tail of the other terms (Exercise 1.27). 


4. When 0 < a < 1, the sum У), гр "^w, converges a.s.. For example, 
let W; = 1. Then 72, T; У“ converges because 7,5, i7 !/* < oo. Ву 
Theorem 1.4.5, we have 


УУ " S4 (C, ^, 1,0) 
i=l 


when 0 < а < 1. Hence, a stable subordinator X ~ S,(c, 1,0) has the 
representation осу“ Уус re 


i=l ^i 
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5. The sum УУ Ty V^ W; generally diverges when о > 1 and ће W; are not 
symmetric. The compensation (o when о > 1 is asymptotically equal, as 
е -l/a А 
i— co, to ET; ^ Wi, since 


ET; ^W, = ET; ^ EW, ~ Ме EW, ~ k(9. 
When а = 1, an asymptotic compensation by the mean ET; !W; is also 
adequate to ensure convergence of the sum (1.4.11) because, as i — oo, 
1/@—) sing 


ET; W; ~ 47! БУЛ ~ | — dr БУЛ. 
1/i T 


6. Suppose a — 1. Although the series (1.4.10) converges to a stable random 
variable with zero shift parameter, it has the disadvantage of not being linear 
in the W;s. The series (1.4.11), on the other hand, is linear in the W;s and 
it will be used later, in the context of stable integrals. 


1.5 Series representation of skewed o-stable random 
variables 


Here, we prove Theorem 1.4.5. 
For 0 Са « 2and i > 1 let 


0 ifücocl, 


ci raised z-?sinz йт if o — 1, 


-a (iF —(—ђа у ifi<a<2 


о—1 


We observe firstly that 
co 
Pour" - p converges) =1. (1.5.1) 
i=l 


Indeed, (1.5.1) is trivial when 0 < a < 1, and, in the case 1 < a < 2, it follows 
simply from 


n т n 
Уг! _ ci) Ра У cat i-e) + S dace EN Qon 
= i=! 


i=l 


and the following lemma. 
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Lemma 1.5.1 Let T4, 15, ... be arrival times of a Poisson process with unit arrival 
rate. Then for any a > 0, 


Ir; ге – 4-4%] 
lim sup - 


joco. d^ Ua ini 


PROOF: Recall that ET; = ? and Маг Г; = i. By the strong law of large numbers, 
T;/i — 1 a.s. and 


= а ад. 


THiy-i/a(Tiyt/o р 14 Eye} 
к Юе м Ц re ме = 


{зоо a~! =i i—oo a- zi 
t 1 


=] as. 


But by the law of the iterated logarithm, 


lim sup Til 
i=œ vVi2lnlni 
The statement of the lemma follows. @ 
We will now prove that the series (1.4.10) converges a.s. when a Æ 1, and 
that the series (1.4.11) converges a.s. when о = 1. 


= 1 as 


(a) Case 0 < о < 1. It is enough to prove that 5 ;-, [и | Ма < оо a.s., and 
we do this by using the three series theorem. For any А > 0, 


Y: Pain > А) = Y^ Ponit > iM)«oo 


i=l i-l 


because ЕИ | < оо. Further, for every i > 1, 


i 
E|W;-e1(W;-V* < 1) < pa P(Wi| > z)dz, 
0 


and 


Save [^ P(|WA| > z)dz 


1-3 
= лумен | y -9Y* Рију |“ > y)dy 


i-3 


сс | PUW > yhdy < 
3 
because E|W,|* < co. Therefore 


У Ей Ме ил“ У“ < 1) < oo, 


i=l 
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which concludes the proof for the case 0 < а « 1. 


(b) Case 1 < o < 2. From (1.5.1), it is enough to prove that the series 
у гр (Ww, — EW|) converges a.s.. Let Y; = W; — EW, i = 1,2,..., 
and observe that Yi, Y2, ... are 11.д., with EIYi|* < co and EY, = 0. Let 


3 1 
А= [lim -Tn = 1} n (T, > 0). (1.52) 


It is enough to prove that the series 37:5, T; '/ ^Y; converges a.s. for any fixed 
Г,,Г,,... in A because P(A‘) = 0. We use once again the three series theorem. 
Let | 

Титу va; vis 1) i= 12, 


Since the convergence of the sum У, P(T] V? у, > A) for any А > 0 follows 


as before from E|Y;|* < оо, it is sufficient to show 


oo 
У ET; < oo (153) 
i=! Я 
апа 

со 

У Var T; < со. (1.5.4) 

i=l 
Observe firstly, that for each i = 1,2,..., 


1/a А 
Em = г'°] ағба) 


гіі oo 
-n"* yFy (dy) - T7 "^ |. yFy (dy), 
ма n 


because EY, — 0. Therefore (1.5.3) follows from the convergence of the series 


rive 
met г; (© noz yFy, (dy) and У)? pus [i уРу (dy). The first series 
converges because Гү, I2, . . . belongs to the set Aa and, for some constant c > 0, 


suus T. „a УР (dy) || MITT Уг; т < уе) 


i=l i 0 i=l 


oo 
< E y? Fy, (dy) < со. 
0 


The second series converges for a similar reason. This proves (1.5.3). For (1.5.4), 
it is enough to show 322) ET? < oo. For some c < co, 


oo 
Уат = 302 D. Fy, (dy) 
i=l >, 
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co oo 
S тти Yr m v) 
=00 i=! 


IA 


oco 
ји ви(астиц, ye) < о 
because E|Yi|* < оо. This establishes (1.5.4). 


(c) Case о = 1. In the notation of the case 1 < а < 2, it is enough to show that 
the series Усу T; Y; converges a.s. for any Гү, D2,. . in the set А, and thus we 
must again verify (1.5.3) and (1.5.4). Since the preceding proof of (1.5.4) applies 
to the case œ = 1, only (1.5.3) needs to be proved. Proceeding as before, it is 
enough to show 


Уг p < oo. 


i=l i 


Since Г;,Г:,... are in A, for some с > 0, one has 


Soret | vro 


[Гава утгат s) 


i=l г; i=l 


А 


oo 
c 1 yFy (dy) (Log | + 1) < co, 
0 


because Е|Ү log |Y;|| < оо. 
We have now shown that the series (1.4.10) converges a.s. when a Æ 1, and 
the series (1.4.11) converges a.s. when а = 1. Since 


го UG-D gi йл) gi 
у Ew, f Sas - Ew, | dz 
del i/i z Is = 


i=l 


IWil/n os 
= lim EW, / Tide = EW; log ИЛ] (1.5.5) 
1 


т—о0 · n 


the series (1.4.10) converges a.s. in the case a = 1 as well. 


Itremains to determine the distribution of the series (1.4.10) and (1.4.11). The 
argument is similar to the one used in the proof of Theorem 1.42. Let Ui, ;,... 
be a sequence of i.i.d. random variables, uniform on (0, 1), and independent of the 
sequence Wi, W2,.... Setting Y; = U; Че, i = 1,2,..., we immediately 
obtain, as in the proof of Theorem 1.4.2, 


lim А°Р(Ү, > A) = E(W))2 
Х—оо 
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and 
Jim A*P(Y < -А) = Е(И^)®. 


Therefore Y; is in the domain of normal attraction of an a-stable law. In the case 


0 < а < 1, ме have 
1 п 
ate HS, 
i=l 


where X ~ Salo, B, 0), with с and 8 as in Theorem 1.4.2. Inthe case 1 < o < 2, 
we have 


1 n 
ua > (И - EY) $ X, 
i=l 


where X ~ S, (c, 8,0), with с and 8 as above. Finally, in the case a = 1, 


1 n 
- > Yo aE d 1 5 x, 
n 4 n 
i=l 
where X ~ S, (0, 8,0), with с and 8 as above (Feller 1971, Theorem XVII.5.3). 
Suppose first that 0 < а < 1. As in the proof of Theorem 1.4.2, 


n r la n oo 
na Sy, 4 (==) Yr ew, zd rw: a.s. 
isl i=l i=! 


as n — со, which shows that the series (1.4.10) has the claimed distribution in 
the case 0 < o < 1. 
Similarly, if 1 <a < 2, 


n 


n^ Пе YY М EYi) = пе YA = 
ixl 


i=l 


а nl-V* Ew, 
@—1 


n 


Trt ges Моту а (a-1)/a _ g; руба а 
( " ) у (riw. - EW (i ( — 1) ) 


i=! 


+ “= еа (гы)! - 1) EW, 


d (у = го пау, | 18 n! У“ EW, 
i ' a-l 
i=l 


5 Soa; "^w, – Kf?) a.s. 


i=l 


as n — со, which proves that the series (1.4.10) has the claimed distribution in 
the case 1 < a < 2 as well. 
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Finally, we consider the case o = 1: 


„59-а sin & а ои ef” sin iE ae 


= Газ y^ p-tw, _ gy, X siny g 
n $t | 7—2 бу 


i=1 јулу V 
Га = ( zj IWip/G-1) sing 
= 0c y [rzw,- EW SO ay 
n 2 Wii y 


p * а 
- (== - i) Ew, f TE dy 
ш југ У 


оо IWi/G-0 gi 
э У (rm -em ji EE) аз. . 
| 


wii у: 


as n — со, proving that the series (1.4.10) has also the claimed distribution in the 
case о = 1. 


This, together with (1.5.5), completes the proof of Theorem 1.4.5. 


1.6 Graphs and tables of o-stable densities and c.d.f.’s 
Let X be a 5, (1, 8,0) random variable and let 
F(z;o,8) = P(X € х), -oo« x < oo, 


and 
p(z; a, B) = Fs a, B) 


| denote, respectively, the cumulative distribution function and the probability den- 
sity function of X. The figures on the following pages display the cumulative 
distribution function F(x; a, 8) and the density function p(x; а, 8). 


Tables 


Tables for the upper-tail probabilities 1 — Р(2; а, 8) and the fractiles х; = 
F7 (f; о, B) are given in DuMouchel (1971) for + 


a 0.1 (0.1) 1.9, 1.95, 
В = –1(0.25)1. 


*a(b)c denotes a sequence from a to c with increments equal to Б. 
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Tables for p(z; о, 3) can be found in Holt and Crow (1973) for 


а 


B 


0.25 (0.25) 1.75, 
—1 (0.25) 1. 


1 


Fractile tables can also be found in Brothers, DuMouchel and Paulson(1983) for: 


а = 01(01)1.9, 


8 = 0(01)1, 

f = 0.001,0.002,0.005 (0.005) 
0.030(0.010)0.100 (0.025) 
0.900(0.010)0.970 (0.005) 


0.995, 0.998, 0.999. 


That above-cited article includes also the following extreme upper fractiles: 


а = 05(0.1)19, 
B = -1(025)],. 
f = 0.9990 (0.0001) 0.9999. 


We have reproduced the fractiles in Appendix А for the symmetric case 8 = 0, 
with the kind permission of Albert Paulson. 


The evaluation of these fractiles is based, for the most part, on Zolotarev's 
integral representation for the a-stable cumulative distribution function, which 
takes the following form in the 505, o # 1, case: 


Proposition 1.6.1 For0 Са < 2, а #1, 0 < y < 7/2, define 


_ [sinay a/(179) cos((1 — a)y) 
Ual) = cosy COS y 


and let X ~ $5,(1,0,0). Then, for x > 0, 


р г? PO<X<2) ў0<а<1, 

= exp(-22/ (7 DU, (7) }dy = 

T Jo P(X > 2) ifl<a<2. 
(1.6.1) 


5The definition of 8 in Holt and Crow (1973) and in Brothers, DuMouchel and Paulson (1983) 
differs from ours. The G indicated here corresponds to our definition. 
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a Ca In(C4/2) Intercept Slope 


0.5 0.7978840 —0.9189392  —0.9197074  —0.5000001 
0.6 0.7669871 —0.9584325 —0.9604577  —0.5998732 
0.7 0.7362977 —0.9992680 —0.9851851 —0.7016126 
0.8 0.7048938 —1.0428553 —1.0320764  —0.8014147 
0.9 0.6719293 —1.0907493 —1.0822671  —0.9012536 
1.0 0.6366203 —1.1447290 —1.1372527 —1.0012093 
1.1 0.5981977 —1.2069812 —1.1996404 —1.1012519 
1.2 0.5559184 —1.2802809 —1.2708688 —1.2016571 
1.3 0.5090762 —1.3683048 —1.3556695  —1.3023241 
14 0.4569742 —1.4762756 —1.4576651  —1.4036502 
1.5 0.3989431 —1.6120837 —1.5863361 —1.5053023 
1.6 0.3343501 ~1.7887137 —1.7489705  —1.6088360 
1.7 0.2626145 —2.0302154 —1.9661427 —1.7155793 
1.8 0.1832279 —2.3901720 —2.2768235  —1.8305965 
1.9 0.0957816 —3.0388319 —2.7849723  —1.9798950 


Table 1.1: Ca is defined in (1.2.9). Intercept and slope are for the least squares : 
regression of In(1 — f) versus In ту where f and x; are the numbers given in the table for 
extreme fractiles in Appendix A. 


PROOF: This follows from Zolotarev (1986), Remark 1, page 78. Wi 
Zolotarev (1986), in equation (2.2.30) on page 79, gives the following expres- 
sion for the a-stable cumulative distribution function at x = 0: 


10-48) Г О<е=<1, 
F(0;a, 8) = 
Ме onem ў1<а<2, 


where 9; is the skewness parameter appearing in the representation (1.1.12) of the 
a-stable characteristic function. Recall that G2 is a monotone increasing function 
of В. Hence, as 8 increases, F(0; , а, 8), viewed as a function of 8, decreases for 
0 < a < 1 but increases for 1 < а < 2. This is reflected in the figures of the 
a-stable cumulative distribution function. 

Suppose X ~ 5,(1,0,0). One quick way to estimate c is to evaluate the 
slope in the log-log plot of P(X > x} versus x. This technique is based on the 
asymptotic relation P(X > хт} ~ (Co/2)a~% (see (1.2.10). Let us see how 
good this technique is, in the best of circumstances, namely when the distribution 
of X is known, the probabilities Р{Х > т} are taken from a table and the zs are 
very large. We shall use the entries of the extreme upper fractiles in Appendix 
A to plot In(1 — f) versus Inz;. The results are given in Table 1.1, where 
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12 13 ax 15 16 


Figure 1.2: Display in the case а = 0.5 of the least squares regression of In(1 — f) 
versus In z y,where f and ту are the numbers given in the table for extreme fractiles in 
Appendix А. 


“intercept” estimates In(C,,/2) and “slope” estimates —a. Even though we are 
using extremely large values of z, the technique does not give a good estimate at 
а = 1.9. It improves as а decreases and is excellent at а = 0.5, at these large 
values of x (see Figure 1.2). Note though, that the smaller the value of a, the 


larger the zs involved. 
1.7 Simulation 
To generate the Cauchy distribution 51(0,0, p) in (1.1.13), one can generate 
c tan^ + ш, (1.7.1) 


where y is uniform on (—л/2,л/2). То generate the Lévy distribution 
S1y2(o, 1, p) in (1.1.15) опе can generate 


02° +h, (1.7.2) 


where Z is N(0,1). (Exercises 1.7 and 1.8.) It is easy also to generate the 
distributions 9, (1,0,0) and 5,(1,1,0) fora = 27, k > 1 (see Brown an 
` Tukey (1946)). | | 
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In general, however, the generation of stable random variables is quite an 
involved affair. For a good discussion see DuMouchel (1971) and Chambers, 
Mallows, and Stuck (1976). One common procedure is based on the following 
result: 


Proposition 1.7.1 Let у be uniform on (—1/2, п/2) and let W be exponential 
with mean 1. Assume "у and W independent. Then 


_ sinay cos((1— a)y) (l-a)/a 
~ (cosy) e (G2) (1.7.3) 
is 52 (1,0,0). 


PROOF: When y takes a value in (0, 7/2), the right-hand side of (1.7.3) can be 


expressed as 
a(y) (1-а)/а 
Ww 1 


А а/(1-ә) 
a(y) = (==) cos((1 — a)y). 


(а) Case0 Са « 1. 


where 


Р(0<Х <<) 


P(0€ Xzz,y»0) 

P(0 € (a(y)/W)°-%* < т, у> 0) 
P(W > z-9/(-9)a(4), y > 0) 

= Еехр(-2 51 –о)а (0) 1 59} 


1 к/2 
= „| врба. 


Now use (1.6.1) to conclude that X ~ S, (1,0,0). 


(b) Case 1 < а € 2. Start with P(X 2 г) = P(X > т, у> 0) and proceed as 
above, making use of the inequality 1 — а « 0. 


(c) Case а = 1. Relation (1.7.3) reduces to X = tany whose distribution is 
Cauchy (Exercise 1.7). W 

There is a corresponding result for skewed a-stable random variables (see 
Chambers, Mallows and Stuck(1976)). In the Gaussian case a = 2, (1.7.3) 
reduces to W!/? sin 2y/ cosy = 2W'/? siny, which is the Box-Muller method 
for generating a №(0, 2) random variable (Box & Muller 1958). 

In order to generate S, (c, B, и) random variables, it is only necessary, in prin- 
ciple, to generate S4 (1, 1,0) random variables because, firstly, if X ~ S4 (1, 8,0) 
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can be obtained by generating two independent S4,(1,1,0) random variables 
(Property 1.2.13). Secondly, by Properties 1.2.2 and 1.2.3, 


cX- p Salo, Ви) іа, 


and 
2 
оХ + –Воћо + y~ Salo, bu) ifa=1. 


Chambers, Mallows and Stuck (1976) describe a method for generating о- 
stable random variables for any 0 < o < 2 and —1 < 8 < 1 based on formulas 
of the type (1.7.3). To obtain a numerically accurate representation near o — 1, 
they use the form (1.1.10) of the characteristic function. They simulate a random 
variable Y with characteristic function 


Е ехрібү = exp(—|0|* + i&u1(0, o, 8)) 
where ил is defined in (1.1.11). Observe that 


Y ~ S,(1,0,—8tan7&) if a #1, 
(174) 
Y ~ Sall, 8,0) if а= 1. 


Thus, X = Y +F ~ S4(1, 8,0), where 


Bian На, 
i= 

0 ifa=1. 
Observe also that the shift —g in Y can be very large when 8 # 0 and о is close 
to 1. For example, whereas the support of X is [0, оо) if 8 = 1 anda < 1, the 
support of У is [—z, oc) and may start far to the left of 0 if a is close to 1. The 
advantage of Y over X is that the distributions of Y vary continuously as a and 
В vary. 

The Fortran program rstab (for “random stable") which generates Y is listed in 
Chambers, Mallows and Stuck (1976). S-PLUS? is a powerful statistical package 
which contains an updated version of rstab. 

Ten thousand realizations of the random variable Y defined in (1.7.4) were 
simulated using the rstab program in S-PLUS, in the cases а = 1, 8 = 1 and 

а = 0.99, 8 = 1. The following figures show the scatter plots, the empirical 
| cumulative distribution function and the corresponding histograms (empirical 
density functions). Although most realizations of Y are small, a number of them 


SS-PLUS is marketed by StatSci, a division of MathSoft, Inc. It is based on S which is marketed 
by AT&T. 


1.7 


STÁBLE RANDOM VARIABLES ON THE REAL LINE 


o£ ог о 0 08 or o£ ог 0t о 


0 
à 


000v 


jpo 


+ 
. 
. 
а 
. 
б 


0008 


(1"66`0)92151 Jo уро (1'1)ае452 jo ро 
xepu| xopu 
00001 0008 0009 000v 0002 0 00001 0008 0009 000b 0002 0 


С 


зпјед 
А 


000p 000€ 0002 000! 


(1'66`0)9®151 jo 1014 jeneg»s (L'1)ge1s1 jo 1014 191225 


ро jeouiduua3 рие sjojd Ј9225 


0 


000p 
ро 


0008 


0 


0002) 0008 0007 


ane, 


45 


SIMULATION 


1.7 


oe 


00L0S 0 


Sjulod jo задшпм 


002 


005 


01 те jo-ino (1'66'0)89152 OL 18 jjo-1no (1' L)qeis) 


x x 


sz oz 91 о S 0 oe Sc 0c 


St 0t S 0 
Бә B | ui ОА | 


OE је yo-1no (1'66'0)qeis! 0€ зе jjo-1no (1' .) gets) 


002 0 


009 
Sjuiod jo зедшпм 


0071 0001 


suonoun-J Аџѕиәа геошаша 


обе 092 00051 001 0S 0 


009 0020 


ѕушоа jo sequiny 


0071 000} 


Sjurod jo зәдшпм 


46 STABLE RANDOM VARIABLES ON THE REAL LINE 1.7 


are extremely large. Untruncated histograms provide no detail because of their 
scale. It is necessary to truncate tbe extremely long tail of the histogram in order 
to obtain a clearer picture of its shape at small values. Notice the continuity of 
the distribution of Y around o — 1. The probability density function of Y is 
supported on (—оо, оо) at œ = 1 and on [—63.66, оо) at а = 0.99. Nevertheless, 
no realization, in either case, was smaller than —3. 

We include a program for generating the a-stable random variable Y in (1.7.4). 
It is called rstable and is an improved version of the rstab program listed in 
Chambers, Mallows and Stuck (1976). It was supplied by John M. Chambers and 
adapted by John Nolan. It is reproduced here with their kind permission. 

The program rstable listed below requires the following inputs: ALPHA, 
ВРВІМЕ, U and W. ALPHA is а and BPRIME is £ (as in (1.1.10), U is а 
pseudorandom number uniformly distributed on (0, 1), and W is a pseudorandom 
number with the exponential distribution P[W < z] = 1 — e7?, x > 0. (To 
generate W, generate — Іа U’, where U' is uniform on (0, 1), independent of U.) 
The output is a pseudorandom number distributed as Y in (1.7.4). 


rstable -- random stable standardized form 


Adapted from a file supplied by Chambers, et al. 
by John Nolan on 5/18/92. 
That file was converted from RATFOR to FORTRAN 
and all variables and functions have been explicitly typed. 


Changed to double precision on 3/15/93 by Vadim Teverovsky, 
mostly for ease in dealing with other routines and S-PLUS. 


Q000000000 


double precision function rstable(alpha,bprime,u,w, st) 
arguments 
alpha : characteristic exponent 
bprime : skewness in revised parameterization 
u : uniform variate on (0.,1.), for example from a 
uniform pseudo-random number generator 
w : exponentially distributed variate 
st: return value 
double precision alpha,bprime,u,w,phiby2,thrl,a,eps,piby2,b, 
х bb,tau,a2,a2p,b2,b2p,alogz, tan2d,z,d2d,d,st 
Ç double precision da,db 
data piby2/1.57079633/ 
data thr1/0.99/ 


o00000020 


eps = 1.0-alpha 

C compute some tangents 
phiby2 = piby2* (u-0.5) 
а = phiby2*tan2d(phiby2) 
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bb - tan2d(eps*phiby2) 
b = eps*phiby2*bb 
if (eps.gt.(-0.99) 
* tau = bprime/(tan2d(eps*piby2)*piby2) 
if (eps.le.(-0.99)) 
* tau = bprime*piby2*eps* (1.-eps)*tan2d((1.-eps) *piby2) 
compute some necessary subexpressions 
if phi near pi by 2, use double precision. 
if (a.gt.thrl) then 
double precision 
да = dble(a)**2 
db dble (b) **2 
a2 1.d0-da 
a2p = 1.а0+аа 
b2 = 1.d0-db 
b2p = 1.d0+db 
else 
single precision 
a2 = a**2 
a2p = 1.*a2 
a2 = 1.-a2 
b2 = b**2 
b2p = 1.tb2 
b2 = 1.-b2 
endif 
C compute coefficient А 
2 = а2р* (62+2.*рћһіру2*рр*саџ) / (м*а2*р2р) 
C compute the exponential-type expression 
alogz = dlog(z) 
d = 424 (ерѕ*а1092/ (1.-eps)) * (alogz/(1.-eps) ) 
C compute stable 
rstable = (l.*eps*d)*2.*((a-b) * (1. *a*b) -phiby2*tau*bb* 


Nu 


ооососаоосоооомо 


а 


* (b*a2-2.*a))/(a2*5b2p) ttau*d 
St = rstable 
return 
end 
C d2d evaluate (exp(x)-1)/x 


double precision function d2d(2) 
double precision z 
double precision р1,р2,41,92,93,ру, 22 
data pl,p2,ql,q2,q3/.84006 68525 36483 239 d3, 
ж .2000L 11415 89964 569 d2, 
.16801 33705 07926 648 d4, 
* 1801 33704 07390 023 d3,1.d0/ 
C the approximation 1801 from hart et al (1968, p. 213) 
if (abs(z).gt.0.1) then 
d2d - (exp(z)-1.0)/z 
else 
zz = z*z 
pv = pl+zz*p2 
ага = 2.d0*pv/ (41+22* (q2*zz*q3) -z*pv) 
endif 
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return 
end 


C mytand tangent function 

double precision function mytand (хагд) 

logical neg,inv 

double precision p0,p1,p2,q0,q1,q2,piby4,piby2, pi, x,xarg, xx 

data p0,pl,p2,q0,ql,q2/.129221035e+3, -.887662377e41, 

* .528644456e-1,.164529332e*3,-.45 1320561е+2,1.0/ 
C the approximation 4283 from hart et а1(1968, p. 251) 

data piby4/.785398163/,piby2/1.57079633/ 

data pi/3.14159265/ 


neg = .false. 
inv = .false. 
х = xarg 
neg = (x.1t.0.0) 
х = abs (x) 
C perform range reduction if necessary 
if (x.gt.piby4) then 
x = dmod(x,pi) 
if (x.gt.piby2) then 
neg = .not. neg 
х = pi-x 
endif 
if (x.gt.piby4) then 
inv = .true. 
x = piby2-x 
endif 
endif 
x = x/piby4 
convert to range of rational 
XX = х*х 
mytand = x* (pO*xx* (рі+хх*р2)) / (а0+хх“ (а1+хх"а2)) 
if (neg) mytand = -mytand 
if (inv) mytand = 1./mytand 
return 
end 


о 


о 


tan2d compute tan(x)/x 
function defined only for abs(xarg).le.pi by 4 
for other arguments returns tan(x)/x, computed directly 
double precision function tan2d(xarg) | 
double precision mytand,xarg,p0,pl,p2,d0,q1,q2,piby4,x,xx 
data р0,р1,р2,40,91,92/.129221035е+3,-.887662377е+1, 
* .528644456e-1,.164529332e*3,-.45 1320561e*2,1.0/ 
C the approximation 4283 from hart et al(1968, p. 251) 
data piby4/.785398163/ 
x = abs(xarg) 
if (x.gt.piby4) then 
tan2d = mytand(xarg)/xarg 


оо 


else 
x = x/piby4 
C convert to range of rational 
XX = X*x 
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tan2d = (p0+xx* (pl*xx*p2)) / (páby4* (а0+хх* (gl 4xx*q2))) 
endif 
return 
end 


Remark. Because S-PLUS allows calls to external C or Fortran functions, it can 
use the rstable program given here. It is important that the external program uses 
double precision (rstable does that). 


1.8 Exercises 
Exercise 1.1 Show that Definition 1.1.6 implies Definitions 1.1.1 and 1.1.4. 


Exercise 1.2 Show that Definition 1.1.4 implies Definition 1.1.1. 

Hint: Suppose X is non-degenerate. Then С, — co, C4,,1/C4 — las n — co. 
For arbitrary constants 0 < а; < aj, there is a sequence of integers {Mn } such 
that as n — оо, Са „/Са — а/а. Express ду а X normalized in terms of 


a sum of 377, X; normalized and Уулу уу X; normalized, and let n — оо. 


Exercise 1.3 Prove that wi(0, о, 8) in (1.1.11) is jointly continuous in o and 8 
but is not continuous in 6, the characteristic function argument. Show that it is 
not jointly continuous in 0 and о even outside a neighborhood of 0 = 0. (Let 
8 — bo > 0 and a — 1.) 


Exercise 1.4 Prove the statements about the representation (1.1.12) 


Exercise 1.5 Prove that a-stable random variables have infinitely differentiable 
densities. 
Hint: Keep integrating the characteristic function. 


Exercise 1.6 Find the asymptotic behavior of P(X > A) as А — oo for X ~ 
М(0, и). 
т т 


Exercise 1.7 Let y be uniformly distributed on the interval (— 7, 5). Show that 


X = сіаву+и ~ Si(o, 1, И), 


where Sı (ø, 1, и) is the Cauchy distribution whose density function is given in 
Relation (1.1.13). Use this to check the cumulative distribution function (1.1.14) 
of the Cauchy. 
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Exercise 1.8 Let Z ~ IN (0, 1). Show that 
Х = 0272 + и ~ буг (а, 1,4), 


where S, (а, 1, и) is the Lévy distribution whose density function is given in 
Relation (1.1.15). 


Exercise 1.9 Let {X (t), t > 0) bea standard Brownian motion with a.s. contin- 
uous paths. Let Т, denote the first time it reaches the level а > 0. Show that T; 
has the Lévy distribution 5, (al, 1,0) given in (1.1.15). Use this to check the 
cumulative distribution function (1.1.16) of the Lévy distribution. 

Hint: By the reflection principle, РТ, < t] = 2P(X(t) > a]. Now use Exercise 
1.8. 


Exercise 1.10 Prove Property 1.2.1 for o = 1. 
Exercise 1.11 Prove Property 1.2.3 for а = 1. 


Exercise 1.12 If X,,..., Xn are 1.1.8. 5а (а, 8, и) and Sn = Ху +: + Ха, then 
the limiting distribution of 


n-VeSg, if0<a<1, 
n^!(S, – 277!сбпіпп) – pu ifa=1, 
n-Ve(S, — ты) ifl<a<2, 


as n — oo, is Ss (v, 8,0). 


Exercise 1.13 The following theorem (Mijnheer (1975)) characterizes the domain 
of attraction of stable distributions. Verify it for X; ~ 5,(1, 8,0), i = 1,...,n. 
(A slowly varying function L at infinity is a non-negative function satisfying 
іт; „оо D(rt)/L(z) = 1 for all t > 0.) 


• Theorem 1.8.1 Let X,..., Xn be 1.1.4. with cumulative distribution func- 
tion F. There exist a, > 0,b, € R, n = 1,2,..., suchthatthe distribution 
of az (Ха +--+ + Xn) — bn] converges as n — со to Sall, 8,0) if and 
only if both | 
(i) х1 – F(z) + F(—z)] = L(z) is slowly varying at infinity. 

(ii) ar SS — ә 52 as z oo. 

The an must satisfy 


nLlan) T(i—a)cos(ta/2) ifü«a«l, 


lim —; = 2/7 ifa = 1, 
а TO-a) | cos ла ўі < а <2. 
z 


ПР 
~ 
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The bn may be chosen as follows: 


0 јогд<а<1, 
b, = 4 nas fr, os aes fora=1, 
n [7  zdF(z јо' 1< а <2. 


In all cases, a4, = т\/ * Lo(n) where Lo is slowly varying at infinity. 


Exercise 1.14 This exercise complements Proposition 1.2.11, which shows that 
the support of a totally skewed to the right a-stable random variable, 0 < a < 1 
(i.e., a stable subordinator) is contained in R+. Here, the goal is to prove that this 
support actually coincides with R}. 

The support of a random variable X is defined as the smallest closed set А 
such that Р(Х € A) = 1. 

Let X ~ 5. (0, 1,0) withO < a < 1. Let f be the continuous density function 
of X. Prove that f(z) > 0 for every x > 0 by going through the following steps: 

(i) Let У) = (те В: f(z) > 0}. Show that for any A, В > 0 such that 
Ах + B? = 1, one has 

АЎ + ВУ = Ў, 

where АУ + ВУ = (Ат + Ву: z € È, У E€ E}. 

(ii) Conclude that either £ = R or = R,. 

(iii) Use Proposition 1.2.11 to conclude that Z = R}. 


Exercise 1.15 Prove Proposition 1.2.12 Тог0 < а < 2. 
Hints: 


І. Using the Schwarz reflection principle (Ahlfors (1979), p. 172), prove the 
following lemma: 


Let f be a complex-valued function defined on DOR = 0, where D is 
a region and R is the real line. If f is continuable to Dt = {z Є D: 
Im z > 0), i.e. if there exists a function f analytic in Dt, continuous 
in Dt U (D R), which satisfies f(t) = f(t) for t € DOR, then this 
continuation is unique. 


2. Show, using (1.2.8), and (1.2.11), (1.2.12) for B. = 1, that Ee-5X exists 
and is continuous for Re £ > 0, and is analytic for Re € > 0. 


3. Богд <a < 2,a # 1,8 = 1 and 0 > {һе characteristic function (1.1.6) 
can be written as Ф(0) = Еехр(і0Х) = exp(—6260*e-7!2^/cos 5? 
and can be extended to an analytic single-valued function ф(х) = 
exp(—ce?(—iz)? / cos 72), where z belongs to the whole complex plane 
with the exception of вене half-line (say arg 2 = -in. Verify that using 
formula (1.1.6) for 0 < 0 you obtain the same де 
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4. By the above lemma, the functions Ф(2) and Ee~‘-#)* coincide for 
Im z > 0. 


5. Substitute —iz = y in the formula for ¢ to establish Proposition 1.2.12 for 


а #1. 
6. For a = 1 start with the other part of (1.1.6). 
7. The proof is even simpler for a = 2. 


Alternative method: Establish Step 2. By Theorem 11.2.1 of Lukacs (1970), p. 
311, the Lévy-Khinchine representation (1.1.7) of the characteristic function of 
X holds for Im 2 > 0. Show that the passage from the Lévy-Khinchine formulas 
to the form (1.1.6) is also valid for z = it, t > 0. When а = 1, you need also to 


prove . 
oo -r 
cosr—e 
[== ы 
0 т 


Exercise 1.16 If X is o-stable then the random variable У = e* is called log- 
stable. Y is log-normal if a = 2. Suppose 0 < а < 2 and show the following. If - 
B Æ —1, then P(Y > y) is asymptotically proportional to (In у)! as y — oo, 


and consequently, Y has no finite moments. On the other hand, if 8 = —1, all 
moments of Y are finite. 
Log-stable distributions with 8 = —1 are used in modeling multifractals, 


partly because of the finiteness of their moments. See for example Evertsz and 
Mandelbrot (1991), (1992) and Schertzer and Lovejoy (1993). 


Exercise 1.17 Prove Property 1.2.13. 


Exercise 1.18 Let X ~ 5 (0, 8,0) with 0 < а < K. Show that there is a finite 
constant yg which depends only on K and a positive number a, independent of 
c, B and K, such that Р(Х > yx) > а. 
Hint: Use Property 1.2.13 and set a = P(Y; > 0) - P(¥2 € 0) > 0 where Y; and 
Y are i.i.d. 5) (1, 1,0) random variables. 


Exercise 1.19 Using the weak law of large numbers to prove that when 1 < o < 
2, the shift parameter и equals the mean. 


Exercise 1.20 Formulas for the density functions of the Cauchy distribution 
5(а, 0, p) and for the Lévy distribution 5;/;(c, 1, н) are given at the end of 
the first section. Use Property 1.2.15 to verify that the normalization constants in 
these formulas are correct. 
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Exercise 1.21 Let X ~ 5,,(с', 1,0), and А ~ Зао (ба, 1,0),0 Са «o «1 
be independent. Show that Z = А!/е' X has a S, (c, 1,0) distribution for some 
с> 0. 


Exercise 1.22 Let Г; have a gamma distribution with parameters i and ET, as 
in Theorem 1.4.2. 


(a) Find the asymptotic behavior as À — oo of pir; > А} forüco < 2. 


(b) Let er; М ^W; be defined as in Theorem 1.4.2. Find the asymptotic behav- 
ior of P(|ej T; ^ W;| > A} as A — oo. 


(c) What are the positive numbers p for which ET; Р < co? 
(d) If p > 1, show that there is a constant K such that 


ЕГ? = I (i - p/(i - 1)! € КГ. 


Exercise 1.23 Let Y; — eU; /* Wi be defined as in Theorem 1.4.2 and suppose 
that а = 2. Find the normalization d, such that а! У Y; converges in 


distribution to a non-degenerate random variable Z. What is the distribution of 
27 


Exercise 1.24 Let Х|, X5,... be a sequence of i.i.d. random variables and let 
p » 0. Show that 

(i) E[Xi|? < оо is and only if л n^? X, = 0 a.s., 

(ii) E|X, |? = оо if and only if lim, „от /P| X, | = co a.s. 
More generally, show that for p > 0 and r Є R, 

(iii) EX; [P (log | Ху |)" < oo if and only if lim, oo n7 (log n)'/? X, = 0 
a.S., 

(iv) E|Xil? (log [Xi])" = oo Жапд only Йол (log n)"/?|Xn| = со 
a.s. 


Exercise 1.25 How large сап the remainder of the series У), gr *Wi be? 
G) Suppose that E|W;|^** < оо for some e > 0. Рохе that 
E|Y егу ^ W;l* < со. 

(ii) Show by counterexample that E|W;|? < оо does not imply that 
ЕГУ «T; "Иде < oo. 

Hint: Таке W;s such that E|W;|* < oo but E|W,|* log [W;| = oo and use 
Exercise 1.24. 
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Exercise 1.26 Let {X;} be independent random variables X; ~ 5, (05, @ из), 
0 < а < 2. Prove that the series У), X; converges a.s. if and only if 5 7^, Hi 
converges and 977^, of < со. 

Using the three series theorem, prove that the series converges absolutely a.s. 
if and only if Уусу || < oo and | 


YO? < со if0<a<], 
У al In(o,A0.5)] «co ifa=1, 
Уо: < оо ifa > 1. 


Exercise 1.27 Prove (1.2.8) using Theorem 1.4.5. 
Hint: Use Exercise 1.22. 


Exercise 1.28 Suppose X ~ 5, (0,0,0). Use Proposition 1.3.1 to show that if 
(1.2.8) holds for 0 < а « 1 then it holds for 1 « a < 2. 


Exercise 1.22 Let Xa denote a stable subordinator, i.e., Xa ~ S, (o, 1,0) with 
a > бапа a < 1. Prove that as а — 0, 


а 1 
(Xa)? 4 у. 
where E is an exponential random variable with mean 1. 
Hinr: Use the series representation for Xa and the fact (prove it) that a sequence 
а = {a;}%, in (P, po > 1 satisfies lim |а|, = |а||со- 
poco 


Chapter 2 


Multivariate stable 
distributions 


The multivariate stable distribution, which is the distribution of a stable random 
vector, is defined in Section 2.1 by simply extending to IR? the definition of a 
stable randorn variable. Gaussian vectors, however, can also be defined in the 
following way: a random vector is Gaussian if and only if any linear combination 
of its components is a Gaussian random variable. As in the Gaussian case, 
any linear combination of the components of a stable random vector is a stable 
random variable, but the converse is not always true. .The converse holds when 
the linear combinations are either strictly stable or when o > 1. In Section 2.2, 
we demonstrate with a counterexample that the converse does not generally hold 
when а < 1. 

As in the univariate case, multivariate stable cumulative distribution functions 
or density functions are not usually known in closed form and therefore one works 
instead with the characteristic functions. The characteristic function of an a-stable 
random vector is described in Section 2.3. It involves a finite measure I' on the 
unit sphere of Ж and a shift vector 42° which plays а role similar to the shift 
parameter in the univariate case. The measure T' is called the spectral measure. 
It replaces both the scale and skewness parameter that enter in the description of 
the univariate stable distribution. 

Conditions for strict stability of X are discussed in Section 2.4. When a # 1, 
X is strictly stable if the shift vector 4° = 0. Conditions for strict stability 
when o = 1 are more complicated because they involve the spectral measure 
T. Nevertheless, strict stability turns out to be a componentwise property: X is 
strictly stable if and only if all its components are strictly stable. 

Section 2.4 also contains conditions for Х to be symmetric, i.e., for the vectors 
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X and —X to be identically distributed. In contrast to strict stability, symmetry is 
not a componentwise property: X is symmetric if and only if the shift vector u? 
is zero and the spectral measure Г is symmetric (i.e., Г gives equal weight to any 
two antipodal sets). 

We noted in Chapter 1 that every symmetric a-stable random variable has 
the same distribution as that of a mean zero Gaussian random variable multi- 
plied by AU?, where А is a totally skewed stable random variable. Only some 
symmetric a-stable random vectors have a similar property. Those that do are 
called sub-Gaussian and they are introduced in Section 2.5. Because they are 
obtained by multiplying a mean zero Gaussian vector by А!/?, they inherit the 
dependence structure of the underlying Gaussian vector. The multivariate Cauchy 
is an example of a sub-Gaussian random vector. 

When the spectral measure Г is uniform (and u? = 0) the symmetric a- 
stable random vector has a very special type of sub-Gaussian structure: it is 
conditionally i.i.d. Gaussian. Such a structure is used in Section 2.6, in the context 
of isotropic complex-valued random variables. Although we are interested in real- 
valued random objects, we will later encounter an important class of real-valued 
stochastic processes (the so called “harmonizable processes") which are typically 
defined in terms of complex random variables. A complex random variable can. 
be regarded as a two-dimensional random vector whose components are the real 
and imaginary parts. 

When @ = 2, the random vector is Gaussian and its dependence structure 
is completely specified by its autocovariance function. There is no such simple 
description when a < 2. Covariances do not exist, but when а > 1, one can 
introduce the notion of covariation. We do this in Section 2.7. The covariation 
shares some of the properties of the covariance. Unfortunately, it is neither 
symmetric nor additive in its second component. However, it becomes additive 
in its second component when the random variables that are being summed are 
independent. This feature will be useful later, in the context of stable stochastic 
integrals. | 

In Section 2.8, we introduce covariation norms. Like the covariance, the 
covariation gives rise to a norm. The covariation norm of an o-stable random 
variable turns out to be identical to the scale parameter of that random variable. 
It metrizes convergence in probability, i.e., the covariation norm of a sequence of 
a-stable random variables tends to zero if and only if that sequence converges to 
zero in probability. 

In Section 2.9, we introduce James orthogonality. Two zero mean Gaussian 
random variables have zero covariance if and only if they are independent. If 
two symmetric a-stable random variables with 1 < a « 2 are independent, then 
they have zero covariation, but the converse is not always true. 1t is possible to 
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relate "zero covariation" to "James orthogonality." James orthogonality is well 
defined in normed vector spaces that possess no scalar product. We define it 
in our context by using covariation norms. Unfortunately, it is not a symmetric 
relation; that is, if X is James orthogonal to Y, then Y is not necessarily James 
orthogonal to X. Although not as versatile as the usual notion of orthogonality, 
Iames orthogonality is often valuable. It is used, for instance, to characterize the 
family of sub-Gaussian random vectors. 

The codifference, another measure of bivariate dependence, is introduced in 
Section 2.10. Like the covariation, the codifference reduces to the covariance 
when œ = 2. But whereas the covariation may not be defined for a < 1, the 
codifference is defined for all 0 < о < 2. It is, moreover, symmetric in its 
arguments and the codifference of a 505 random vector is non-negative definite. 

We will encounter more properties of multivariate stable distributions in later 
chapters. 


2.1 Stable random vectors 
The definition of stability in R? is analogous to that in R!. 


Definition 2.1.1 A random vector X — (X1, X2, ..., Ха) is said to be a stable 
random vector in R? if for any positive numbers A and B there is a positive 
number C and a vector D € В“ such that 


AXU + BX® = CX 4 D, (2.1.1) 
where Х(!) and ХО) are independent copies of X. 


Instead of saying “X = (X1,..., Ха) is a stable random vector in R2," we will 
often say “Х|, X2, . . . , Ха are jointly stable", or ^X has a stable distribution in 
R4,” or “the distribution of X is multivariate stable." 

The vector X is called strictly stable if (2.1.1) holds with D— 0 for any А > 0 
and В > 0. The vector X is called symmetric stable if it is stable and satisfies in 
addition the relation 

P(X € A) = P(-X € A} 


for any Borel set A of Rê. As in R', a symmetric stable vector is strictly stable. 

The preceding definitions impose conditions on the joint distribution of 
(X\,X2,...,Xa). What do they imply about the individual components 
Xi, X2,..., Ха? If X is a stable random vector, are its components stable random 
variables? Are linear combinations of its components stable random variables? 
The following theorem provides an answer. 
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Theorem 2.1.2 Let X = (X,..., Ха) be a stable (respectively, strictly stable, 
symmetric stable) vector in №. Then there is a constant a € (0, 21 such that, in 
(2.1.1), C = (A? + B®)". Moreover, any linear combination of the components 
of X. of the type Y — os b. Ху is an a-stable (respectively, strictly a-stable, 
symmetric a-stable) random variable. 


PROOF: Let ХО) and X(? be independent copies of X, let b = (bi, b2,..., ba) 
be a vector in В, and define Y, = jx 21 b XU and Y; — ae b XO), The 
random variables Ү and У are independent copies of the random variable У. 

Now fix А > O and B > 0. Since X is stable, by (2.1.1), there are a C > 0 and 
D = (D,..., Da) such that AX“) + BXO) = CX + D. When two vectors are 
equal in distribution, linear combinations of their respective components are also 
equal in distribution, as can be seen by comparing the characteristic functions. 
Hence, 


d 
AY, + BY, = У (АХ! + ВХО) 
k=1 


d 
= У bk (CX + Dx) 
k=l 


d d 
= CY X, D. 
к= k=1 
= CY +(b,D), 


where (b, D) denotes the scalar product of the vectors b and D. This shows 
that Y is a stable random variable. By Theorem 1.1.2, there is a constant a = 
a(b) € (0,2] such that C = (A^ + Ве)!/•. In fact, а is independent of b, 
because if a’ is the index resulting from a vector Б' Æ b, then we would have 
(49 + Ве) = (А + В° )!/°' for all A > бапа В > 0, which is impossible 
unlesa = о. Ш 


As in the one-dimensional case, we obtain (see Exercise 2.2): 


Corollary 2.1.3 A random vector X is stable if and only if for any n > 2, there 
is an а Є (0, 2] and a vector D,, such that 


ХО 4 xO +... + ХО 2 п/е + D,, (2.1.2) 


where X(0, X@),..., XK) are independent copies of X. 


These results motivate the following definition: 
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Definition 2.1.4 A random vector X in R^ is called a-stable if (2.1.1) holds with 
C = (A? + B9)'/5, ог, equivalently, if (2.1.2) holds. The index a is the index of 
stability or the characteristic exponent of the vector X. 


The second part of Theorem 2.1.2 states that if X is an a-stable vector, then 
all linear combinations (b, X) — d bj X; are a-stable random variables. 

Is the converse true? If all of linear combinations of the components of a 
random vector X are a-stable, is the vector X necessarily stable? The question is 
a natural one in view of the fact that in the Gaussian case o = 2, it is well known 
that the answer is yes. Unfortunately, when о < 2, the answer is, in general, no 
as we will show in the next section. It turns out, however, that the answer is yes 
if all the linear combinations are strictly stable, or if a > 1. 


Theorem 2.1.5 Let X be a random vector in R¢. 

(a) If all linear combinations У = T bi Xx have strictly stable distribu- 
tions, then X is a strictly stable random vector in Rê. 

(b) If all linear combinations are symmetric stable, then X. is a symmetric 
stable random vector in В. 

(c) If all linear combinations are stable with index of stability greater or equal 
to one, then X is a stable vector in Ra. 


PROOF: The index of stability of a linear combination У = $3 bn Хр = 
(b, X) may a priori depend on b. We first show that if all linear combinations Yp 
are stable, then those that are non-degenerate have the same index of stability. 

Suppose that this is not so, that there are non-zero vectors b € Ж апіс є В“, 
such that Yp = (b, X) and Y, = (c, X) are non-degenerate random variables, 
and such that Ур has index of stability a, and Ye has index of stability a2 with 
0 < a, < а; € 2. Let pj, p; be any non-zero real numbers and set a = руб pac. 
Consider the random variable Y4. By our assumptions, Ya must be stable with 
some index of stability, say a3. Then for any А > 0, 


P(Y4-23) = Р((а Х) > А) 

P(|pi(b, X) + рг(с, X)| > А) 
РЦ о + рус] > A) 

P| Yo] > 2А) – P(|p2¥el > А) 


~ const. А ?' — const. A ?? 


IV 


^ const. A ?' 


as А — co. (If œ = 2, replace А-0: by A7! exp(—22/4c?).) This implies 
az € o, = тіп(оџ, оо). The index of stability of Ya is, therefore, no larger 
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than the smaller of o and оз. Now, since Y, and Y, are non-degenerate, there 
is a sequence of non-zero real numbers (А, |, converging to 0 as n — oo, 
such that for all n, Zn = А.У + У; is not equal to zero in distribution. Let 
Zn ~ Satny (0n Ва, Ша), п = 1,2,.... By the above fact, 


a(n) < a < оз, n=1,2,.... 


Clearly, Zn — Y. in distribution as n — со. Convergence of the real part of the 
characteristic function of Z, to that of Y. implies 


lim. oz 16%) = olg", 0 e В, 


where оз is the scale parameter of Ye. Hence lim, .,, 03 ]g|p(m-o: = 
07^, 6 0, together with a(n) — a2 < o1 — a2 < 0, implies а; = 0, contradict- 
ing the fact that Ү, is non-degenerate. All non-degenerate linear combinations of 
the form (b, X) must therefore have the same index of stability. 


То establish (a), assume now that all linear combinations (b, X) are strictly 
stable random variables with index of stability с. 

Fix any A > 0, B > 0, let Z = AX“) + ВХО), and W = (Аг + В°)!/=х, 
where ХО) and ХО) are independent copies of X. We want to show that Z £ уу. 
For any vector b € В, we have 


(b, Z) = A(b, X'?) + B(b, X?) = (4°  B^)/^(b, X) = (b, W). 
Therefore, for any b € В, 
Eexpi(b, Z) = Eexpi(b, W), 


showing that the vectors Z and W have identical characteristic functions. Thus, 
Z Å W, ie., AX") + ВХО = (да + Ва) /еХ. This proves that X is a strictly 
stable vector in Rê. 


(b) Assume that all linear combinations (b, X) are symmetric stable random 
variables. Since a symmetric stable random variable is strictly stable, we conclude 
by part (a) that X is a strictly stable vector. To prove part (b), one has only to 
show that X is a symmetric vector. 

Let b be a fixed arbitrary vector in R2. Since (b, X) is a symmetric random 
variable, we have 


Eexpi(b, X) = Eexp(-i(b, X)) = Eexpi(b, -X), 


Le., the characteristic function of X. equals that of —X. Hence X = х, 
establishing part (b). 
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(c) Assume that all linear combinations are stable random variables with index 
of stability a > 1. 
Suppose firstly а = 1. By assumption, for every b € Rå, 


Y, = (b. X) ~ Si(a(b), &(b), и(Ђ)) (2.1.3) 


for some c(b) > 0, 8(b) € [-1,1] and д(Ъ) in R. If c, Gy and ju. 
denote, respectively, a(b), В(Ь), Ш(Ъ), corresponding to the vector b = 
(0,...,0,1,0,...,0) with 1 in the kt? position, then 


Xk T3 5 (ак, Вк, шк), К= 1;. x а: 
Let X(U, XO), . . . be i.i.d. copies of X and define, for n > 1, 
3) = (2 Ухо) ы Zimno x B) (2.1.4) 
n2 = , Л. 


where с x 8 = (01181,0282,... саа). Using Properties 1.2.1, 1.2.3 and 1.2.2, 
Хе ~ Si (ok, By, шк) implies 


n 


ap 


j=l 
n у 2 
$ xp ~ Sı (2..8. + =0ппјакв ) 


2 


Sy (no, Be, тик), 


"s 
Іа 


Xk «У, Зак, Вк, рк) 


for each k = 1,...,n. Since the distribution of se does not depend on n, the 
sequence (st, n > 1} is tight; i.e., for each є > 0, there exists a bounded set 
[а, b] such that P(a < se < Б) > 1 — e holds for all n. The sequence of vectors 
180), n > 1) is therefore tight (Exercise 2.3), and as such, it has a subsequence 
(805), i > 1} converging weakly to a probability measure on В“ (Billingsley 
1986, Theorem 29.3). In particular, (b, S(^) converges weakly for every vector 
b = (bi... , 54) in В. But (2.1.3) and (2.1.4) imply 


d 
(b, 8) ~ Sı (o(b), (5), u(b) + = (Inn) (a(b)A(b) — Уо). 
k=l 


(2.1.5) 
In order for (b, S(^4?) to converge weakly, the coefficient of In n must be zero, 


ie., 
d 


o(b)B(b) = У bio Sy forevery b € В“. (2.1.6) 


k=l 
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Now (2.1.3), (2.1.4) and (2.1.6) imply (b, S™) = (b, X) for every b є R? and 
every n > 1. Therefore Х 8 560) for every n > 1. Thus, X satisfies (2.1.2) with 


a = | and so X is a 1-stable random vector. 
A similar proof holds for the case 1 « a < 2. Setting 


L iy 
s= (== Ухо) -nep + p, 
j=1 


we have 
d d 
(b, 8) ~ Sa (a(b), &(b), n'-"^ (ufo) – У benr) + bese). 
k=l pen 
This time, the result follows from the fact that n!-!/? —› coasn — со. WM 


Remarks 


1. The proof of part (c) fails when 0 < o < 1 because n!-!/* — Oasn — oo. 


2. Here is an alternate proof of part (c) when 1 « o « 2. The idea is 


to make use of part (a). Observe that E|X,| < oo fork = 1,2,... 


, d. 


Indeed, X, is a particular linear combination of the components of X, 
and since, by assumption, all linear combinations are stable with index 
greater than one, they all have a finite mean (Property 1.2.16). Let Ур = 
pe 1 0k Xx, let Х = (%,%,.. Xa) where X, -Xy- EX, k= 
1,...,d are zero mean random е and let ЎЬ = pyram b. Xy. By 


the linearity of the expectation, 


d d 
Ў = ужа - rx Хь, (2.1.7) 


i.e., Ў = = Yp — EY». Yh is stable by assumption and therefore, Y, is strictly 
stable by Property 1.2.19 and Corollary 1.2.7. This implies by part (a) that 
X is strictly stable and hence X — Xa (EX), EX2,..., ЕХа) is stable. 


3. The key step in the preceding proof of part (c) was the use in (2.1.7) of the 
linearity of the expectation in order to reduce the general case to the strictly 
stable case. When a = 1, compensation by shifting is not enough to make 
the components strictly stable (see Corollary 1.2.10). When a < 1, one can 
still make the components strictly stable by shifting (Corollary 1.2.7), but 
the shift for each component is not equal to the expectation (the expectation 
is infinite when a < 1). Asa result, linearity is lost: the shift for a given 
linear combination is not equal to the linear combination of the shifts. This 


means that a computation similar to (2.1.7) is not possible when о < 1. 
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When o « 1, one can construct a counterexample which shows that the 
stability of all the linear combinations (b, X) does not ensure the stability of the 
vector X.. 


2.2 A counterexample for 0 Са < 1 


We shall exhibit a counterexample due to David J. Marcus which demonstrates 
that there exists a non-stable vector X = (X1, X2) in R? such that all linear 
combinations of its components are a-stable random variables with а « 1. 


Fix 0 < а € 1 and p > O and let 
VY(0,,0;) = exp(—r? + ipr cos(3¢)} (2.2.1) 


where 
0; = тсозф and 6; = sing. 


For sufficiently small p > 0, ‘¥(6), 02) is the characteristic function of a random 
vector X = (X, Хз) іп R? (Marcus 1983). 


We now proceed in two steps. 


Step 1. We first show that for any vector b = (b;,65) in IR, the linear 
combination (b, X) = b, X, + b» X? is a a-stable. 
The characteristic function of the random variable (b, X) is 


Eexp(it(b, Х)} = Eexp(i(0b, X)) = V(0bi, 052) 
where 0 is real valued. Setting b, = rp cos фр, 62 = rp sin dp, we can write 


8b, 
в» 


|Alrp со5(фь + п1(0 < 0)), 
|9|7ъ їп(фь + т1(@ < 0)), 


ѕо that by (2.2.1), 


| 


Eexp{i@(b, X)) ехр{ —(|8|гть)°© + ip|8|ry соѕ[3(фь + т1(0 < 0))]) 
ехр{ -l8|*r£ + їргъ|Ө| sign 0 соз(3Фь)} 


= ехр(—трјеје + 10(рть cos 3фь)). 


| 


By Definition 1.1.6, this is the characteristic function of 
S. (rp, 0, prp cos Зфр), the a-stable distribution with scale parameter rp, skew- 
ness parameter equal to 0 and shift parameter prp cos Зфь. 
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Step 2. We now show that the vector X with characteristic function Ч(61, 82) 
is not a stable random vector in R? when 0 < а < 1. 

Suppose, to the contrary, that that X is a stable random vector іп R?. It is then 
stable with index o because, by Step 1, any linear combination of its components 
is a-stable. Applying (2.1.1) with A = B = 1 and С = (А + Веја = 21/9, 
we obtain 


x 4x0 £oV/ex 4D (2.2.2) 


for some vector D = (Di, D2) in R?. (The vectors ХО) and ХО) are independent 
copies of X.) Relation (2.2.2) implies that the characteristic function of X, + X; 
must equal the characteristic function of 2!/°X + D. 

Let = (61,6) and 6; = r cos pand 6» = r sin ф. The characteristic function 
of XO) 4 ХО is 


il 


Eexpi(0, X + Х0)) E expi(0, X) Eexpi(@,X) 
[E expi(8, X)]* 
[v(0,, 6)? 


= exp(-2r* + i2pr cos(3¢)}, 


| 


whereas the characteristic function of 2'/*X + D is 
Eexpi(@,2'/*X + D) 
· =exp{i(@,D)}£expi(2'/*0, X) 

= exp{i(8, D) w2!/*6,,2//^8;) 

= exp{—2r + i[p(2!/“r) cos(39) + 61 Di + 02D2}}. 
Equating the two characteristic functions yields 

2pr соѕ(3ф) = 2" pr cos(3¢) + 0 Di + 62 Ds, 
for all real 6, and 6, i.e., 

(2 – 27*)pcos3ó = D; cos ó + D; sing 
for all ф € (0, 27). Setting ф = 7/2 yields D; = 0. Therefore, 
(2 — 2V*)pcos 3¢ = Ру cos ¢, (2.2.3) 


for all ф € (0,27). Since this is clearly impossible, we conclude that the vector 
X = (Xi, X3) does not have a stable distribution. 
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Remarks 


1. The function V(0;,05) given in (2.2.1) is a characteristic function even 
мћеп о = 1 (provided that the parameter p > 0 is small enough) but, by 
Theorem 2.1.5, X is a 1-stable vector in this case. 


2. The family of infinitely divisible distributions includes the stable distribu- 
tions. When a < 1, the vector X with characteristic function V(0,, 82) is 
not even infinitely divisible. This follows from the following theorem of 
Giné and Hahn (1983). 


Theorem 2.2.1 Let X be a random vector in R? such that all 
linear combinations of its components are stable. If X. is also infinitely 
divisible, then X is stable. 


2.3 Characteristic function of an a-stable random 
vector 


Let X = (Xi, X2,..., Ха) be an a-stable random vector in R? and let 
| а 
Фа (0) = Ф.(01,6,...,81) = Eexp{i(@,X)} = Eexp[i У бьХ } 
k=1 


denote its characteristic function. (D, (01, . . ., 4) is also called the joint charac- 
teristic function of the random variables Xi, X2,..., Ха.) 

The expression for ®,(0) given in the following theorem involves an inte- 
gration over S4 = (s: ||s|| = 1}, the unit sphere in R7. Observe that Sq is а 
(d — 1)-dimensional surface. For example, S; is the two point set (—1, 1} and S» 
is the unit circle. 


Theorem 2.3.1 Let 0 < а < 2. Then X = (Xi, X2,..., Xa) is an a-stable 
random vector in Ва if and only if there exists a finite measure Г on the unit 
sphere S4 of ®® and a vector p? in В such that: 


(a) If o # 1, 

Ф„(8) = exp{ - || K(&.s)* (1 — i sign ((0,5)) tan 77 )r(as) + (8, P). 
" (2.3.1) 

(b)If a = 1, 

9.(0) = exp[- ГА е, 5 (1 +iŽsign (00.8) in 6, s)])r(ds) + (Ө, u°) } 
| (232) 


The pair (Г, p?) is unique. 
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Definition 2.3.2 The vector Х in Theorem 2.3.1 is said to have spectral repre- 
sentation (Г, ио). The measure Г is called the spectral measure of the a-stable 
random vector X. 


Warning. As we will see in Example 2.3.4, the components of the vector јао, in 
the case a = 1, are not equal to the shift parameters of the components X;,..., Xa 
of X. 


The proof of Theorem 2.3.1 is sketched in the following remarks; for details, 
see for example Kuelbs (1973). 


Remarks 


1. It follows easily from Definition 2.1.1 that a random vector X is a-stable if 
it has characteristic function Ф (0). 


2. Theorem 2.3.1 continues to hold if R is replaced by a separable Hilbert 
space Н with scalar product (-,-). For example, Н can be Ё, the space of 
real sequences X = (21,25,...) with ||x||? = ER, 2% < оо and scalar 
product (x, y) = Угра твук. Theorem 2.3.1 for H = £ can be used to. 
show that stable processes always have an integral representation. 


3. To prove Theorem 2.3.1 іп Н (orin Н = 169), one shows that the character- 
istic function of an infinitely divisible law in H with no Gaussian component 
has the form 


exp if, Бе -1- тШ) L(dx) + om] 


(see, e.g., Varadhan (1962) or Laha and Rohatgi (1979), p.499.) Here, L 
is the (unique) Lévy measure corresponding to that infinitely divisible law, 
ie., L is a c-finite measure, finite outside each neighborhood of zero, that 
satisfies L((0)) = 0 and fi. ||| L(dx) < oo. Express x in terms of 
its radial and angular components by setting x = rs, where т = ||х|| and 
where s = x/|[x|| belongs to the unit sphere S of H. Then, using a-stability, 
prove that there is a measure с on 5 such that L(dx) = 1 бг o(ds). The 
characteristic function becomes 


oo 
ir(s,x) _ 1 — T(S, x) dr : A 
БЫ ul |е 5 1 : 1 +r? “a7 (ds) + i(@, и ) s 


Observe that the inner integral is the same as in the case H = R! (see 
(1.1.7). After evaluating the inner integral, one obtains the final result, 
formulated in (2.3.1) and (2.3.2) in the case Н = Ві. 


T 


23 CHARACTERISTIC FUNCTION OF AN a-STABLE RANDOM VECTOR 67 


Example 2.3.3 Suppose d — 1. Then S| consists of the two points (—1) and 
{1}, and the spectral measure Г is concentrated on them. Write Г(1) = T((1)) 
and Г(–1) = T((—1)). If a > 1, Ф, (0) becomes 


Eexp{i0X} = exp 101° (1 — i sign (01) tan > јги) 
-Jcur( — i sign (6(—1)) tan Zen» + iuto) 
= exp{ -4017 [(Г0) + Г(—1)) – isign (6)(r() – T(-1)) tan] + ie]. 


It is the characteristic function of an a-stable random variable X ~ So (oc, 8, p) 
with parameters 

T(1) - I(-1 
Emu NEN 

га) 4- F(—1) 
The skewness parameter 8 is zero if the spectral measure Г is symmetric. An 
analogous result holds for а = 1. 


с -(T())«T(-1)7^, 8 


Example 2.3.4 Let X be an a-stable random vector with characteristic function 
given in Theorem 2.3.1. We know by Theorem 2.1.2 that any linear combination 
У = Уа. by Xx has an a-stable distribution 5 (съ, Зь, up). То determine 
the parameters съ, Зъ and up characterizing that distribution, let у be any real 
number and set Ө = yb in (2.3.1) and (2.3.2). The resulting function of y is the 
characteristic function of the random variable Yp, and one obtains 


Eexp{iyYp} = Eexp(i(yb, X)} 
l exp{— fs, l(vb, s)? (1 — i [sign (yb, s)](tan 5)T (ds) + i(yb, и®))}, 
exp{— fs, [yb,s|(1 + i3 sign (yb, s)(In (yb, s) DT (ds) + i(yb, 9))). 


exp { Һе | Ја, Gb. sie (аз) 
~ i (sign 5) (tan з) Ја, (b, зе sign (b, s)r(ds)] + iy(b, 9) 


exp {=h (Ја, Ib. Ir (as) 
+ i3 sign) fs, (b, s) In СЬ, 5) (85) | + Ра), 


for œ Æ 1 and о = 1 respectively, so that 


а 
( || O) | 0.33) 
Sa 


[s,K(b.s)eT(ds) — ' 


7b 


Bb = (2.3.4) 
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(b, шо) ifa # 1, 


Ho (2.3.5) 


(b, и°) – 2 Је, Ф,в) In |(b,s)|r(ds) Ма = 1. 

By choosing suitable bs one can easily obtain the (marginal) distributions of ` 
the components Ху, k = 1,2,...,d, ofthe vector X. Itis easy to see, for example, 
that the shift parameter of X, is ду, when с # 1 butis шу — 2 Је, sin |з |Г(ѕ) 
when a — 1. 


Example 2.3.5 Ап a-stable random vector Ж = (Х|, X2,- - -, Ха) has indepen- 
dent components if and only if its spectral measure T' is discrete and concentrated 
on the intersection of the axes with the sphere Sa. It is easy to verify this fact 
by using the uniqueness of the spectral measure Г. Suppose, for example, that 
d = 2 and consider independent random variables X; ~ 5, (ci, Bi, wi), i = 1,2. 
Choose Г concentrated on the points (1,0), (—1,0), (0, 1) and (0, —1) by setting 


Г = ал8((1,0)) + a26((—1,0)) + a36((0, 1)) + a46((0, —1)), 


where а, a2, a3, да are non-negative numbers and where 6(80) assigns unit mass 
to the point so. Because of the uniqueness of the spectral measure, it is enough 
to verify that this choice of Г is adequate. For convenience, assume o # 1. The 
characteristic function (2.3.1) with the preceding choice of Г is 


Фе (61,62) 
= exp{- A |0181 + 029° (1 - {4 sign (0,51 + 0531) tan rta, 82) 


(81,52) 
+0100 + бый) |, 


where 5^, ,, denotes summation over the four points (1,0), (—1,0), (0, 1), 
(0, —1). Equating this characteristic function to 


Еехр (0, X, + 62X2)} 
= ехр{ ое (1 — if; sign (01) tan =) + аду 
а А 
— oF |6:l^ (1 — iff sign (82) tan =) + БАЗ 
yields the system of equations 


0 
ata = of, fof = a-m, ш = Ш, 


аз Бад = оў, оў = аз – a4, H2 


| 
> 


whose solution 
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provides the values of the weights in the expression of the spectral measure Г. 
The same result holds in the case а = 1. 


Example 2.3.6 Let Y ~ Salon, Ge, px), Е = 1,..., m, be independent random 


variables and let A = {ajk}, j = 1,...,d, k = 1,...,m, be a real matrix. 
Consider the random vector X = (X, X2,..., Xa) whose components are linear 
combinations 


т 
Xj = Ујањућ, R A NEEN, A 


k=l 
of the Үз. The vector X is o-stable with characteristic function 


Bev (Yeu) Eexp[i » jaj) Ye} 


k=l m 


I Бекр: 3 бању). 036) 


j=l 


If a # 1, this is equal to 


epf- Уо Зара (\ — iG, sign Ss ак) tan =) 
k=l ја Sel 2 


эгэ ajk} 


ке! j=l 


=exp{- ЈА гени 1- isen (t) = )r(ds) у ну], 


Sa ў 


where 


m d К 
ге EP Qoa) er s e гүш 


k=l j=! 


2 a/ - Z 
кча ers Th) 
and 


T 
= > OjkUk- 
k=1 
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Ка = 1, Relation (2.3.6) becomes 


ехр{- Sal doe jj. (1 +i (2 је sign 0307 aj) эр а) 


j=l 


m d 
+i) и: У буа} 
k=1 j=l 
= exp{ -[ С, s;|(12-2( Gsm Oros yp 8; 


5а j=l 


T(ds))--i x 6; ид), 


with I' as above and 


m d 
1 
иу = У ак (us Е | In у 2,). 
k=1 n=l 


Note that the spectral measure Г of the a-stable random vector (X4,..., Xa) 
is discrete and concentrated on m symmetric pairs of points (s‘*), —s(*)), k = 
1,...,m, of Sq. . 

Conversely, an a-stable random vector (X;,..., Ха) with a discrete spectral 
measure Г concentrated on points (s?) , —s(*)) as above can always be represented 


as 
т т 
(Xy,..., Xa) = (ак, Я „> eak¥e), 
k=1 k=l 


where У; ~ Sa(ox, Bk, uk), k = 1,...,m, are independent random variables, 
and А = {ajx} is a matrix of real numbers. We leave the details to Exercise 2.9. 


Example 2.3.6 and Exercise 2.9 yield: 


Proposition 2.3.7 The spectral measure Га of an a-stable vector (X1,..., Ха) 
is concentrated on a finite number of points on the unit circle Sq if and only if 
(X1,..., Xa) can be expressed as a linear transformation of independent a-stable 
random variables. 


Note that the representation of the characteristic function of an a-stable 
random vector in (2.3.1) and (2.3.2) involves integration over the unit sphere 
Sa = (x: |х| = 1} of В where || - [| denotes the Euclidean norm. This is the 
usual way of representing the joint characteristic function of an a-stable vector. 
However, there are many other norms in В“, and it is possible to use the unit 
sphere relative to any one of them to represent the joint characteristic function of 
an a-stable random vector. 


23 CHARACTERISTIC FUNCTION OF AN a-STABLE RANDOM VECTOR 71 


Specifically, let Sg be the unit sphere relative to the Euclidean norm and let Г 
be the corresponding spectral measure. Let || - || now be an arbitrary norm in В 
and let sl ! denote the dne unit sphere. We want to determine Гү. |, the 
finite Borel measure on 5! “ll that corresponds to spectral measure Г on Sq. 


Proposition 2.3.8 Let m be a finite Borel measure on S4 equivalent to Г with 
Гү. (ds) = |[s||*T (ds) and let Түү: За > s be given by Ts = s/||s||. Define 


Tja = Гүл о Тр 
апа 
po ја #1, 
Ha FP (2.3.7) 
mol T Щі. о = 1, 
where 


ai 2 А 
(540; = -= | з; ln ||s|T (ds), 7 = 1,...,d. 
Sa 


Then the joint characteristic function Фе (8) of the a-stable random vector XinR¢ 
is also given by (2.3.1) and (2.3.2) with (Sq, T. um) replaced by (SV, Ty. л» AY) 


and (0,5) = Dia 0585. 


PROOF: A change of variables in (2.3.1) and (2.3.2) shows that they hold with 
(Sa, Г, 2°) replaced by (st. Tj 4i; М). The uniqueness of (Г, 2°) implies the 
uniqueness of (Гү.ү, pa 


We will usually work with the Euclidean norm in IR? but we shall encounter 
other norms as well. The L^? norm ||х|| = max;=1,...,a |;], for example, is 
a particularly natural one when studying the maxima of stable vectors. The 
corresponding unit sphere is the boundary of the cube [— 1, 1]“. 

Suppose that the spectral measure and the shift vector of an a-stable distribu- 
tion on R? are given. The following proposition shows how to derive formally 
the spectral measure and the shift vector of any marginal distribution. 


Proposition 2.3.9 /f( X1, X2,..., Xa) isan a-stable random vector with spectral 
measure Га and shift ИЛ, = (u9, u8,..., u9), then (X1,X2,...,Xn), n < d, is 
an a-stable random vector with spectral measure Гл and shift p}. The spectral 
measure T, can be expressed as 


T. - (Га) = Ta oh}, 
where 


h: S, = {(81,...,5а, Заф1,:-- Sa) € 5:51 +: +H È 50) Sh, 
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81 Sn 
h(81,....5n; Sn+l: - - -,5а) = "EHE Gus (У,у? 


апа 


f.(ds) = (5; sy" "Tad, 865. 


j=l 


The j' component, j = 1,...,т, of the shift p? equals 
из ifo # 1, 
ГРА ка = Is, зри кш 5 Га(д8) а = 1. 


PROOF: We prove the result in the more complicated case a = 1. The proof in 
the case a 115 similar. The joint characteristic function of X1, Хә,..., Xn 
satisfies 


n 


-In Eexp{ i) 76,X;] = -In Eexp(i (ce Xj; i» 0. x;)} 


j=l ј=т+1 


= f. 1326; sil( (d sign (5% ғ)» s|) Palas) - Увш 
j=l 


Sa j=l 
n 8; 2 ; n 8; 
d iol gx sal | tisse (Loe ay) 


(È —— = YA | +10 (5; st) У ЊУ 4) Talas) -iY^6ud 
j=l 


k=} k=1 


= f.i eel +42 sign ($25) ауга) 
Ба је! j=l j=! 
-iYie(4- 1 f, 5; “(У #2) Pa(es)) || 
j= d k=) 


2.4 Strictly stable and symmetric stable random 
vectors 


The expressions (2.3.1), (2.3.2) for the characteristic function Фе (8) of an œ- 
stable random vector involve the spectral measure Г and the shift vector и. Let 
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us find conditions that Г and u? must satisfy for Ф (8) to be the characteristic 
function of a strictly (respectively, symmetric) a-stable random vector. 

When is the characteristic function «b, (0) that of a strictly a-stable random 
vector X in R? We know by Theorem 2.1.5 that it is necessary and sufficient that 
Yo = $29 by Ху be a strictly a-stable random variable for any b € В, When 
a # 1, this amounts to requiring 0 = рь = (b, p?) for any b, that is, p? = 0. 
When о = 1, the condition for strict stability is Вь = 0 for any b, i.e., 


0- jo ъа) sian (b, sr) = / (b, (ds) 


for any b by (2.3.4), i.e., Ја зкГ(ав) = 0 for К = 1,2,...,d. There are по 
conditions оп ро. Therefore, 


Theorem 2.4.1 X is a strictly a-stable vector in R4 with 0 < а < 2 if and only 
if 
(a) o #1: 


(b) c = 1: 
y syT(ds) 20 for k — 1,2,...,d. (2.4.1) 
54 | 


As a result, we obtain 


Corollary 2.4.2 Suppose that X = (X1, Хз,..., Ха) is an a-stable vector in 
R? with 0 < а < 2. Then X is strictly stable if and only if all its components 
Xk, k = 1,...,d,are strictly stable random variables. 


When is the characteristic function ®, (0) that of a symmetric a-stable random 
vector X in R? ? A necessary and sufficient condition is that 2° = 0 and Г be 
a symmetric measure on Sy (i.e., Г(А) = Г(— А) for any Borel set A of Sy). In 
fact, ` 


Theorem 2.4.3 X is a symmetric a-stable vector in R with 0 < o < 2 if and 
only if there exists a unique symmetric finite measure Г on the unit sphere Sq such 
that 


Eexp(1(0, X)) = ef- | (0, s)f*r(ds)). (2.4.2) 


Г is the spectral measure of the symmetric a-stable random vector X. 
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PROOF: A necessary and sufficient condition for X. to be symmetric is that its 
characteristic function be real, i.e., (2.4.2) holds. Now define Г by Г(А) = 
#(Г(А) + Г(— А)) for all Borel sets А of Sq and observe that Гба symmetric 
measure. Since (2.4.2) also holds if we replace Г by Ť, we must have Г = T by 
unicity (Theorem 2.3.1) and hence Г is symmetric. M 


A symmetric o-stable distribution in В“ is denoted SaS. We also say that 
the vector X = (Xi, X2,..., Ха) is 505 in IR or that the random variables 
X1, X2,... , Ха are jointly SaS. Figure 2.1 illustrates a 505 distribution with 
а = 1.5 and spectral measure Г with mass 0.2 at 0? and 180? and mass 0.8 at 
90? and 2709. It displays the probability density function and the integral of that 
density from the point (—2, —2). 


Example 2.4.4 If = 1, one has 3) = {-1, 1}, T((1)) = Г({—1}) and hence 
an a-stable SaS random variable X has distribution S, (а, 0, 0) with 


с = (f. јајета) ^ = Qr(a))"*. 


Remarks 


1. Cana strictly 1-stable random vector X be made symmetric by shifting? To 
answer this question, we must consider two cases. Suppose, firstly, that X 
has a symmetric spectral measure Г. Then shifting X by yz transforms X into 
a symmetric random vector X. — jz. Suppose, now, that the spectral measure 
Г of X is not symmetric. This can never happen when d = 1 because the 
condition for strict stability O = Је, s (ds) = Г({1}) – T((—1)) requires 
Г to be symmetric. When d > 1, the conditions for strict stability are 
Ss, 5,1 (ds) = 0 for k = 1,2,...,d. They can be satisfied by а non- 
symmetric spectral measure Г, for example, by 


m = 6((1,0)) + 6((0, 1)) + ¥36((— > -—3) 

if d = 2. If X is a strictly 1-stable random vector with a non-symmetric F, 
then X — p will not be symmetric, because shifting X has no effect on Г: 
the vector X — и and X have the same non-symmetric spectral measure Г. 
Hence 


Corollary 2.4.5 Not every strictly 1-stable random vector in R with d > 1 
can be made symmetric by shifting. 
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SANI 


Figure 2.1: 3-D plots of an a- density function and of the integral of that density from 
the point (—2, —2); here о is 1.5, and the spectral measure has mass 0.2 at 0° and 180° 
and mass 0.8 at 90? and 270“. ` 
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2. Unlike Corollary 2.4.2, the symmetry of an a-stable random vector 


cannot be regarded as a componentwise property. There are non- 
symmetric a-stable random vectors (X1, X5,..., Ха) whose components 
X, X5,..., Xa are all symmetric. 


For example, let X}, X2, Хз be 11.4. S, (1, 1,0) and consider the vector 
= (Yi, Y2), where 
n = Xi = X» 
ө = X2 — X5. 


The random variables Y;, j = 1,2, are jointly 1-stable and they are sym- 
metric because they have a skewness parameter equal to zero by (2.3.4) 
and a shift parameter equal to zero by (2.3.5). However, the random 
vector Y is not symmetric because, by (2.3.5), the linear combination 
ДУ + 6;Y; = ӨХ, + (02 — 01) X2 — 6; Ха has a non-zero shift parameter 
if 0, and 62 are non-zero and unequal. 


To illustrate the point when a # 1, suppose that X = (Xi, X2) is an 
a-stable random vector with spectral measure 


Г = 6((1,0)) + &((0, D) ezhe((7,. -3) 


and shift u? = 0. Then X, and X? are symmetric by (2.3.4) and (2.3.5) but 
X is not symmetric because its spectral measure is not symmetric. 


. Expression (2.4.2) holds also in the Gaussian case с = 2, but then Г is not 


unique. Consider the following example: 


Let Ху, Х be correlated N (0, 1) random variables with р = EX, X2. The 
characteristic function of X = (Xi, X2) is 


1 
Бехр (6, Xi +6,Х»)} = exp( -5 01 + 2рб,6; + 8). 


There are many symmetric measures Г on Sz such that 
1 
"i + 20010; + 8) = | (516 T 820): T (ds). 
5 
In particular, апу Г such that 


r- а аһ (5(06,, (1 — 62)'/2)) + 5((—be, —(1 – 52)" 5))), 
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with ак > 0,0 < b, < 1 and 
Уа = 1, У ак — 02)? = p, У ag(t — 8) = 1, 
k k k 


satisfy this identity, for instance, 


T= (6 - (40,0) + 6((-1,0)) + 6((0, D) + 5(6, 17] 


55) 6068) 


Г = {а -pye [500 1)) + 6((0, -1)| 


+(1 eru aa) 


l =P 
‘(game aes) 
(ттс a5) 
The spectral measure is not a useful concept in the Gaussian case а = 2, 
because it is not unique? 


4. Let Ху, X2,..., Ха be jointly 505 with spectral measure Га. Then 
X1, X2,..., Xa, п S d, are jointly 505 with spectral measure Г, de- 
fined in Proposition 2.3.9. 


5. Unlike the Gaussian case a = 2, the distribution of a 505 random vector 
on В“, d > 3, is not determined by its two-dimensional marginals. (See 
Exercise 2.13.) 


2.5 Sub-Gaussian random vectors 


We have seen in Section 1.3 that the random variable X = A!/?G is 5055,0 < 2, 
if G ~ N(0, o?) and A is an a/2-stable random variable totally skewed to the 
right and independent of G. This result extends to random vectors X as follows. 


Choose T 
A ~ Sar (cos 72) *,1,0) (2.5.1) 


'This second Г can be readily obtained from the characteristic function of (X |, X2) by representing 
X; as pX; + (1 — p?)!/2¥ where Y is a N(0, 1) random variable independent of X;.- 
The spectral measure Г should not be confused with a measure F’, also sometimes called spectral 
measure, which appears in the context of a stationary Gaussian process [X,). The measure F is 
defined by ЕХоХа = [9 exp{idt}dF(A). 
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with a « 2, so that its Laplace transform is 
Be = e7 1" „> 0, (2.52) 
by Proposition 1.2.12. Let 
С =(61,65,...,64) 
be а zero mean Gaussian vector in IR independent of А. Then the random vector 
X = (A?! G,, A? Ga, ..., A? G4) (2.5.3) 


has a 505 distribution in R2 because, for any real numbers b; , b», . . . , bg, the linear 
combination 37 bk AU? G, = AU? 377 БС is a SaS random variable 
(Proposition 1.3.1) and hence, by Theorem 2.1.5, X is SaS. 


Definition 2.5.1 Any vector X distributed as in (2.5.3) is called a sub-Gaussian 
SaS random vector in R? with underlying Gaussian vector G.? It is also said to 
be subordinated to G. 


'The characteristic function of a sub-Gaussian random vector has the following 
special structure: 


Proposition 2.5.2 The sub-Gaussian symmetric a-stable random vector X. de- 
fined in (2.5.3) has characteristic function 


d d d 
Few[i3 х.) = ew[-15 L Leea”), (2.5.4) 
= i=l j= 


where Rij = ЕСС), ij = 1,...,d, are the covariances of the underlying 
Gaussian random vector (61, 65,..., Ga). 


PROOF: By conditioning on A we obtain 
Бекр (у хь) 8а} 
k=l 
Еер{-А У. 00, | 


1 ES a/2 
exp{-|5 У Rig СА k 


i=l j=! 


li 


Ш 


| 


since Zexp( -yA) = ехрј— 72), у> 0. M 


3Some authors use the term sub-Gaussian to refer to а class of stochastic processes with exponential 
moments. We do not use the term sub-Gaussian in that context. 
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Example 2.5.3 The characteristic function of a multivariate Cauchy distribution 
in В is 

$(0) = exp(- (0x8)? + i(0, и"), 
where T denotes a transpose and = is a d x d positive-definite symmetric ma- 


tix. The multivariate Cauchy distribution is thus a shifted S1S sub-Gaussian 
distribution. Its density function is 


e|z|- У: 


COM Ses TUE nt te EE д а 
[+ (х= Ee pena =E 


f(x) 


where |7] denotes the determinant of £ and 


1 а+ 1 
c= alt 2 ). 
(See Press (1972).) 


Corollary 2.5.4 Let X be sub-Gaussian SaS with underlying Gaussian vector 
G. Then there is a one-to-one correspondence between the probability distribution 
of G and that of X.. 


PROOF: Let С’ be a mean zero Gaussian vector on R with covariances 
Rij, ij = 1,...,d. We must show that if X’ = AG’ has the same dis- 
tribution as X = AU?G, then G’ has the same distribution as С. By Proposition 
2.52, X' = X implies 


d d 
Y 66;R; = Уу Y 0:0; Ris 


i=l j=! i=l j-l 


for any real 01,05,...,04. This identity between two polynomials in the 6,5 
implies equality of the coefficients, i.e., 


Ri; = Ер, 4j = 1,...,0. 


Hexe С’ < С. Ш 


We noted in Theorem 2.4.3 that a 505 random vector has a symmetric spectral 
measure Г. This merely means that Г assigns equal weights to antipodal sets on 
the sphere Sy. We now want to characterize the SaS random vectors in R? that 
have a uniform spectral measure Г, i.e., for which there is a constant C > 0 such 
that Г(В) = C|B| for any Borel set B of Sq. 


Proposition 2.5.5 Let X be a SaS, a < 2, random vector in В. Then the 
following three statements are equivalent: 
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(a) X is sub-Gaussian with an underlying Gaussian vector having iid. 
| N(0, a?) components. 


(b) The characteristic function of X. is of the form 
d 
Eexpli у OX, } = ехр{ -2-%/27°|0|°}, 
kzl | 


і.е. it depends only on the magnitude of the vector Ө = (0,,. . . ,04). 


(c) The spectral measure of X. is uniform. 


PROOF: (a) is equivalent to (b) because if X = (Xi, X2,..., Ха) is a 
sub-Gaussian 50:5 random vector whose underlying vector has components 
Gi, G3,..., Ga ii.d. №0, 02), then by Proposition 2.5.2, X has characteristic 
function . 


4 ў о? а а/2 ү .. 
Борје) o) =ехр{-(5- 274) ЈЕ (2.5.5) 
= =l 


To see that (с) => (b), suppose that X is SaS with uniform spectral measure 
T on S4. Then X has characteristic function 


d 
Eexp[i у Xe} = exp(-/f(061,05,...,04)) - (2.5.6) 


k=l 
with 


d 
10.65... 80) = | ГУ 6. ss [*r(ds). 


Sa k=l 


Since Г is uniform, f depends only on the Euclidean norm |0| of the vector 
@ = (01,62, ...,04) € В“. Moreover, 


Хеба, с65,.. .„сва) = c? f (61,65, . .., ба) 
for any c > 0. This means that 


а/2 


/(@,®›,... ба) = (ув) 
К= 


for some C > 0. Choosing с such that С = 27°/?g%, we may equate the 
characteristic functions (2.5.5) and (2.5.6). This proves (c)=>(b). The converse 
follows from the uniqueness of the spectral measure Г. Ш 
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Example 2.5.6 Suppose that X = (Ху, X2) has characteristic function 


Ф(61, 65) = e? V 48, —oo < 61,6; < со. 


Then X is a sub-Gaussian 515 random vector with a uniform spectral measure. 
The density function of X is 


с 


f(zi,22) = bru. gn 


— < 21,22 < оо. 


This is the isotropic Cauchy density іп Ё?. 


The components С1,02,..., Са of the underlying Gausssian vector С are in 
general not 1.1.4. but, being Gaussian, they can always be expressed as a linear 
combination of i.i.d. N (0, 1) random variables. Therefore, 


Proposition 2.5.7 Let Z be a SaS sub-Gaussian random vector in RÀ with 
underlying Gaussian vector having i.i.d. №0, 1) components. Then for any SaS 
sub-Gaussian random vector X. in R¢, there is a lower-triangular d x d matrix A 
such that : 


X É AZ. 


The matrix А is of full rank if the components of X. are linearly independent. 


The proof is straightforward and is left as an exercise (Exercise 2.16). 

What is the general form of the spectral measure Г of a sub-Gaussian 505 
random vector X? We noted in Proposition 2.5.5 that it is uniform if the underlying 
Gaussian vector С has i.i.d. components С, G2,...,Ga. This fact will enable us 
to show that the spectral measure Г of a general sub-Gaussian vector is a transform 
of the uniform measure on Sy. 

Let Го be the uniform measure on Sq satisfying 


f, 1576, s;|^ro(ds) = (5 в)”. (2.57) 


Sa j=l 


and let X = АС be a sub-Gaussian S&S random vector іп IR? with spectral 
measure Г. Let X = ((Ri;, i,j = 1,...,d)) be the covariance matrix of the 
underlying Gaussian vector С. Since X is non-negative definite, there is a (lower- 
triangular) d x d matrix A such that 


E-AAT, (2.5.8) 


82 MULTIVARIATE STABLE DISTRIBUTIONS 2.5 


where 1' denotes a transpose. Our goal is to find a transformation 
h: Sa — Sa 
such that 
Г = R(T) = To o ho, 


We do this in three steps: 
(1) The measure Го can be regarded as a measure on R concentrated on the 
unit sphere Sy. In this first step, we let 


о hy: R?— В 
be the transformation induced by the matrix A and 
mi = hy(To) = To oh! 


be the induced measure on R4. 
(2) In the second step we transform rn, into 


d a 
ma(ds) = (375i) © m(ds), 


k=1 
which is also a measure on R7. Write mz = hz (ті). 
(3) In the third step, we map R“\{0} into the unit sphere S4 by applying ће 
transformation 
hg : RAN (0) — Sa, 
where 


$1 5а 
ћа(31, 52, .. 88) = | > = с» — ' 
з(81, 92 а) ( (GEL ARAUCA ) 


and we define 
та = h3(mz2). 


We then have m3 = (Го) where 

h = h3 o ha о hy. (2.5.9) 
We claim that m; is, in fact, Г, the spectral measure of the sub-Gaussian random 
vector X. 


Proposition 2.5.8 The spectral measure Y of a sub-Gaussian SaS random vector 
in R has the form 
rz h(To), 


where Yo is the uniform measure on Sq defined in (2.5.7) and where h : Sa — Sa 
is defined in (2.5.9). 
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PROOF: By Theorem 2.4.3, we have 
Eexp(i(6, X) = ехр{— / УС», sjl^r(as)). 
Sa j=l 


Since the spectral measure is unique, it is enough to show that we can replace Г 
by та = К(Го). Now, 


[deer ma(ds) = || Ув LL ema (ds) 


R^ (0) jj E 1 E 
«f ГУ 6jssl*m.(ds) = ў 15 брата (as) 
Е vr 


*X (0) ј=1 


- / (ө.лзу°г(д) = | 10, As) гъба) 
R4 Sa 


d 
1 а/2 n 
= / | (АТө,зеты®) = (5 У") (using (2.5.7)) 


( (АТӨ ^Тө)) Pa CO | 
4 a 
= (5(0,26)) = C») 3 


which, by (2.5.4), is the exponent of the characteristic function of X. This proves 
that Г = та = A(T). [| 


Corollary 2.5.9 Let X = (Х|, X2) be a sub-Gaussian SaS random vector in R? 
with underlying Gaussian vector G = (Сл, G2). Then X, and X» are dependent 
unless G, = 0 a.s. or Gz = 0а.5. 


PROOF: As before, we let Г = h3(m2), ma = h;(mi) and m, = А. (Го). 
Suppose, to the contrary, that С # 0 a.s., С Æ 0 a.s. and that X, and X3 are 
independent. Then the spectral measure Г Æ 0 of X is concentrated on the points 
(0, 1), (0, —1), (1,0), (—1, 0) of the unit circle 5 (see Example 2.3.5). Therefore 
то is concentrated on the axes of R2, and so is тл. Since m, = hı (Го), where Го 
is the uniform measure on 55, we can find two linearly independent vectors в!) 
and s) on S» such that hi (s(U) and A, (s(2) are both concentrated on either the 
“т axis” or the "у axis" of R?. Suppose without loss of generality that they are 
concentrated on the “x axis.” Since Л mapes two linearly independent vectors 
into that subspace, it maps the whole of R? into that subspace. This means that 
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the matrix A in (2.5.8) has the form 


0 0 
(ii) 
НЕТА 0 
вел = (2 $)(8 Jut 


and hence Var С = 0. This implies С; = 0 a.s., contradicting the hypothesis. 
The proof is now complete. W 


so 


Not all symmetric a-stable random vectors are sub-Gaussian. For example, 
by Corollary 2.5.9, a vector with independent non-zero components cannot be 
sub-Gaussian. We will see in Section 6.7 that the components of a sub-Gaussian 
505 random vector are, in fact, strongly dependent. 


2.6 Complex SaS random variables 


Although we are mainly interested in real-valued random elements, we will later 
encounter an important class of real-valued stable processes (the so-called "har- 
monizable processes"), which are typically defined in terms of complex 505 
random variables. Let X, and X» be real random variables defined on the same 
probability space. It is the joint distribution of X, and X; that characterizes the 
complex random variable X = Ху + iX». 


Definition 2.6.1 A complex random variable X = X; + iX» is called symmetric 
a-stable (Sas ) if the random vector (X1, X2) is 605 in R2. 


Definition 2.6.2 A complex 505 random variable X = Х| -- 1.X» is rotationally 
invariant (or isotropic) if 


xix 
for any ф € [0, 27). 
Warning. Some authors use the term complex SaS random variables to mean 
random variables that are both complex 50:5 and isotropic. 


Since (complex) isotropic SaS random variables play an important role in the 
context of so-called “harmonizable processes,” we shall examine in greater detail 
the structure of the joint distribution of X; and X; in the isotropic case. Isotropy 
is a strong condition. For any € (0,27), one must have 


(cos ф + isin 9) (X + iX2) = (Xi + iX2), 
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Ley 
(X, cos ф — X» sino, X2 cos ó + Xi sing) = (X1, X2) 
ог Р 
REX 2 Х, 
where 
Res cosó sing 
Ф i ~sing cosó 


is the matrix corresponding to the rotation by an angle ¢, T denotes transpose, 
and X = (X, X2). 


If o. = 2, the isotropy condition e'? X = X is satisfied by X = X, + iX; 
with X, Х iid. N (0, 27), since 


E(X|cos ф — X5 sin $)(X2 cos ó + X sing) = 0 = EX,X2, 


E(X, cos ó — X; sing)? = E(X3cos à + Xisinó)) = 07, 


and, in fact, one can easily verify that if Ж, X» are not i..d., then X = Ху -- iX; 
is not isotropic (see Exercise 2.18.) We will see below that when a « 2, the real 
and imaginary parts of an isotropic S&S random variable are dependent. 

Let us suppose o < 2. The following theorem shows that isotropy implies а 
very special spectral measure for X = (Xj, X2). 


Theorem 2.6.3 Let а < 2. A complex SaS random variable X = X, + iX» is 
isotropic if and only if (X1, X2) has a uniform spectral measure. 


PROOF: Let = (6,, 82). The characteristic function of X = (Xi, X2), 
Eexp{i(0,X)} = ехр{— | ((@,s)I"T(as)} 
5; 
must ђе equal to the characteristic function of RIX, i.e., to 


Eexp{i(@, RSX) 


Eexp[i(R46, X)) 

= ехр{- А | 089, в)°г(аз)} 
= eg[- 1, | ке, RTs)r(as)) 
= æf- | | кө, ега) 


where we set t = R$s and 


Гә(В) = (8$) (B) = T(Rg(B)) 
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for any Borel set B of S5. Because of the uniqueness of the spectral measure, this 
occurs if and only if 
T-T,, V¢ € (0,27), 


that is, if and only if T is a uniform measure оп S). B 


In view of Proposition 2.5.5, we have 


Corollary 2.6.4 Let а < 2. A complex SaS random variable X = Ху + іХ 
is isotropic if and only if there are two i.i.d. zero mean normal random variables 
С! and С; and a random variable А ~ S, р((соз ro. /&)?/© ‚ 1,0) independent 
of (G1, G2) such that (X, X2) is sub-Gaussian with underlying vector (Сп, G2). 


Thus (Xi, X2) = (AV2G,, АУ265). In other words, every complex isotropic 
505 random variable with a < 2 is of the form 
X = АУС, +465). 


Corollary 2.5.9 implies that the real and imaginary parts of Х are always dependent 
(unless Су and G are degenerate). 


Corollary 2.6.5 Let œ < 2 and suppose that the complex SaS random variable 
X = Ху +iX2 is isotropic. Then 


Egi Xit6X2) — “сова де, 


where Т is the spectral measure of (Xi, Хз) and 


1 Ст 3 
"T" x] [соз g|*dg. 


PROOF: Theresultfollows from Corollary 2.6.4 and Proposition 2.5.5, or directly 
by noting that the characteristic function of X = (X, X2) is 


Eexp(i(6,X)) = exp{ - Í 10, s)r(as)), 


where Г is a uniform measure on 52. Letting к and ф denote, respectively, the 
arguments of the vectors 0 and s, we have 


27 
Eexp{i(@, X)) exp{ -01° f EE eye 296) 


{| 


ехр{—сГ($›)|Ө]°}. Ш 
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This shows that the characteristic function of X = (Ху, X2) depends only on 
the modulus of 6. 

When o = 2, the necessity part of Theorem 2.6.3 fails because Г is no longer 
unique. In fact, we noted at the beginning of this section that when o = 2, the real 
and imaginary parts of X are independent. This is a major difference between the 
cases а = 2 and а < 2. 


2.7 Covariation 


The covariance function is an extremely powerful tool in the study of Gaussian 
random elements, but it is not defined when а < 2. The covariation is designed 
to replace the covariance when 1 « а « 2. Unfortunately, it is not as powerful 
а tool, because it lacks some of the desirable properties of the covariance. It is, 
however, a useful quantity and it appears naturally in many settings, for example, 
in the context of linear regression. 

In this section, we define the covariation of two jointly 505 random variables 
with 1 < o < 2, and compare its properties with those of the covariance. We start 
with the definition of "signed power." Let a and p be real numbers. The signed 
power a*?? equals 


арР if a > 0, 
<P> = lal? signa = (2.7.1) 
ајр іа <0. 


а 
For example, (—2)<!/2> = — 2 and (-2)<?> = —4. In general, а<!> = 
а, oc Ф а? апа (аБ)<Р> = a РР>ЂЕРР, 
Definition 2.7.1 Let X, and X; be jointly SaS with œ > 1 and let Г be the 


spectral measure of the random vector (Xi, X2). The covariation of X, on* X; 
is the real number 


[Xi, Хуја = || 182-12 (ds). (2.7.2) 
5 
Example 2.7.2 If a = 2, ће characteristic function of (Х|, X2) is 
Eexp(i(01 Xy + 02X5)) = ов f (8,51 + фу T (ds) | 
S, 


= exp{— (8 / sir (ds) + 286. (Xi, Xela +@ | sir(ds))- 


^As we shall see, the covariation is not symmetric in its arguments. Nevertheless, [X t: Хаја is 
Often called “the covariation of X} and X2." 
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On the other hand, 
Eexp(i(&1X| + 0% Хз)} 
1 5 
= exp[ – (8 Var X, + 2616; Cov(Xi, X2) + 62 VarX;)). 


Setting first 6, = 0 and then 6; = 0 yields 


1 А 
J siT(ds) = 5 VarX;, j = 1,2, 
52 


and hence j 
[Xi Х: = 5 Cov(X,, X2). 


The definition of the covariation [X;, Хз], involves the spectral measure Г 
which appears in the spectral representation of the characteristic function of the 
vector (Ху, X2). We will see in the next chapter that the covariation (X; , Хз] 2 can 
also be expressed in terms of the so-called "integral representation” of (Х|, X2). 

It is possible, however, to give a definition of the covariation which is not 
related to representations and which can be used when the representations are 
difficult to obtain explicitly. To state this second definition, proceed as follows. 

Let (Ху, X2) be jointly 505, 1 < а < 2, and consider ће 505 random 
variable 

Y = @,Х 0-06; X; 


where 0; and 0; are real numbers, Let c(0;,05) be the scale parameter of the 
random variable У. 


Definition 2.7.3 (equivalent to Definition 2.7.1). The covariation (X1, Хоја of 
(Xi А X3) is 
да“ (61 , b2) 


1 
= 2.7.3 
а 80 ( ) 


0,220,6; =1 


To prove that this definition is equivalent to Definition 2.7.1, let Г denote the 
spectral measure of (X1, Хз). Then by (2.3.3), 


o*(8;, 82) =f 10,5; + 6282 |“ (48). 
5; 


It is easy to check that the finiteness of Г and the fact that a > 1 imply that 
да“ (8 1 6) БУ 
06, 


Substituting 6, = 0 and 0; = 1 yields (2.7.3). This shows that Definitions 2.7.1 
and 2.7.3 are equivalent. 


af Si(81s, + 8282) 7*7? (ds). 
5; 
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Example 2.7.4 Let (G1,G2,...,G4) be mean zero jointly Gaussian random 
variables with covariance Ry; = EG;G;, ij = l...,m. Fixi <а < 2 
and let А ~ 5,/2 ((cos za)?/a, 1,0) be independent of (С), G2,- -., Су). 
The random vector X = (Xi, X2,..., Xn) with 
Хе = AV GL, k-132,...,n 


is sub-Gaussian (see Section 2.5). Let us compute the covariations 
[Xi Хуја, 4,3 = 1,...,n, of the components of X. Since X has character- 
istic function 


Eexp{i ax) = exp[ -2 КЫ УУГ :0; ува} 
i=l j=l 
(Proposition 2.5.2), we see that the scale parameter с(0;,9;) of Y = 0;X;4-0; X;, 
4, j = 1,...,n, satisfies 
0^ (8,85) = 27°? (€ Ri; + 20,0; Ва + € ins 
Using (2.7.3), we see that 


1 до“ и ) 
а 6;=0,0;=1 
(Observe that here a. = (Xj, Х ја if Rig = Ву;.) 


[Xi Ху] = -27^RQROO (274) 


As an application of (2.7.3), we have 


Lemma 2.7.5 Let X = (X1, Хљ,..., Xn) be a SaS random vector with a > 1 
and spectral measure Vx, and let Y = Y, ., ay X and Z = Y. bp Xy. Then 


Iv; д. = | (Sas) (Хь) Гх (45). 
п \k=1 k=1 


PROOF: The scale parameter c (6,65) of the linear combination OY +Z 15 


Џ | Ува + дози Tx (ds)) j 


Sn k=l 


because 


exp{—0o® (01, 02)} 


| 


Eexp(i(&iY + 62)) 


Eexp{i Ува + abu) Xx} 
k=1 


Џ 


af- f Уеа + Obs) sx|°T'x (ds) }. 


Ба кал 
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Applying (2.7.3) yields the desired result. W 


The following corollary expresses the covariation of two components of a 
' random vector in terms of the spectral measure of the vector. 


Corollary 2.7.6 Under the conditions of Lemma 2.7.5, 


n 


[Xi Хоја = 5185°7!> Гу (ds) 
5 
апа 
(Xi, Хуја =f |sif^ Tx (ds) = o$, 
where ox, is the scale parameter of the SaS random variable Х|. 


We now list a number of properties of the covariation. We suppose throughout | 
that 1 « а € 2. The first two properties follow directly from Lemma 2.7.5. 


Property 2.7.7 (Additivity in the first argument). Let (Ху, Хэ, Y) be jointly 
SaS. Then | 
[xi T XY]. = [X Уја + [X2, У]а. 


Property 2.7.8 (Scaling). Let (X,Y) be jointly 505 and let a and b be real 
numbers. Then 
[aX, БҮ], = ab*^-'^[X, У]. 


Тће preceding properties point to important differences between covariation 
and covariance. For example, 


Corollary 2.7.9 Although the covariation is linear in its first argument, it is in 
general not linear in its second argument. 


The linearity in the first argument, 
[а X1 + a2X2, Y]a = ai [Xi Y]o + a2 [X2 УЈа, 


follows from the preceding properties. Observe that the covariation may not even 
be additive in its second argument, i.e., 


[х,и + Ија # (X Nila + [X, Yolo, 
since one has 
[X. X + Х] = 2*7! [X, Xa # 2X, Xa = DX. X]o + [X, X]a 


for a < 2 and [X, X], # 0. (By Corollary 2.7.6, this last requirement is 
equivalent to X # 0 a.s.) 
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Corollary 2.7.10 The covariation is, in general, not symmetric in its arguments. 


To verify that, in general, 
(X, У] я [Y, Х]а, 


let а < 2, [X, X] # 0 and let a and b be two different non-zero real numbers. 
Then | 


[aX, 5X], = а5<°—!>[Х, X], # а > OLX, Xa = (bX, 0X]a. 


The next property states that like the covariance, the covariation is zero when 
its arguments are independent. 


Property 2.7.11 Jf X and Y are jointly SaS and independent, then 
(X, Y], = 0. 
PROOF: We saw in Example 2.3.5 that the independence of X, and X»; im- 


plies that the spectral measure Г of (.X,, X2) must be concentrated on the points 
(1,0), (-1, 0), (0, 1) and (0, — 1) of S2. We then have 


[Х, Уја =| s,s$7- ?T(ds) = 0 
5: 


since the support of Г is such that either s; or 52 is zero. Ш 


Example 2.7.12 Unlike the Gaussian case o = 2, it is possible in the case 
1 < а < 2 to have [X,Y], = 0 with dependent X and Y. For example, 
let X = AV2G,, У = АМС: be jointly sub-Gaussian, with Gi, G2 iid. 
(non-degenerate) standard normal random variables. It follows from (2.7.4) that 
[Х, Y], = (Y, Х] = 0. But X and Y cannot be independent by Corollary 2.5.9. 


We observed that, in general, 
(X, Yi + Yaja # [X, Yi]a + [Х,Ү 5]. 


We shall now prove that equality holds when Y, and У; are independent. This 
property turns out to be very useful in the context of stochastic integrals. We start 
with the following lemmas. 


Lemma 2.7.13 Let и and v be real numbers. If 0 < p < 1, then 
ju + v[? < lul? + lvl? (2.7.5) 
with equality, if p < 1, if and only if either u = D or v = 0. If 1 <р < оо, then 


ju + v|? < 2Р7' (|Р + јој). (2.7.6) 
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PROOF: Since (ји + v)? € (|u| + [v|)?, we may suppose и > 0 and v > 0. 
If 0 <р < 1, then, for fixed v > 0 and for any u > 0, we have g,(u) := 
uP + v? — (и + v)? > 0 with equality only at и = 0, because g,(0) = 0 and 
gi (и) > 0 for u > 0. If 1 < p < co, then, by Jensen’s inequality 


p 
(и + v)? = 2? (=) < 220 rw) Ш 


Lemma 2.7.14 Let (Е, &, т) be an arbitrary c-finite measure space, and let 
fi: E — R, i = 1,2, be two functions in LP (E, E, m). 
(1) If0 < а < 1, then either of the relations 


Í (ж) + folz)|*m(dx) = / |/ сој m(dz) + / Ifl т (ас) 
E А Е Е 


or 
f |/(@) – Љета) = Í. A (| та) + I faz) em(dz) 
E E E 


implies 
fila) (=) = 0 m-a.e. 
(2) If 1 € а < 2, then 


Jie Gems) J iG - Мат) 
"JE E 


/ i) m(dz) + | еј таз) 
Е E 


implies 


fi(z)fa(z) = 0 m-a.e. 
PROOF: (1) Suppose 0 < о < 1. By Lemma 2.7.13, 
+ If x) h(a) m(dz) < p IA GI m(dz)-- f еј та), (2.7.7) 
with equality if and only if fı (x) f2(z) = 0 m-a.e. Replacing f? by — f2 in (2.7.7) 
completes the proof of the first part of the lemma. 


(2) Suppose, now, 1 < œ < 2. Adding the equations, we obtain 


[it + љута) + / А (к) — faz)]m(dz) 
Е Е 


=2( eem + | ета) ола) 
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We prove that (2.7.8) implies the conclusion of the proposition. Since 0 < a < 2, 
the function r(u) = u®/?, u > 0 is concave. Therefore, for fixed т € E, 


lfi(z) + R(E)? + Lf) – fao)? 
= ([fi(z) + falz)P)°? + (Li (x) – fa(z)?)°? 
= r([itz) + f2(GP) + rllla) – fap) 
«3I AG) + Ale)?) + гл (а) – A(@)P) 
2 


< 2г (Be + Acor E (^6) - Ae) (concavity) (2.7.9) 
= 2r(f?(x) + f3(2)) 

=2(/(ж) + F(a)?” 

< 2 (UG) (16) 7) (exponent a/2 < 1) 


= 2 (Ii )I? + HG?) 


with equality in the preceding relations equivalent either to fi(z) = 0 or to 
Р(х) = 0. (To verify this, notice that since т is strictly concave, the first 
inequality in (2.7.9) becomes an equality if and only if (fi + fo)? = (fi — Њу, 
that is, fı f» = 0. For the second inequality, use Lemma 2.7.13.) 

Now (2.7.9) implies that the left-hand side of (2.7.8) is always less than or 
equal to the right-hand side of (2.7.8) and, if they are equal, then necessarily 
(2.7.9) holds with equality for m-almost any z € E. Therefore, for m-almost any 
те E,wehave fi(z)f;(z) 20. B 


We are now in position to prove 


Property 2.7.15 Let (X, Yi, Y2) be jointly SaS, а > 1, with Y, and У; indepen- 
dent. Then 
04 + Yale = [X, Уа + [Х, Vzla- 


PROOF: LetT be the spectral measure of ( X, Yi, Y2). The characteristic function 
of (Y, У) is 


Eexp(i(0, Y + 62Y2)) = exp[- |. [0-51 + 6152 + 6,ss ^T (ds) }, 
3 


but, by independence of Y; and У, it is also equal to 
E exp(i& Y, E exp(i&;Y2) 


=ef- | J0-s1+152+0-s,|°T(4s)}exp{— f |0-s1+0-s2 +028s1°T(ds) }. 
d 3 
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Therefore 
[ies = t f. јајета) + ale | sias 
5 5 ` S3 
holds for all 0; and 62. By Lemma 2.7.14, this implies 


85083 — O Tae. 


and hence, 
|| аз: s) ^7 (as) = f пареа) +f sisy*!?T(ds). 
Sy 5 53 


Using Lemma 2.7.5, we obtain 


[Х,У + Yala = [Х,У + (X, Ија. W 


The covariation [X , Y], is related to the joint moment EXY €?-!7. 
Lemma 2.7.16 Let (X,Y) be 5а5 with а > 1. Then for all і <p <a, 


EXY<?-'> (X,Y], 


БҮР Yi" 


where ||Y || denotes the scale parameter of Y . 


PROOF: Let Yp be a SaS random variable with scale parameter ||Ү | = 1, and 
let Г be the spectral measure of the vector (X, У). Since the random variable 
АХ + Y has scale parameter | AX + Y || = (fg, [Asi + 52|®4Г)!/©, we have, by 
Property 1.2.17, 

ЕЈАХ + Y? = |АХ + УР ЕР. (2.7.10) 


Now 
ALEX + У = РЕ(АХ + Ү)<Р-!>Х 


апа 
d d р/а 
пед P= —— а 
Q3 X + УЕ ix (f, ^s + 51 a) 


р (p/a)-1 
= — (/ [Asi + ама) af (As; + s2)*7 ^ sd. 
а 57 5; 
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Use (2.7.10) and set А = 0 to obtain 


(p/o)-1 
( маг) (/ паўта) E|Yol? 
So 5; 


IY Iz ^ [X, Y]RE[Yo|" 
IY iz? (X, Уја ТУ, 


ЕХҮ <=> 


і 


| 


| 


which proves the result. W 


2.8 Covariation norm 


We know that any finite linear combination of SaS random variables is 605. 
Let Sa be a linear space of jointly SaS random variables. When o > 1, the 
covariation induces a norm on Sa. 


Definition 2.8.1 The covariation norm of X € Sg, a > 1, 15 
WX ја = (X, X13)". 
Corollary 2.7.6 implies that the covariation norm is equal to the scale parameter: 
Property 2.8.2. If X ~ 5,(2,0,0) with а > 1, then 
ја =. 


Proposition 2.8.3 || - || is а norm on Sa. Convergence in || - || is equivalent to 
convergence in probability and convergence in L? for any p < a. 


PROOF: (a) Let X ~ Sa (c x,0,0). To see that || · [|a is a norm, note that 
1. 1х1 = 0 if and only if X = 0 a.s. (by Property 2.8.2). 
2. aX ~ ба(јајох, 0,0), so that [ja X |o = Jalex = lal lXWla- 


3. If X, and X are jointly SaS with spectral measure Г, then 


|Х + Хоја ах 


( |: LE агг) ` 
eu | Enc) ix (f | т) = 


= ox, tox, 
Хуја + Хов. 


i 


Ш 
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(b) To prove that convergence in the covariance norm is equivalent to con- 
vergence in probability, let X1, X5,... € Sa, Y є Sa. By Property 2.8.2,. 
Jim |Ха — Y ||, = 0 is equivalent to im дха-у = 0, where ex, y is the 
scale parameter of Х, — Y. Fix e > 0. Then, if Z ~ S,(1,0,0) (that is, Z is 
standard symmetric a-stable), we have, by scaling, 


Р(Ха -Y| > ©) = P(ex,-vlZ| > 6) = P(Izi S iem. ) —0 
©х„-Ү 


as п — oo if and only if 

lim ox,-y =0. 

тп оо 
(c) To show that this is equivalent to convergence іп L? for p < o, note that 
E|X, -YP = E(ox, -v|Zl) = ok .yE|ZP —0 
as n — ooifandonlyiflim, со 0x, y = 0. M 
Moreover, we have 
Property 2.8.4 Let (X, Y) ~ SaS with 1 < a < 2. Then 
х, У] < ПАХУ". 


PROOF: IfT'is the spectral measure of (Х,У) then, by the Hilder inequality 


1945 


ll 


| ] s s£^- T (ds) 
5, 


l/a i 1—-1/a 
< ( Í јајета) (/ је 0071/27 ге) 
5 5 
= ox og Vo) 
[Xle ipe. w 


Remark. Whereas the covariation norm is not defined when a < 1, the scale 
parameter g exists for all possible values of а. The proof of Proposition 2.8.3 
allows us to conclude that for any 0 < & € 2, сх, y — 0 is equivalent to 
convergence of X; to У in probability and in Г? for p < а. 
This result, in fact, is a natural one. For given а, the distribution of X ~ 
Sa (v x,0,0) depends only on the scale parameter сх. Since дах = [ajo x, опе 
has 
Е\Х =o E|XoJP, : (2.8.1) 
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where Xo ~ 5,(1,0,0), so that convergence of ox to zero is equivalent to 
convergence in probability or in ГР. 
It is sometimes convenient to use the notation 


Xle = ox, 0<2<2, 


to denote the scale parameter of a 505 random variable X. 


2.9 James orthogonality 


Property 2.7.11 states that if two jointly SaS random variables X and Y are 
independent, then their covariation [X,Y], is zero. The converse holds in the 
Gaussian case a = 2 since [X, Y]; = jCov(X, Y) = 0 implies that X and Y 
are independent, but in the non-Gaussian stable case а < 2, [X,Y]. = 0 does 
not imply independence (see Example 2.7.12). What, then, is the meaning of 
[X,Y], =Owhen 1 < а «2? 

Suppose, firstly, that а = 2. Jointly Gaussian mean zero random variables X 
and Y can be viewed as vectors in the space L2(Q, F, P) of all random variables 
with zero mean and finite second moment. The space L2(Q, F, P) is a Hilbert 
space with scalar product 


(X, Y) := Cov(X,Y) = EXY. 


The Gaussian random variables X and Y are independent if and only if they are 
orthogonal in L2(Q, F, P). 

Now let 1 < а < 2 and consider Sa, a linear space of SaS random variables. 
We noted in the preceding section that S, is a normed space, endowed with the 
covariation norm || - ||. One has || X12 = [X, X]a, but the covariation (X, Y]a 
does not generally define a scalar product in Sa. The space Sa is, therefore, not a 
pre-Hilbert space (i.e., a linear (vector) space endowed with a scalar product). 

The classical notion of orthogonality is valid only in (pre-)Hilbert spaces. 
Several alternative definitions of “orthogonality” can be introduced in normed 
vector spaces. One of them is James orthogonality (James (1947)). 


Definition 2.9.1 Let E be a normed vector space. A vector z € E is said to be 
James orthogonal to a vector y € E (т Ly y) if for any real А 


lz + All > 11. 


In general, x Ly y does not imply у Ly т. The relation ||: + Ay|| > [1211 for 
all real А means that the vectors z + Ху, А Є В, belong to a supporting hyperplane 
of the sphere (s : ||в|| = || 2] |) at the point =. 
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To see that James orthogonality is a natural extension of the usual notion 
of orthogonality, suppose that the space E is pre-Hilbert and hence has a scalar 
product. Let т, у € E and write x L y if x is orthogonal to y in the usual sense. 
Then 


ely = |=+АИ del + [дә > lel? for any А 
= gly у. 


Observe, moreover, that if x is not orthogonal to y, then ||z + Ay|| can be greater 
or smaller than ||2||, depending on the value of A. Hence, 


тлу о ст ју 


when Е is (pre-)Hilbert. 

If E is a normed vector space which is not pre-Hilbert, т L y is not defined, 
but т Ly y is well defined because the definition of James orthogonality involves 
relations between norms and not between scalar products. 

Now, let E be Sg, 1 < а < 2, endowed with covariation norm || - |la- 


Proposition 2.9.2 Let X and Y be jointly SaS random variables with а > 1. 
Then 
[Х,У]. = 0 


if and only if Y is James orthogonal to X (symbolically Y Ly X), i.e., 


[АХ + ¥ la 2 IY lla 


for every real А. 


PROOF: Suppose [X, Y], = 0 and let А be arbitrary. Then, by Property 2.8.4, 
[АХ + Уа] < [АХ + УДЫ lia". 
On the other hand, using Property 2.7.7, we have 
AX + У], = AX Y]a + [Y, Y]a = Уа, 


since [Х,У]. = 0. (l| || denotes the с!" power of the covariation norm.) 
Therefore, | 
[г € AX + УУ", 


JAX + Vile 2 IY lla- 
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To prove the converse, let Y be James orthogonal to X and let Г be the spectral 
measure of ће SaS vector (X, У). Suppose that [Х,У]. < 0. Then 


/ s,sy?- ^ T(ds) « 0. (2.9.1) 
5 
For real A, define 
00) = Ic viz». Ј Dai sel Td). 
2 


We have, clearly, 
70) = а | Qs + s)**- rts) 
5; 


The fact that œ > 1 implies that g’(A) is a continuous function of А. Since (2.9.1) 
can be restated іп the form g'(0) < 0, we conclude that 4'(А) < 0 in some interval 
(0, a). Therefore, for any 0 < A « a, we have 


JAX + У ђе = 9A) < (0) = IY lio, 


contradicting the James orthogonality of Y to X. 
The case [X,Y ]a > Ois similar. M 


The following proposition characterizes the 505 random variables for which 
James orthogonality is a symmetric property. 


Proposition 2.9.3 Let 1 < а < 2 and let Sa be a linear space of jointly SaS 
random variables with dim Sa > 3. Then the following four statements are 
equivalent: 

(i) Sq has the property: 


X,Y € Sa, [X,Y]a =0 = [УХ]. 20. 
(ii) Sq has the property: 
X,Y,Z € Sa, |X, Y]; =0, [X, 2]. =0 > [X,Y + 2]. = 0. 
(iii) There is an inner product (.,.) on Sq such that 
[Xll = (X, Х)', X є Sa. (2.9.2) 


(iv) Sa consists of jointly sub-Gaussian SaS random variables. 
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PROOF: Using Proposition 2.9.2, we can rephrase statements (i) and (ii) as fol- 
lows: 

(i) James orthogonality in S, is symmetric. 

(ii) James orthogonality in S, is additive on the right. 


Since dim S, > 3, we conclude using Theorems 1 and 2 of James (1947), that (i), 
(ii) and (iii) are equivalent. We shall now prove that (iii) implies (iv). 

Set Ёху = (X, Y), Х,У € Sa, and let (Gx, X € Sa} be a zero mean 
Gaussian process having Rx ү as a covariance function. 

Let А be a positive a/2-random variable, independent of the process 
(Gx, X € S4), having Laplace transform 


Eexp(—yA) = exp(-4??). у> 0. 
Define 
Zx = V2 АМ Gx, X € Sq. 


We want to show that 
I2. X € Sa} ®{Х,Х € Sa}. (2.9.3) 


Let X1, X2,..., X4 € Sq, and let bi, b2, . . . „ба be real numbers. Note that 


ма (Са oux; = 3 bjGx,) 
jc 


(b; Xj, b XX) 


n n n т 


= (5; b;X;, »» 75 -23 (S 5X; Хе) + 
j=l | 


ј=1 k=l ј=і j=l k=1 


T уу БиХ Xx) пе 2S ^ У bjb (X5, Xe) =0. 


j=l k=t j=l kel 


"n 
Therefore, Су» X; = 252 b;G x; a.s., so that 


n 

Zen bj х= So 52x; a.s. (2.9.4) 
j=! 

for any X},---,Xn Є Sq, and any real by,...,5n. 

To prove (2.9.3), it is enough to show that the distribution of any linear 
combination of the random variables on the left-hand side of (2.9.3) coincides with 
the distribution of the corresponding linear combination of the random variables 
on the right-hand side of (2.9.3). Because of (2.9.4) we need only to show that 
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Zx = X for any X € Sq. Since both X and Zx аге 505 random variables, we 
have only to show that 


ПХ = 12х12 „Хебе. 


On one hand, 
П. = (X, Х)У = ву, 
by (2.9.2). To compute ||Zx||5, recall that if С is zero mean normal, then 
ПАС = 2797 (Маг С)? (see Example 2.7.4). Hence, 
lZxlla = IV24 7 G xls = (Var Gx)'? = RS, 


proving that [[X||o = ||2х |12. Therefore, S4 consists of jointly sub-Gaussian 
Sa S random variables. 

Finally, if (iv) holds, then (i) follows directly from (2.7.4). This completes the 
proof B 


Remark. When dim Sa = 2, then Proposition 2.9.3 fails. More precisely, (ii) is 
in general not equivalent to either (i), (iii) or (iv). For example, let 
Sa = (aU + БУ : a, b real], 


where U and V аге 1.1.1. SaS with 0 < а < 2. Let X = aU + У and 
Y = 200 + ЊУ with non-zero coefficients а), bi, a2, b2. Then 


[X, Yla = [а + byV, aU + b;V]a 


= ёа” + boo! 


implies 


Since a Æ 2 in general, 
<-> «au» 
a-! b а 
уједе 2--(2) + = =- (5) 
a2 
e [Y. X]; = 0 


and hence (i) fails. Therefore, (iii) and (iv) fail as well because they both imply (i). 
On the other hand, by (2.9.5), for a fixed X € Sa and hence for a fixed a; and b, 
the collection of all random variables W belonging to Sa such that [X, ИЛ] = 0 
is a (one-dimensional) linear subspace £ of Sa. Therefore, 


[Х,У]. = 0 and (Х, Да, =0 > Y e£, ZEL 
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=> у+2ес => [ХЈУ + 2] = 0 


and hence (ii) holds. . 

Note that one has (iii) <> (iv) even when dim Sa = 2, because the argument 
establishing this equivalence in Proposition 2.9.3 does not use dimensionality. 

If dim Sa = 2, then either (iii) or (iv) imply (1), but we do not know whether 
(1) is equivalent to (11) or to (iv). 


The following proposition characterizes the spaces Sa of SaS random vari- 
ables in which the normalized covariation is symmetric. 


Proposition 2.9.4 Let | < а < 2 and let Sa be a linear space оў SaS random 
variables. Then the following two statements are equivalent: 
(i) Sa has the property 


X,Y € де, Х|. = Yla = [Х,У] = [Y, Х|. 
(ii) Sa consists of jointly sub-Gaussian random So S variables. 


PROOF: Let 
(Х,У) = IY IE "(X Yla- 


It is easy to check that this is an inner product on S, if (i) holds. We can then 
apply the same argument as in the proof of Proposition 2.9.3. Finally, by using 
Example 2.7.4, we conclude that (ii) implies (i). NM 


The next result due to Cambanis, Hardin and Weron (1988) is an immediate 
consequence of Proposition 2.9.3 if dim Sa > 3. It holds also, however, if 
dimS, = 2. 


Proposition 2.9.5 Let 1 < а < 2, and let Sa be a linear space ој SaS random 
variables with dim Sa > 2. Then the following two statements are equivalent: 
(i) Sq, has the property 


X,Y € Sa; [X, Y]; = 0 => X,Y are independent. 


(ii) œ = 2, Le., Sa consists of zero mean Gaussian random variables. 


PROOF: Suppose that (i) holds and choose an arbitrary non-zero X Є Sa. Since 
dim Sa > 1 we may find a Z € S, such that Z # AX for any real А. Let 
В = [Z, Х}. ЛХ. Then [Z — 8X, X]; = 0 so that, by assumption, Z — 8X 
is independent of X. Since both Z — ВХ and X are SaS and non-zero, they can 
differ only by the value of their scale parameter. There is, therefore, a non-zero 
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constant b such that Y — b(Z — (2X) has the same distribution as X, so that X 
and Y are i.i.d. random variables. Note that by Properties 2.7.7 and 2.7.15, 
[X - Y; X - Y]. 
= [X, X];  [Y, X] – X; У] — (7, Y]« 
= ПХ – Уа = 0. 
Therefore X + Y and X — У are also independent. But X ~ S, (o, 0, 0) for some 
g > 0. Therefore, by the independence of X + Y and X — Y and of X and Y, 
exp{—2%o*} =  Eexpi(2X) 
= Eexpil(X t Y)-- (X - У) 
= Eexpi(X +Y) Eexpi(X —Y) 
= (EexpiX)* 
= ехр{-40°}, 
which implies 2^ = Фапда —2. M 


2.10 Codifference 


The covariation was defined in Section 2.7. Here, we introduce a different mea- 
sure of bivariate dependence called the codifference which, like the covariation, 
reduces to the covariance when œ = 2. Whereas the covariation may not be 
defined for a € 1, the codifference is defined for all 0 < а < 2. 


Definition 2.10.1 The codifference of two jointly 505, 0 < а < 2, random 
variables X and Y equals 


тху = XII + lY a — X — Y Tas (2.10.1) 
where || X lla, || Y ||, and ||Х — Y ||; denote, respectively, the scale parameters of 
X,Y and X — Y. 


We shall be mainly interested in investigating the asymptotic behavior of 
T(t) = Tx (),x(0) a8 t — oo, where {X (t), t € R} is a stationary 50:5 stochastic 
process. In this section, however, we consider some elementary properties of 
тх,у, where (Х,У) is a given SaS random vector. Observe firstly that, in 
contrast to the covariation, we have: 

Property 2.10.2 


TX,Y = TY,X- 
Like the covariation, the codifference reduces to the covariance when o = 2: 


Property 2.10.3 [fa = 2, then rx,y = Соу (X, У). 
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PROOF: When a = 2, || X$ = Маг X and hence rx,y = 1{ Маг X + Var Y — 
Var(X-Y))2Cov(X,Y) M 

The codifference, like the covariation, vanishes when the random variables 
are independent: 


Property 2.10.4 If X and Y are independent, then tx, ү = 0. Conversely, if 
тху = Ü and 0 « а < 1, then X and Ү are independent. 


PROOF: If X and Y are independent, then 5,5? = 0, Гх у а.е. (Example 2.3.5), 
where T x, v is the spectral measure of (X, У). Hence, 


IX – Уа 


2 / le ast? x y (ds) 
Sz 


-f уе (ds) + Ј || Гх у (45) (815 = 0, Гх,у а.е.) 
2 5; 
= Хе + IY HRS 


ie,Tx,y = 0. 

Further, if 0 < a < 1, then [s; — 82|% < [si] + |s2]*, with equality only when 
3,589 = 0. The preceding computation shows that if Tx,y = 0, then 5152 = 0 
T x,v-a.e., and so X and Y are independent. [| 


When 1 < а < 2, тху = 0 does not imply that X and Y are independent 
(Exercise 2.27). 


Property 2.10.5 
тху < |18 + У le 


апа 
т >{ 0 ў 0<а<1, 
ху 1 (р – 2-1) VIS) f 1ses2 


PROOF: The upper bound follows from || X — Y ||a > 0. 

The lower bound on тх,у depends on a. If 0 < о < 1, then || - ||; satisfies 
Ix -Yye < Хе + У iz implying тху > 0. If1 < а € 2, ||: la is a norm, 
so |X – У [а < ха + lY Ma)? < 277 (LXI + Y 2) by (2.7.6), implying 
ty > (1 – 297) Ха + Ye). m 


The upper bound is achieved when X = У. The lower bound is achieved for 
X and Y independent if 0 < а < 1, and for X = -Y if 1 <a <2. If X and Y 
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are both standardized (|| X ||, = |У || = 1), then 


OzTxy <2 if 0<а<1, 
2(1— 297) Стху <2 if 1<а<2. 
When a = 2, this is exactly equivalent to -1 < Corr (X,Y) < 1, where Corr 


denotes the correlation coefficient. 
The next property shows the significance of the codifference. 


Property 2.10.6 Let (X,Y) and (X', Y’) be two SaS, 0 < а < 2, random 
vectors with | X|la = Y lla = |Х "а = ПУ. Then 


TX,Y S TX'Y: 


implies that for every c > 0 
P{|X -Y| > c} > РИХ' - УЛ > с). 


Conversely, if the last relation holds for some c > 0, then Tx, y € Tx' y. 


PROOF: Suppose that | X — Y || 3 O and || X' — ¥’||, # 0 (the property holds 
` trivially otherwise). The inequality 7x y < тх,ух is equivalent to ||X — Y lo > 
|X’ У" |. This in turn is equivalent to 


P(X-Y|»e) = Р(Х -Ylz'iX -Y|» |X -Yiz'c) 
= РХ – УХ - Yl» IX - Yate} 
= P(IX'-Y'|»|x' - Y'lalX —-Yllz'c) 
> P{X'-Y' >c} Ш 


The inequality P{|X — Y| > с) > P(|X' — Y'| > с) has the following 
interpretation: the random variables X’ and Y” are less likely to differ than X and 
Y and so are "more dependent." Thus, the larger 7, the "greater" the dependence. 

The codifference shares an additional property with the covariance. 


Property 2.10.7 Let (X1,..., Ха) be а SaS random vector. Then the matrix 
{тх ху, i,j = 1,...,4) is non-negative definite. 


PROOF: We must show that for any integer d and any uij,...,ug Є R, 
bom P Tx,,X; Uit > 0. Let Г be the spectral measure of ће 505 random 
vector (X,,..., Ха). Then 


d 


d d d 
УУ тушш = У У (је + GE — IX — Хуе ши) 


i=l j=l i=! j=l 
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d d 
E |. УУ (јаје + [51° — |s: — 88) шш (ds) > 0 


4 i=l j=l 


because of the following lemma: 
Lemma 2.10.8 For any 0 < а € 2andn > 1, the function 
{A(s1,82) = |sil? |]? — [51 - S2]*}, 51,5; Є", 
is non-negative definite. 
PROOF: We must show that for any $1,...,Sm € R” and real u,,..., um, 
Уа Ура (Si 5;)u;u; 2 0. The proof is in three steps. 


Step 1. View each и; as a mass at the point s;, i = 1,...,m. Now add a mass 
мо = — У)" и at the origin во = 0. Then У)" уш; = 0 and 


m m T m 
УУ „је + (51° — ls: – в] иш = — УУ ls: — s| wuj 
i=l је! i=0 j=0 

since, for example, 


m m 
2 > sun; 


i=] j=l 


i 


>. \si|*uz У и; 
i=l 


j=l 


m 
= – У s:|"uiuo 


i=l 
m 
à 
= <= Уу, ls; — So| uiuo. 
i=0 
Step 2. For any constant c > 0, 


m m m m 
YF erdil uuy Уу Сав -- l)u;u; 


i=0 ј=0 t=0 j=0 


-сў У, js; — sj| wiu; + о(с), 


i-0 j=0 


| 


li 


as c tends to 0. It is then sufficient to prove that 


m m 
> 5 e dsi7sil uiu; > 0. 
1=0 j=0 
Step 3. The function Ф(0) = exp(-c|8|?), 0 < a < 2, Ө = (8,... ба) 
is a characteristic function (of а sub-Gaussian 505 random vector (Proposition 
2.5.5). It is, therefore, a non-negative definite function of the variable 0, i.e., 


$5 Уоў=о Ф(0; те 8;)u;uj > 0. || 
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2.1 Exercises 


Exercise 2.1 Let Y = р Ху + ру X5 where p; and р are non-zero real numbers 
and X; ~ Sa; (ci, Bi, pi), d = 1,2 with o < oo. Find C and оз, such that 


P(Y > à) ~ CATS 
as А — со. 


Exercise 2.2 Prove Corollary 2.1.3. 
Hint: Compare with Definition 1.1.4 and Relation (1.1.3). 


Exercise 2.3 Let {¥ = (Y(9,..., YÍ?), n > 1) be a sequence of random 
vectors in R2. Prove that (Y(?, n > 1) is tight if the sequence of components 
(ve, n > 1} is tight for each К = 1,...,d. 

Definition. The sequence (У С, n > 1) is tight if for every є > 0 there is а 
bounded rectangle A such that P(Y(? є A} > 1 – e for all n. 


Exercise 2.4 Using the results of Section 2.2, show that the function (0, , 05) in 
2.2.1 cannot be a characteristic function for 1 < о < 2. 


Exercise 2.5 Let X; ~ Salsi, Bi 0), i = 1,2,...d, be independent random 
variables, Characterize the spectral measure of the a-stable random vector 
(Xi, X2, ..., Xa). 


Exercise 2.6 Prove Proposition 2.3.9 in the case а Æ 1. 


Exercise 2.7 Let Х|, X2, Хз be iid. S,(1,1,0) and let Y; = X, — X2 and 
Ү = X3 — Ху. Let Г be the random measure of Y = (Y,,Y2). What are the 
points on which Г is concentrated? Do these points have equal weight? What is 
the shift parameter of the random variable өү + @2¥2? 


Exercise 2.8 Let X, and X; be jointly 505 with spectral measure Г. Find the 
spectral measure of the vector (aX, + БХ, cX, + dX2). 


Exercise 2.9 Let s(*) = (f, fas ,st) € S4, k = 1,...,т, and suppose that 
the a-stable random vector X = (X;,..., Xa) has a shift vector yx” and a spectral 
measure Г concentrated on the points s(*), k = 1,...,m, and —s(9, k = 
1,...,m. Example 2.3.6 states that for suitably chosen triples (тк, Bx, Hk), К = 
1,...,m, and a real matrix A = (ajz), j = 1,...,d,  =1,...,m, we have 


(Ху. .. „Ха) = (Scare. 5305237 
k=l . k=l 
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where У; ~ 5.(ок, Вк, Hk), К = 1,..., т are independent random variables. 
Verify that the choice 
Wł - Wp 
On, = 1 = kk К=1,... 
k , Br we + Wr Б TA, 
and 


aj = (WE + Иг) Ме, j=l,...,d,k=1,...,m, 


will work, where 
We =T({s}), wz =T({-s}), к = 1,..., m. 
How should the jj, k = 1,...,7n, be chosen? 


Exercise 2.10 Find two symmetric (around 0) random variables X and Y , whose 
sum X + Y is symmetric, but not around 0. 

Hint: Let Zj, j = 1,2,3 be independent with an 51(1, 1,0) distribution and set 
X = 20-2 and Y = Z, — 23 (Chen & Shepp 1983). 


Exercise 2.11 Find another example of a strictly 1-stable random vector which is 
not the translate of a symmetric 1-stable random vector. 

Hint: Build the measure Г in (2.3.1) concentrated on a few points of 54. Reduce 
(2.4.1) to a system of linear equations. 


Exercise 2.12 Let X be an a-stable random vector in В with characteristic 
function 


d 
Eexp(i(8, X)) = exp[ -(8720)*^ + 76541), 
j=! 


where T denotes transpose, X is a positive-definite symmetric d x d matrix and 
where u? = (29, u9,..., 5) 5 0. Is its spectral measure Г symmetric? Is X 
strict? Is X symmetric? (Distinguish between the cases a # 1 anda = 1.) Is 
X — ро strict? Is it symmetric? 


Exercise 2.13 Consider the following two symmetric measures on $3: 


п) ил) 


а а 
+ [6(1,0,0) + 6(—1,0,0)] 
+ [6(0, 1,0) + 6(0, —1,0)] 
+ [6(0,0, 1) + 6(0,0,—1)] 


3 3 3 
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and 


Ih = zn 2,0) +6(-2,-%,0)| 
+ an (52 о, S +5(-Z.0,-)] 
+ z^ (o 2,2) + 6(0,-2,-2)]. 


Show that the two SaS distributions having, respectively, Гү and T as their 
spectral measures have identical two-dimensional marginals. 


Exercise 2.14 The characteristic function $(, , @2) and density function f (zi, 22) 
of an isotropic Cauchy random vector X = (X, X2) are given in Example 2.5.6. 
Derive the density f from the characteristic function $ by using three different 
methods: 


(a) Use the inversion formula for characteristic functions. 


(b) Use the fact that (X1, X2) = A'?(G,,G3) where G, and С» are i.i.d. 
Gaussian random variables and where А!/2 is independent of (G1, G2) and 
has a Lévy distribution 5) /2(2, 1, 0) whose density is given in Chapter 1. 


(c) Apply the formula for the density function of a multivariate Cauchy distri- 
bution given in Example 2.5.3. 


Exercise 2.15 Let ф(0) and f (x) be, respectively, the characteristic function and 
the density function of the multivariate Cauchy distribution, as given in Example 
2.5.3. Derive f (x) starting from (0). 


Exercise 2.16 Prove Proposition 2.5.7. 


Exercise 2.17 Let X = X, + iX? be a complex SaS random variable which is 
isotropic, and let | X | be its modulus. Find the asymptotic behavior of P{|X| > A} 
as А — со. 


Exercise 2.18 Show that the complex random variable X = X, + iX? is not 
isotropic if X, and Хэ are dependent mean zero Gaussian random variables. 


Exercise 2.19 Suppose (Ху, X2) is a 505 vector in R? with uniform spectral 
measure Г such that Г(5) = 1. Use polar coordinates to evaluate the joint 
characteristic function of (X4, X2). 


Exercise 2.20 Prove Properties 2.7.7 and 2.7.8 by using Definition 2.7.1. 
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Exercise 2.21 Let Sa be а linear space of 50:5 random variables with 0 < а < 1. 
For X € Sq, define 


o(X) = scale parameter of X. 


Show that c(X)? is a norm on Sa if а = 1, and a quasi-norm (i.e., the triangular 
inequality holds) if 0 < а « 1. 


Exercise 2.22 One can define the covariation for а = 1 as 
[Yh = / n sign ()Г(дв), 
Si 


where Г is the spectral measure of the jointly 515 stable random variables X and 
Y. Using this definition, verify that all the results in Section 2.7 also hold for 
о = 1, but that the alternative definition 2.7.3 is not valid. 


Exercise 2.23 Define the covariation norm for а = 1 using the definition in the 
previous exercise. Verify that all the results in Section 2.8 also hold for a = 1. 


Exercise 2.24 Using the previous exercise show that the "only if" part of Propo- 
sition 2.9.2 holds for а = 1. Does the “if” part hold as well? 


Exercise 2.25 Prove Proposition 2.9.5 when dim Sa > 3 by using Proposition 
2.9.3. 


Exercise 2.26 Show that rx,y = 0 if X and Y are independent 505, without 
using the spectral measure. 


Exercise 2.27 For a given 1 < a < 2 construct an example of a 505 random 
vector (X, У) such that 7x,y = 0 but X and Y are not independent. 
Hint: Choose T x,y so that 5152 = 0 Гх v-a.e. 


Exercise 2.28 Let A(z, y) = |тје + |yl? —|r —y|?, 0 < а € 2, z, y ER. Here 
is another way to show that А is non-negative definite. 
Step 1. For some c > 0, 


101% = E [1 — cos(0s)][s] 179) ds. 


Step 2. The function 
B(a,b) = cos(a — b) — cosa — cosb + 1, a,b € R, 


ds non-negative definite. — f. | 
Hint: 2B(a, b) = g(a)g(b) + g(a)g(b) where g(a) = 1 — е. 


Step 3. Show that A(z, y) = c f 72, B(xs,ys)|s|-  *?)ds and conclude that 
A is non-negative definite. | 


Chapter 3 


Stable random processes and 
stochastic integrals 


An a-stable stochastic process is a random element whose finite-dimensional 
distributions are a-stable. This definition is given in Section 3.1, and it is used to 
introduce the notion of a-stable stochastic integrals, i.e., integrals of non-random 
functions. with respect to an a-stable random measure. It is convenient to view 
these integrals as a-stable stochastic processes parameterized by their integrands. 
In this way, we can define them by specifying their finite-dimensional distributions 
(Section 3.2). In order to show they are also bona fide integrals, we proceed in three 
steps: we introduce a-stable random measures (Section 3.3), construct integrals 
of simple functions with respect to such measures and show that a stable integral 
is a limit (in probability) of integrals of simple functions (Section 3.4.) 

In Section 3.5, we develop some basic properties of stable integrals. We show, 
for example, in marked contrast to the Gaussian case а = 2, that two a-stable 
stochastic integrals with a < 2 are independent if and only if their integrands 
have disjoint support. We also state the representation theorem, whose proof 
can be found in Chapter 13. The representation theorem states that an a-stable 
random vector can be represented as an o-stable stochastic integral. This is why 
stochastic integrals are a convenient tool for studying a-stable random variables, 
vectors and, as we will see, processes as well. А 

Several important examples of stochastic integrals are presented in Section 
3.6. These include the 50:5 Lévy motion, which is the counterpart of Brownian 
motion for a < 2; the (Sa. S) Ornstein-Uhlenbeck process, which is the o-stable 
extension of the Gaussian process with the same name; the reverse Ornstein- 
Uhlenbeck process, which is different from the previous one when a « 2; the 
well-balanced linear fractional stable motion and the log-fractional stable motion, 
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two self-similar (scaling) processes that will be discussed more thoroughly in 
Chapter 7. Sub-Gaussian processes and substable process are additional examples. 
They are introduced in Sections 3.7 and 3.8, respectively. 

We mentioned earlier two definitions of stochastic integrals, one as a stochastic 
process, the second as a limit of integrals of simple functions. We consider also 
a third definition, in terms of a series representation. The series representation 
of ап a-stable random measure is developed in Section 3.9, and it is used in 
Section 3.10 to obtain the series representation of the stochastic integral. This 
representation sheds light into the structure of a-stable stochastic processes. We 
use it, for example, in Section 3.11 to show that a broad class of SaS processes, 
those that satisfy the so-called Condition S, are in fact conditionally centered 
Gaussian processes. These processes always admit an integral representation. 

There exists a fourth representation of stable stochastic integrals. Since a 
stable measure can be expressed in terms of a Poisson measure, it is possible 
to define stable stochastic integrals directly as integrals with respect to Poisson 
measures. This was Paul Lévy's original approach, and we present it in Section 
3.12. : 


3.1 Stable stochastic processes 


We start with the definition of a stable stochastic process (X (t), t € Т}, where 
T is an arbitrary set, e.g., R, IR", or a set of functions. The finite-dimensional 
distributions of {X (t), t € Т} are the distributions of the vectors 


(X (t), X (6), . -, X (ta), 1,15,... ta € T, dz 1. 


"Definition 3.1.1 А stochastic process (X (t),t Є Т} is stable if all its finite- 
dimensional distributions are stable. It is strictly stable or symmetric stable if all 
its finite-dimensional distributions are, respectively, strictly stable or symmetric 
stable. 


If the finite-dimensional distributions are stable then, by consistency they must 
all have the same index of stability а. We use the term a-stable when we wish to 
specify the index of stability. 

The following theorem is an immediate consequence of Theorem 2.1.2 and 
Theorem 2.1.5. | 


Theorem 3.1.2 Let (X (t),t € T} be а stochastic process. 
(a) (X(t),t € T) is strictly stable if and only if all linear combinations 


К | 
So bX (te), d 21, бб ta ET, bi bo, si. ba real (3.1.1) 
k=1 
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are strictly stable. 

(b) {X(t),t € T) is symmetric stable if and only if all linear combinations 
(3.1.1) are symmetric stable. 

(c) If е > 1, then (X(t),t € T) is o-stable if and only if all linear combina- 
tions (3.1.1) are a-stable. 


Example 3.1.3 a-stable Lévy motion. A stochastic process {X(t),t > 0) is 
called (standard) a-stable Lévy motion if 

(1) X(0) = 0 a.s. 

(2) X has independent increments.' 

(3) X(t) — X(s) ~ 5, ((#— 5)!/©®,‚ 8,0) for any 0 € s < t < oo and for some 
O<a<2,-1<6<1? 

Observe that the process X has stationary increments. It is Brownian motion 
when a = 2. The a-stable Lévy motions are SaS when 8 = 0 and they аге 
1/a-self-similar (unless a = 1,8 5 0), i.e., for all c > 0, (X(ct),t > 0) and 
{се X (t), t > 0) have the same finite-dimensional distributions. 


The role that a-stable Lévy motion plays among stable processes is similar 
to the role that Brownian motion plays among Gaussian processes.) We will 
encounter many more examples of stable processes in the sequel. 


3.2 Definition of stable integrals as a stochastic 
process 


The "stable integral" of a non-random function f will be denoted І(Ј). In this 
section, we define the family of stable integrals {I(f), f Є Е} as a stochastic 
process indexed by a set Е of functions. The definition will ensure that the integral 
I(f) is a stable random variable for each integrand f, and that J(-) is a linear 
functional, i.e., (ai fi + a2f2) = aiI(fi) + a2 (f2) a.s. for any fi, f2 Є F and 
41,02 € R. 

In order to define the stochastic process {I(f), f € F}, itis enough to specify 
its finite-dimensional distributions, show that they are consistent and then appeal to 
Kolmogorov's existence theorem (Billingsley (1986), Theorem 36.2) to conclude 
that (I(f), f Є F} is a well-defined stochastic process. 


! Tnis means that the random variables X (£2) — X (t1), X(t3) — X (а), X(tn) — X(tn—-1) 
are independent for any £ < t2 <... < tn- 

2Some authors also impose a condition on the path structure. However, in this chapter, all processes 
are defined only in terms of their finite-dimensional distributions. 

3Some authors whose research focuses on a-stable Lévy motion call it “the stable process.” Such a 
terminology 15: соп из по and should be avoided. When a = 2, one distinguishes between “Brownian 
motion” and a “Gaussian process.” Similarly, when œ < 2, it is necessary to distinguish between 
“a-stable Lévy motion” and an “a-stable process.” 
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We start with the specification of the finite-dimensional distributions. Let 
(E, E, m) be a measure space and let 


В:Е — [-1, 1] 
be a measurable function. Choose 


L"(E,£,m) ifa 1, 
Е = (3.2.1) 
(m, B) ifo = 1, 


where 


L*(E,£,m) = (f : f is measurable, |. |f (z)|*m(dz) < оо}, 


F(m, b) = (f : f € L'(E,£,m) and Јака) ln |f(z)] [m(dz) < сој. 


It is easy to check that F is a linear space. (See Exercise 3.3.) We may and will 
assume without loss of generality that m is c-finite, because f Є F implies that 
the support of f is contained in a region of E where m is o-finite (see Exercise 
3.1). 


SPECIFICATION OF THE FINITE-DIMENSIONAL DISTRIBUTIONS: 


Given f;,..., fa € F, we define a probability measure Ру. ја in Rê by its 
characteristic function, as follows: 


(i) Ifa #1: 
фу fa (01.04) = 
exp[- [э fie (i-i — if(x) sign (oe ГА (2)) tan =) m(de) |: 
(3.2.2) 
Gi) ifa = 1: 
РА f. „а ба) = 


x [oce љо|(12 oos fæ) D» (а) таг). 


We must prove that фу. y, is, indeed, the characteristic function of а proba- 
bility measure in R4: we will show that, in fact, it is the characteristic function of 
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an a-stable distribution. This is accomplished by making a change of variables 
that will transform the integral over E to an integral over the unit sphere Sa in R2. 

Note that here m is not necessarily the spectral measure of an a-stable law 
because E is not necessarily the unit sphere S4. In fact, the advantage of the 
representation (3.2.2) is that the same measure m is used for all values of d and 
all functions fi,..., fa in F. 

For notational convenience, set Ө = (0,,...,04), £ = (fi,..., fa) and let 
ua (8, f(z), B(z)) denote 


Ix 6,45 CO | (1 — #862) sign (5 0;f;(2)) tan =) 
j=! је! 


if œ # 1, and 


ју OE = p(x) sign $30 f;(z)) Уз HE) 
j=1 
if œ = 1. Set also Р 
Е,= {тє 5: 9 је > 0}. 
j=l 


Suppose, firstly, that а # 1. Then 


Фу ја (ва · ++ 5 ба) 
=opf- | ta (8, f(z), B(z))m(dz) | 


=exp{- | us (0 E — ta) (у e) miaa) 
E+ “( "(Scias fi (2)2) 2" k=l 


= af- f uo (8, 2 (2), 8(2)) ти (42) )} (3.2.3) 
Ey 
where f) 
ey ee cce ope cud: 
2007 x hoy? 
and 


mi(dz) = (2 га) mlas). 


Note that m; is a finite measure on (E+, E) since fy Є L9(E,£,m) for k = 
.,d. Moreover, pyre 9;(x)* = 1, for all z € E4. Writing 
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Фрљја(ви ба) = af- f ta(8, g(x), 1) ——— 1+ Ate) my (dz) 


= ua(6,—-g(2), 1) 260) = 
E. 


+ 


AE m (dz), 


we can make the change of variables s; = g; (x) in one integral and 5; = — g;(x) 
in the other, to conclude that фу. fa (01, - - - , 0a) equals 


d d 
oes та 
sf- f 0,8; |“ 1 – i sign ( 6j5;) tan = })Г ds } 
AE 55;| ( >. 153 2 (ds) 
where the finite measure Г on S; is given by 


Е 1+ A(z) 
Hm UNS 2 


where A is a Borel set in Sy and 


9g (A) = {ж € E, : (ф(т),...,да(ш)) € А}. 


This shows that (3.2.2) is the characteristic function of an a-stable law on Е 
when а # 1. 

In the case а = 1, we have to pay special attention to the presence of the 
logarithm. Since 


d d 
n| Lahel- "р; ap „(Боље)“, 


Relation (3.2.3) becomes 


my (dz) + / "- LP) (dz), (3.2.4) 


d 
Phasa lOi- 8a) = exp[- Í us (8, в(2),8(2)) mi (д) + + У 654), 
* j=l 


where g = (gi,..., да) and m; are defined as above and where 


s=- fe f;(z)B(z) in PL m(dz),j—1,...,d. (322.5) 


k=l 


Proceeding as in the case a Æ 1, we conclude that ¢f,,...,fa (61, - . . , 94) equals 


d d d d 
ev[- | [3655] (1-5 sign (7:69) In| 01) г(аз)+ 65 - 
4 j-l j=l; ј=1 j=l 
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This shows that (3.2.2) is also the characteristic function of an a-stable law on IR? 
in the case а = 1. 


To verify the consistency of the probability measures Py, ..¢,, note that for 
any permutation (7(1),...,7(d)) of (1,...,d), we have 


Фри nt) (0.01), ee „да (а)) = Фу ја (Ot, ... 9a) 


and for any n < d, 


Фр „ја (01. ... ,04) == Фу... 3:525 РАСЕ tt 95,0, ... ,0). 


This proves consistency. 
By Kolmogorov's existence theorem, there is a stochastic process which we 
denote {I(f), f € F} whose finite-dimensional distributions are given by (3.2.2). 
I(f) is called the a-stable integral of f. The measure т is called the control 
measure and the function f is called the skewness intensity. 


We now establish some elementary properties of the integral. We will say that 
a function f is integrable if it belongs to the relevant index set Р' in (3.2.1). 


Property 3.2.1 For any integrable fi, fo,..., fa, the integrals I( fi), ЦЉ),..., 
I( fa) are jointly a-stable with joint characteristic function given by (3.2.2); they 
are jointly 505 if the skewness intensity is zero. 


Property 3.2.2 Let f be integrable. Then I(f) ~ Salaf, Bp, ug) where 


( Í. romaa), 


gf = 

А Ја f(z)*9? B(z)m(dz) 

у Jelf@lem(dz) ' 
0 ifo #1, 
-i g F(z)8(x)In|f(z))m(dz) ifo-1. 


Property 3.2.1 follows from the definition of the process {I(f), f € F}. Property 

3.2.2 is straightforward (substitute 6; = --- = 04 = 0 in (3.2.2)). Note that when 

a Æ 1, I(f) has zero shift parameter and is, therefore, strictly stable, but it is 

usually not strictly stable when a = 1. I(f) is symmetric a-stable when 3(:) = 0. 
The next property states that the integral J(-) is a linear functional. 


Property 3.2.3 If f, and f; are integrable, then 


I(aifi + afa) = al (fr) + а (Љ) аз. 


for any real numbers ол and ap. 
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PROOF: We must show that 


I(afi + arfa) — аА) — a1 (f2) = 0 a.s. 
For any real @ we have 
E exp (i8[1(ai fi + аһ) ^ а (ћ) – о Љу] 


= Eexp [i[81(aifi + а) — (а 0) fi) — (a20)1(f2)]) 
=] 


by (3.2.2), because 


(ai fi + a2f2) — (016) ~ (a20)f; = 0. Ш 


3.3 a-stable random measures 


It is most convenient to view a random measure as a stochastic process M(-) . 
indexed.by sets А. The term "random measure" captures the two main character- 
istics of M: the fact that (М(А)),..., M(Aa)) is a random vector and the fact 
that M is additive, i.e., M(U;A;) = 55; М(А,) a.s. if the sets А; are disjoint. 
This last relation does not imply that M is an ordinary signed measure for almost 
every realization w, since, for example, M (-, ш) may not have bounded variation.* 
As we will see in the next section, M can nevertheless serve as integrator in an 
alternative definition I(f) = fp f(z)M (dz) of the stable integral. 

We now turn to the definition of an a-stable random measure M. Denote 
by (Q, F, P) the underlying probability space and by L°() the set of all real 
random variables defined on it. Let (E, £, m) be a measure space, 


В:Е— [-1,]] 
be a measurable function, and let 
«о = (A€£: т(А) < со) © 
be the subset of £ that contains sets of finite m-measure. 
Definition 3.3.1 An independently scattered c-additive set function 


M :& > 100) 


‘This is why some authors prefer to call M "random noise" instead of "random measure.” 
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such that for each A € &, 


М(А) ~ Sa (emm, Аеш o) 


is called an a-stable random measure on (E,£) with control measure m and 
skewness intensity 8. 


Independently scattered means that if Ai, Аз,..., Aj belong to & and аге 
disjoint, then the random variables M ( A1), M(A3), .. ., М(А;) are independent. 
c-additive means that if Ау, A2, . .. belong to Eo, are disjoint and (5 A; € Ep, 


then т Е m 
M(U Aj) = УМА) as. 
j=l j=) 


Note that we require the shift parameter yz to be 0 for each М(А). This means 
that the random measure M is characterized by a (non-random) measure m and a 
function 2. 

In order to show that the a-stable random measure M exists, we define 


(МА), A € £} 


as a stochastic process. Using the existence of a stochastic process (1(/), f € F} 
established in Section 3.2 and setting M(A) = I(14) for A є £c, yields the 
existence of a stochastic process (M (A), А € Eo} with the following finite- 


dimensional distributions: for А), À»,..., Aa € & and 0;,05,...,04 real num- 
bers, | 
d 
УМА) ~ Salo, B, ш), (3.3.1) 
j=! 
where 


d 
e* = f 1 6 Pm), 


j= 


eB (Eiai 61а, D) таа) 
С fel Xia блата) 


0 ifo #1, 
-4 fg У ле #14, (2) O(a) In| Y= 614, (z)m(dz) ifo-1. 
Is such an M independently scattered? If the As in (3.3.1) are disjoint, then 
for a Æ 1, oy (3.3.1), 
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ЕУ» 6M(Aj)) 


је! 


- [Eear — if(x) sign (ce 14; @)) їап Tm m(dz)} 


d . B(z)m(dz 
= скр – > ejm) (1 – dit sign (6;) tan T=) | 


d 


= ПЕ exp(i6; M(A;))- 


j=} 
This shows that M is independently scattered. The argument for œ = 1 is similar. 
Finite additivity follows from the linearity of the integral (Property 3.2.3) and the 
equality уе jai Ја = lus. А; for pte Ajs. But is M c-additive? To prove 


that it is, let А), A2,.. .€ To B= pamm € £o. We must establish that 
М(В) = У М(А)) 
i.e., 
ino. M(A;) = M(B) as. (3.3.2) 
or а 
lim. У M(A;) = M(B) in probability, (3.3.3) 


ј=! 
because (3.3.2) is equivalent to (3.3.3), since the series } уу, M(A;) has ујка 


dent summands. By finite additivity, we have 5 5., М(А;) = M(U}.,A4;) a 
and, hence, almost surely, 


M(B) - УМА = M(B) - (UA) =M м(Џ 4). 


j=! ј=п+1 


by again using finite additivity. But М(0„. 14) ~ ба (ап, 8,0), where 


B 
Џ 
3 
ms 
Са 
> 
мі; 


У m(A,;) (c-additivity of ће measure т) 
ј=п+і 
co (because Ш аъ A; СВЕ ёар, 


^ 
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, А b 
Since lim 6, = 0, we have МО Ел ил Ар PS 0asn oo and, hence, 
n-—oo 


M(B) – Yma) re 9 


j=l 
as n — oo, proving that M is c-additive. 


Definition 3.3.2 M is called a SaS random measure if the skewness intensity б 
is zero. 


Example 3.3.3 Let М be an a-stable random measure on ([0, оо), 8) with 
Lebesgue control measure and constant skewness intensity B(z) = 8, 0 < х < 
co. Let 


X(t) = M([0,]), 0 € t < oo. 


M((0, 4) is well defined because m([0, t]) < oo for any t > 0. It is easy to check 
that the stochastic process {X (t), 0 < £ < оо} is a-stable Lévy motion. 


3.4 Constructive definition of stable integrals 


The o-stable integrals J(f) were defined in Section 3.2 as a stochastic process 
indexed by the integrands f. In this section, we show that I(f) can also be 
constructed as a bona fide integral, which we denote fp f(x) M(dz), where M is 
some a-stable random measure. To define f, f (z)M (dx), we proceed as follows: 
we approximate f by simple functions f"), i.e., functions that take only a finite 
number of different values, we define fp f^) (z) M (dz) and then take a limit in 
probability as n — oo. The limit is denoted fp f (x).M (dz). We finally show that 
this definition coincides with the definition of the integral given in Section 3.2. 

Let M be an a-stable random measure on (E, £) with a control measure m 
and skewness intensity 8, and let & = (A € £ : m(A) « co). Recall that we 
want to define 


ie | reo 
for all measurable functions f : E — R! satisfying the condition 
Јата) < со (4) 
and also the condition 


[EDE mrama) < oo (42) 
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if a = 1. We denote the collection of functions satisfying (3.4.1) and (3.4.2) by 
F, as in (3.2.1). Observe that F is a linear space (Exercise 3.3). 

As usual, for a simple function of the form f(z) — km cjl, (x) where A; 
are disjoint sets belonging to £o, we define 


= I f(z)M(dz) = У c;M(A;). (3.4.3) 
j=l 


Since the random measure M is independently scattered, the a-stable random 
variables M(A1),..., M(A,) are independent. Applying Properties 1.2.1 and 
1.2.3, we conclude that ICF) ~ Salaf, Op, шу) with 


Tes (ји (2)|®m(aa)) ^, (3.4.4) 
_ dg f (2) > Alz)m(dz) 
o fg ()em(dz) ' (3.4.5) 
0 ifo #1, 
КЕ (3.4.6) 
-2 fy f(z)B(z)In|f(z)m(dz) а= 1. 


The integral J(f) is obviously linear in the simple functions f. 
Consider, now, a general f € F. We choose any sequence of simple functions 
(је) југо possessing the following properties: 


f (х) — f(x) for almost every т € E, (3.4.7) 
|f (a)| < O(a), for every n, x, and some 0 € F. (3.4.8) 
Such a sequence always exists. We can take, for example, 


i ifé«f(z)«*,i-20,1...,1? - 1, 
fM@=4 -i if -GY < f(z) < 4,0,1... 1, 


о if|f(z)| 2n, 


in which case 0 = |f]. 

The sequence of the integrals I(f 9), n = 1,2,...,is well defined by (3.4.3), 
and we claim that it converges in probability. To show this, we must prove that 
I(f (9) — I( f0) converges to zero in the metric of convergence in probability 
as n,m — co. But | 


пређу = ЦӘ) = ДРО — fF) ~ S. (дат, Ват Inm); 
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where 


s. = ([ ir - remis) n 


—1 S Baym € 1 and ppm equals 0 if œ 4 1 and 


-2 | (F(a) – f (о) Inf (2) – /®(х)|(х)т(4) 
E 


а = 1. Therefore, convergence in probability of {I( fn) n = 1,2,...) will 
hold if we prove that On,m — О and ил, — О as n,m — со. Obviously, (3.4.8) 
implies that | f? (x) — fU? (x)| < 20(), so that by the dominated convergence 
theorem, ст — 0 as n, m — oc. 


To show that Hn,m — 0 in the case o = 1, define 
0 ify = 0, 
yiny| #0 <ух<ет!, 
ет! ife"! су <т, 
ушу урт, 


where т is the solution of the equation t Int = e~'. Clearly, w is a non-decreasing 
continuous function and, moreover, 


vy) 2 yliny| (3.4.9) 


for any y > 0. Note that for any 0 € F, 


J, ve Gr) D lao) Imdz) 
E T обесе) таг) 
{16(ж)|є(е-!‚т]} 
+ f Ф(18(ж)]у\8()|т(ат) 
{10(ж)|«#(е-!,т]} 


en! I (ест (а) 
118(=)16(е-',т]} 


«f \9¢2)(in O(a) D(a) mlaz) 
{l8(z)|g(e7',r]} 


i 


< етіс: |0(2)j € (e™',7]} + | 1002) (In је) 842), 


124 STABLE PROCESSES AND INTEGRALS 3.4 


which is finite by (3.4.1) and (3.4.2). Now, the dominated convergence theorem 
implies that 


Í VIF (а) – f" (2) (2) (ас) — 0 as n,m оо, 


and by (3.4.9) this implies that un» m — 0 as n, m — oo. Therefore, the sequence 
{I(f™),n = 1,2,...) converges in probability, and we define 


I(f) = plim, ,,,I(f ?), 


where plim denotes limit in probability. 
This definition does not depend on the choice of the approximating sequence 
f (п) Indeed, if both f (а) and 9% сопуегре to f and satisfy (3.4.7) and (3.4.8), 


then setting 
f™ ifn=2m, 
ће) = 
g™ ifn22m-1 


yields 1(h(")) P5^ I(f), which shows that the limits of Z(f 7) and I(g()) 
coincide. | 
Since convergence in probability implies convergence in distribution, we have 


Proposition 3.4.1 Let оу, pj, у be defined, respectively, as in (3.4.4), (3.4.5) 
and (3.4.6). Then 
I(f) ~ Salop бу, ну), 


ie., 
(i) fa x 1: 
Eexp(i61(f)) 


= epf- f. 107089] (1 – ка) sien (@f(2)) ап 22) таг): (3410) 


(ii) ifa = 1: 
Еехр{і6(})} 


= expf- | tert (а + 8 sien (07089) 0/0891) mien. 


We now show that I(f) is linear in f. Let f € Р, д € F and let 
{F}; {g} be two sequences of simple functions satisfying (3.4.7) 
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and (3.4.8) for f and g, respectively. Set h = ај + bg and ће) = af™ + bg, 
where a and b are two real numbers. Clearly, (107) 29 , is a sequence of simple 
functions such that A?) (х) — A(z) as л — оо for almost every т, and 


Jali fo (а) + [olla (22)] 


LOCO MES 
< [48 (2) +16622) 


for some 6, and % іп F. Therefore, 


I(h) = рит, ,,,I(h?) 

plim,, |, (aZ (f?) + Ф1(4"))) 

= plim, ,aI(f 0?) + pim, , ,bI(g?) 
= al(f)-M(g), 


n-00 


proving linearity. 
The linearity of the integral and Proposition 3.4.1 imply 


Proposition 3.4.2 For any fi,...,fa in F, the characteristic function of the 
random vector (I(fi),. .. , I(fa)) is given by (3.2.2). 


This shows that the random vector (I(f1),-.-,Z(fa)) is, in fact, o-stable and, 
moreover, that the constructive definition of stable integrals is equivalent to that 
given in Section 3.2. Therefore, 


Proposition 3.4.3 For any fi,. .., fa in F, the random vector (I( fi), ..., I(fa)) 
is a-stable with spectral measure Г given by (3.2.4) and shift vector p? equal to 
zero if a # 1 and given by (3.2.5) if a = 1. 


We adopt the terminology used in Section 3.2 and call ДЈ) = fp f(z)M (dz) the 
integral of f with respect to an a-stable random measure M with control measure 
m and skewness intensity 8. 


Remark. If а = 1 and the control measure т is finite, then the space Z(m, 8) 
of measurable functions satisfying (3.4.1) and (3.4.2) actually becomes a Banach 
space, as it is the intersection of the Banach space L! (m) and the Banach (Orlicz) 
space L log L(mg) of functions satisfying 


ТА Са) n4. |f Gama (02) < со, 


where 
Ina ifazl, 
in. а = 
0 ҤО<а<1, 
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and where 
mg(dz) = |8(z)|m(dz). 


We equip Z(m, 8) with the maximum norm 


Шиља) max (Illa çm) If lio әз). 


3.5 Properties of stable integrals 


The following proposition relates the convergence of a sequence of a-stable 
integrals to the convergence of the sequence of integrands. 


Proposition 3.5.1 Let X; = f,,f;(z)M(dz), j = 1,2,..., and X = 
Ј f (x)M (dz), where M is an а-мађје random measure with control measure 
m and skewness intensity B. Then 


plim; со Ај = X 
if and only if 
Jim a f Нуе) – f(x) m(dz) = 0 (3.5.1) 


and in the case a = 1, if also 
jim. [GO - Ла) 6) – Хау аута) =0. — Q2 


PROOF: The argument is similar to the one used in the constructive defi- 
nition of the integral. The convergence plim; Хз = X is equivalent to 
plim; ,,,(X; — X) = 0 and hence to convergence in distribution to zero of the 
sequence (X; — X, j = 1,2,...}. But the linearity of the integral and Proposition 


3.4.1 imply X; — X ~ 5, (0;, Bj, Hj), where 


= (f tim - fenis). айы, 


апа 


| 0, ifo 5% 1 
A ао) ~ Душ) – 00) (ё), іга = 1. 


Therefore the convergence рит, _„„Х; = X is equivalent to the convergence of 
the sequences (05, j = 1,2,...} and (uj, j = 1,2,...} to zero, establishing the 


proposition. M 
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Consider two a-stable integrals X, = f, fi(z)M(dx) and X; = 
Ј fa(z)M (dz). The next proposition expresses the covariation of X, and X; in 
terms of f, and fz. 


Proposition 3.5.2 Let X; = fp fj(x)M(dz), j = 1,2, where M is a SaS 
random measure with 1 < о < 2 and control measure m. Then 


[X1, Xs]a = I fila) Р(х) > m(dz). (3.5.3) 


PROOF: Use the expression for the spectral measure Г of (Х|, X2) given in 
Proposition 3.4.3. Applying Definition 2.7.1 of the covariation, we obtain 


axi Xala = f 31529 —!>Т(ав) 
5: 


2 


fi(z) Ра) ors à 
ЈА a+ Ban? Cao + am) GG) + fal) mlda) 


= | fi) fo(2) 597 > m(dz) = / fix) hz) 97 m(dz). M 
Е+ Е : 
Remarks 


1. Relation (3.5.3) can also be obtained as follows. Suppose that f, and 
fı are simple functions, ie, f(z) = Do. wla,(r) and р(х) = 
У Vila, (2). By Property 2.7.7 (linearity in the first argument), 


(CU, Tle = Y ow [M(A2 У МА] . 
i=! j=l 


Since the M(A;)s are independent, we also have additivity in the second 
argument by Property 2.7.15. Hence, 


UE) (Л = У Y море > UM(A?, M(AJo- 


i=l j=} 


Independence yields (M(A;), M (Ак = 0 if i # j, and 
[MCA M(Aj)]a = ПМ(А) = mCA) if i = j. Therefore 


(А), ДР) 


Уу ушы“ !?”т(А;) 


i=l 


Í Аба) > (w)m(dz). 
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To derive this relation for all fı and f? in L^(m), approximate f, and fa by 
simple functions as in Section 3.4, use the Hólder inequality to deduce that 


/ Ас боје“ mlaz) 
Е 


< ( i Ата)" ( E ls) mi) < о 


and then apply the dominated convergence theorem. 


For still another proof, see Exercise 3.4. 


. In the Gaussian case a = 2, we have (Xi, Х3] = 1 Cov(X;, X2), so that, 


when а = 2, (3.5.3) becomes 
Cov(I(f1), I(/2)) = af. fi(z)fa(x)m(dxz). (3.5.4) 


The independence of I(fi) =  fyzfi(z)M(dz) and ДЉ) = 
Ј Р(х) М(х) is then equivalent to 


аата) = 0, (3.5.5) 
a relation that can hold even when 


т{ѕирроп (fı) N support (f2)) > 0. (3.5.6) 


(See Exercise 3.5.) 


Independence of I( f;) and (2) in the case œ < 2 imposes a much stronger 
restriction on the functions f, and fz: they must have m-almost disjoint supports. 
Indeed, 


Theorem 3.5.3 Let X, = fp fi(z) M (dx) and Х = fy Љ(2)М (dz) be two æ- 
stable integrals with respect to an a-stable random measure M with 0 < а «2 
and control measure m. Then X, and Х are independent if and only if 


filz) f(z) = 0 m-a.e. on E. 


PROOF: For convenience, suppose а # 1. X, and X; are independent if and 
only if for any real 6; and 6, 


Eexp(i(81 X T 8; X3)) = Бехр{10,Х|}Е exp(i0, X»). 
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But E exp(i(0, X, + 6; X2)) equals 


2 2 
— z)l^i1-—8(z) si щы т 
pf- өл. 4868) sien (37606) tan а), 
(3.5.7) 
whereas Ёехр{10, Х|} E exp(;6» X) equals 
ex[- ЈЕ јулај [1 —+8(т) sign (01 (2) tan 78 |а) 


-f lei? 1fa(z)]? [! — (ж) sign (82 fa(z)) tan та јао) 7 
E 2 


Equating the moduli gives 
Јела) + ahala) mlan) 
= је f Vi GPmla) + ја Ј Ust епа), 
which holds for all real 0, and 6; only if 


fi(z) (т) = 0 m-a.e. (3.5.9) 


by Lemma 2.7.14. This proves that (3.5.9) is a necessary condition for the 
independence of X, and X». It is also sufficient because if (3.5.9) holds, then the 
imaginary parts of (3.5.7) and (3.5.8) are also equal. Й 


The preceding result is very useful and will often be used in the sequel. 


Corollary 3.5.4 Let X; = f, f;M(dz), j =1,...,d, be jointly a-stable. They 
are independent if and only if they are pairwise independent, i.e., if and only if 
fi (2) А, (2) = 0 m-a.e. on E for any subset (ki, k2} of (1,2,...,d). 


PROOF: Independence clearly implies pairwise independence. To prove the 
converse, use the following fact: X;,..., Ха are independent if and only if any 
linear combination of (X;, j € J} is independent of any linear combination of 
(Xj, j € Је), where J is an arbitrary subset of (1,..., d). Then apply Theorem 
3.5.3 to conclude the proof. 

More directly, pairwise independence implies by Theorem 3.5.3 that there are 
disjoint Borel sets A,,... , Aa such that | 


He: He) 20M] =0 
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for еасћ j = 1,...,d. The joint characteristic function of X, y, Ха factorizes. 
For example, in the 605 case, 


Eexp[i уй 


j=l 


| : d 
Ee (i74, | мам) 
d 
= opf- ЈУ thla} 
а E 
= с, (у fj) (dz) 
5 Әз ] блед та) 


| | 
= Поб, | tuo) 


This proves that Х|,..., Ха аге independent. M 
The following proposition shows the effect of a change of variable. 


Proposition 3.5.5 (Change of variable). Let Mm and M, be either two a-stable 
random measures with © < а € 2, а Æ 1 or two S1S random measures, with 
identical skewness intensities and with control measures т, and v, respectively, 


satisfying 


m(dz) Е a 
v(dz) TS (r(z)) , хє Е, 
where r(z) > 0. Then 
Ју fla) м (ds) = | fF()r(z)M, (dz) (3.5.10) 
E E 


for any f € L*(E,m). 


PROOF: Let f(x), = € E denote the skewness intensity of the random measures 
Mm and M,. The result follows from the fact that the left-hand side and right-hand 
side of (3.5.10) are both strictly o-stable with the same scale parameter 


rema) = ( f eroen), 
E E 
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and same skewness parameter 


Jel siga Ј(2))|/(2)| 8(z)m(dz) 
Ј f(x) m(dz) 


_ Ju sign /(ж)г(ш))|/(ж)г(ж)|°®8(ж)ь(4ж) a 
Ја | Лат (2)|ги(а2) | 


Remark. The conclusion of the proposition does not generally hold if a = 1 and 
Mm is not symmetric stable because then the shift parameter of the left-hand side 
of (3.5.10), 


-2 | (а) m1 f(a) maz), 


does not necessarily equal the shift parameter 


-2 [ fir) (ваја) (аиа) 
E 


of the right-hand side of (3.5.10). 


We say that a process {X(t),¢ € T} has the representation (Y (t),t € T} 
if X 4 Y, ie, if the processes X and Y have the same finite-dimensional 
distributions. We now tum to the representation theorem. 

Recall that the distribution of an a-stable vector is characterized by its spectral 
measure Г on Sa and its shift vector u? (Theorem 2.3.1). For a given a-stable 
vector (X,..., Ха) we want to find a measurable space (E,£), an a-stable 
measure M defined on it, a sequence of measurable functions fi,..., fa, and a 
constant vector т} in І“, such that 


Qt...) $ (| лема), .., [ла м(аг)) en. (3.5.11) 


The next theorem shows that this is always possible. Moreover, the space, the 
random measure and the functions f; can be chosen in a special way. 


Theorem 3.5.6 (Representation theorem in RÊ). 

Let X = (Xi, Xa,... , Ха) be ап a-stable random vector in R^. 

(i) Let || -|| be an arbitrary normon Rt, 51" = (s: ||s|| = 1) the corresponding 
unit sphere and let Yy.j, ШЕ be the corresponding spectral measure and shift 
parameter as defined in Proposition 2.3.8. Then Relation (3.5.11) always holds 
with: 
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(E,£) = (51'!, Borel c-algebra on 85:11), 

M has control measure т = Гү. and skewness intensity B(-) = 1, 
fj : SE! — Ris defined by fj((51,...,54)) = 5j, j = 1,...,4, 
т=н. 


so that 


x ip пума), | зима. f s(t) taa. (3.5.12) 


(ii) If X is SaS, there are bounded measurable functions fi, ћ,..., fa such 
that 


1 1 1 
x2 ( n /\()М (4%), n f(x) M (da), ---, f момо), 


where M is ап SaS random measure with control measure m(dz) = іт. 
(iii) If X. is strictly a-stable with о # 1, then there are bounded measurable 
functions fi, fo,..., fa such that 


1 1 
x4 | i fi(z)M (ds), [ HOM ел n әм), 


where M is an a-stable random measure with control measure m(dz) = йт and 
skewness intensity B(x) = 1. 

(iv) If œ = 1, then there are bounded measurable functions fi, f2,..., fa 
such that 


d 1 1 1 
х5 ( | fi(z)M (dz), / fola)M(dz),..., [ D) +n, 


where M is a l-stable random measure with control measure m(dxz) = dx and 
skewness intensity B(x) = 1, and where n = (т,..., Па) with 


1 d 
nj = =) деу (У fele)*) de +, j-12,..,d. 


PROOF: (Part (i)). In view of Proposition 2.3.8 it is sufficient to prove (3.5.12) 
when |] - || is the Euclidean norm on R7. Then 511 ‚Гү and mM are the familiar 
54, Гапа 149. Use Proposition 3.4.3 to show that the joint characteristic function of 
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the left-hand side and right-hand side of (3.5.12) coincide. (Observe in particular, 
that when a = 1, the shift vector of the right-hand side equals 


f em( 35 Дуги) +) = p? 


4 k-l 
since 577 52 = 1) Ш 


Parts (ii)-(iv) follow from a more general representation theorem, which will 
be formulated and proved in Chapter 13. The idea behind their proof is to start 
with the representation (3.5.12) on s and then make a change of variables in 


such a way that s is mapped to (0, 1) and the control measure of M becomes 
Lebesgue. 


Remarks 


1. If || || is the Euclidean norm, then sl ‚Гү. and Pa are the usual Sy, T and 
ид. Part (i) shows that one can always write down an integral representation 
by using the pair (Г, 19), which specifies the joint characteristic function. 


2. А nice feature of the integral representation in parts (ii)-(iv) is that one 
uses the same space E for all d 2 1. The measure space, moreover, is 
particularly simple since it equals ([0, 1], B, dz). 


3. Parts (ii)-(iv) effectively cover all cases of a-stable random vectors. In 
the case where Х|, Хә,..., Ха are not strictly a-stable and a # 1, the 
representation (3.5.11) can be derived from Part (iii) of the theorem because, 
by Property 1.2.6 and Corollary 2.4.2, there are constants т, 7p, . . . , Па such 
that Ху — m, X2 — 7h,..., Xa — па are jointly strictly a-stable. 


4. Since the skewness parameter 3; of fp f (z) M (dz) satisfies 


1/6 Bla) f (2) 5^? m(dz)] 


eo MGR) = зе e 


' choosing 8(2) = C, —1 < C < 1 in parts (i), (iii) and (iv) of the theorem, 
with C different from either 1 or —1 would unduly restrict the possible 
values for Bp. With the choice £(x) = 1, one has 


в, _ Je sin Лаа] mlda) 
I= pemda) | 
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5. The proof of the theorem in the Gaussian case a = 2 is straightforward. 


If Ху, Х,..., Ха are jointly Gaussian with mean zero, then for some 
constants ajk, j =1,...,d,k=1,...,4, 

Ху = nY, 

Х = аду + any, 


Хз = аду +аљу + 03393, 


Xa = ад +в рї» + ag Ys + +++ + ааа, 
where У, У;,..., Уа are iid. М(0, 1). In this case the X;s are expressed 
as a sum of i.i.d. N (0, 1) random variables. 


To express each Жу, j = 1,2,...,d, as an integral fo f;(x)dM (х) where 
M is a Gaussian random measure with control measure m(dx) = dz, 


choose 
d Ч 5-1 8 
so y3 Yow (51 <=<5), 


so that 


cov( f fj(z)M (dz), | fe(2)M (da)) - Ji f(a) f(z) dx 


jak 
= У AjsQks = Cov (Xj, Xx). 


з=1 


6. The integral representation holds not only for a-stable random vectors in 
В“, but also for most a-stable stochastic process {X (t), t € T), as we will 
see in a Chapter 13. In that case, one may have to replace ([0, 1], B, dx) by 
some general measure space (E, £, m). 


7. Property 3.2.1 suggests that an a-stable random vector of the form 
Xy = J fx(z)M(dz), k =1,...,d, 
E 


where M is a skewed a-stable measure, is, in general, not symmetric. 
However, one can sometimes have X symmetric even with a non-symmetric 
M. For example, part (iii) of Theorem 3.5.6 implies that any strictly œ- 
stable random vector with a # 1 (in particular, any 505 random vector 
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with о Æ 1) has an integral representation as above with a non-symmetric 
M. А simple example (which includes а = 1) is 


і 
Ё [ (1-42) 7 Ц-к-к+(2)) M(dz), k= l, m „а, 


where M is an a-stable random measure with Lebesgue control measure 
and skewness intensity 8 = 1. (To check that X is symmetric, verify that 
all linear combinations of the components of X аге SaS random variables.) 


Pairwise independence of the components of a Gaussian random vector implies 
independence of all the components. The same property holds for a-stable random 
vectors. 


Corollary 3.5.7 Let X, X2,..., Ха be jointly a-stable. If they are pairwise 
independent, then they are independent. 


PROOF: By Theorem 3.5.6, we can assume without loss of generality that 
Хе = | fx(z)M(dz), k = 1,...,а, 
E 
where M is an a-stable random measure with control measure m and skewness 
intensity 8 = 1. The result follows now from Corollary 3.5.4. ЛИ 
3.6 Examples 


Example 3.6.1 The SaS Lévy motion. 
Let 


oo t 
X(t)= | Цеа < t M(dz) = T M(dz), t > 0, 
0 0 
where M is 50:5 on [0, оо) with control measure m(dz) = ат. Then 


X(0) = 0 a.s., 


t 
X(t) - X(s) = n M(dz) = M([s,t]) ~ Salit — sl", 0,0). 
IfO X fi «t; « ... < tn, then 


(xti) - Xt), Xt) = Х(),...› Ха) 


- ( "ial Addis J b мез). 


ty i ta-1 
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The components of this random vector are independent because the inte- 
grands have disjoint supports. Hence, (X (1), > 0) is a process that starts at 0, 
has stationary independent increments and 50:5 finite-dimensional distributions. 
Therefore, {X(t),¢ > 0) is the SaS Lévy motion (see Example 3.1.3). The 
following figures display, for various values of а, 10000 realizations of i.i.d. SaS 
random variables є; (noise) together with their cumulative sums X, = Y. i, 
which approximate а SaS Lévy motion. Notice that the vertical axes do not have 
the same scale. 


Example 3.6.2 Moving averages 
Let f be a measurable function on ЈЕ! pues ЈЕ l/(z)f?dz < оо, 0 < 
а < 2, and define 


X(t) -f f(t — z)M(dz), tER', (3.6.1) 
where M is SaS with Lebesgue control measure (i.e. т(ат) = dx). A process 


X(-) of the form (3.6.1) is called а SaS moving average process. X(-) is 
stationary, because for any #1,..., Ба, h Є R and real 6,,...,64, 


d io d 
пузе ex = f ILGI +в nes 


j=! j=l 


co d 
| 15566 а 
з 


а 
I9 Gxu. 


j=) 


Example 3.6.3 Ornstein-Uhlenbeck process 
Let А > 0 and M be a SaS random measure, 0 < а < 2 with Lebesgue 


control measure. The process 
t 
X(t) = J e7Alt-2) M(dz), —co < t < co, 
—oo 
is called an Ornstein-Uhlenbeck process. X (t) is a moving average process with 


f(z)= e^ 1 со) (2), -0 < T< 00, 


and, hence, by Example 3.6.2 it is well defined and stationary. Note that for any 
fixed s « t, 


X(t) — e>- X(s) = || ; e 072 M (dx) (3.6.2) 
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is a SoS random variable independent of any linear combination 
Yu bX (uz), uk < 5, k = 1,...,п. Therefore, X(t) — e-^*-9 X (s) is 
independent of c(X(u),u < s), the c-algebra generated by (X(u), u < 3). 
This implies that the Ornstein-Uhlenbeck process is, in fact, a Markov process. 

Recall that in the Gaussian case a = 2, the Ornstein-Uhlenbeck process is 
the only continuous in probability stationary Markov Gaussian process (Breiman 
(1968)). In the case 0 < o < 2 there is at least one more stationary Markov SaS 
process. It is given in the following example. 


Example 3.6.4 Reverse Ornstein-Uhlenbeck process 
Let А > 0 and M be a Sag random measure, 0 < a < 2 with Lebesgue 
control measure. The process 


оо 
X(t) = Í e^ 79 M (dz), —oo < t < оо, 
t 


is well defined and is called reverse (or fully anticipating) Ornstein-Uhlenbeck 
process. Note that for any s > t 


X(t) — e AS X (8) = J а e 0-9 M (dz). (3.6.3) 
t 


Using the same argument as in the previous example, we conclude that the reverse 
Ornstein-Uhlenbeck process is also Markov. 

We noted earlier that in the Gaussian case a = 2, all stationary Markov 
processes are Ornstein-Uhlenbeck. This means that when a = 2, the Ornstein- 
Uhlenbeck process and the reverse Omstein-Uhlenbeck process are the same 
process. (One can also verify this fact by computing the autocovariance function.) 
It turns out that these two processes are different when 0 < о < 2. To see 
this, let X, and X» be, respectively, the Ornstein-Uhlenbeck and the reverse 
Ornstein-Uhlenbeck processes. Fixing s < ¢ and using (3.6.2), we have 


E ехр{+(01 Xs) T 0; X (t))} 
= Eexp{il (0; + фе M79) X (5) = &(Xi (t) = e2x,()]Y 
E exp [id (i ()- emat- x (3))) Е Бехр( (8, + 8,709) (s) 


Ш 


s 


t 


-00 


|| 


epf- [1 – eTe) + іе + е9) 


| 


ехр{ - [Ale + Вей, + ве“ 79e] ), 
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where А = 1 — e-9*t-9 and B = |1 + e-2€9-2|-1/7, Hence, the spectral 
measure Гү of the SaS random vector (.X1(s), X1(t)) is given by 


1 —a 
Ti = Ton [Alto + 5¢0,-1}) + B (бв, велеа) + б-в,-ве-эо-ә})|) s 


Similarly, the spectral measure Г; of ће 505 random vector (X2(s), X2(t)) is 
given by 


1 -а 
Г, = Sax [А(би. д} +6103) + B (6(ве-хе–),в) + 5. весео, в). 


Since T, 2 Г», the uniqueness of the spectral measure implies that 
(Xi(s), Xi(t)) # (Xa(s), X2(t)). Therefore the Ornstein-Uhlenbeck and the 
reverse Ornstein-Uhlenbeck processes аге different for 0 < а < 2. 


Example 3.6.5 Well-balanced linear fractional stable motion 
Let M be 505,0 < а < 2, with Lebesgue control measure and consider 


X(t) e (It- z|F- ^ – |51178) M(dz), Coo <t < oo, (3.64) 


where 0 < H < 1, H # l/a. The process X is called the well-balanced 
(symmetric) linear fractional stable motion. (We will encounter other linear 
fractional stable motions in Chapter 7.) 

The process X(t) has two important features. It is self-similar with pa- 
rameter H, ie., for any c > 0, tj,...,ta € В, (Х(еђ),...,Х (сва)) = 
(cB X(t;),...,¢ X(t4)), and it has stationary increments, i.e., for any т € R, 


(X(t) – X(0), -œ < t < oo) = (X(r + t) - X(T), -00 < t < со). 


(See Exercise 3.9.) 

In the Gaussian case o = 2, the process (3.6.4) is known as fractional Brow- 
nian motion. 

To verify that the process X (t) is well defined, we must prove that 


oc 
| |Е— 221/6 — ан“ Маје < оо. 
–ео 
This integral may diverge at (i) z = +оо or at (ii) 2 = 0 or t. As x — oo, the 
integrand behaves like (|z|H 7 !/a-!)o = |z|Ho-!-2, which is integrable since 
Н < 1. As z — 0 or t, the integrand behaves like (|х|#—!/°)® = |z|Pe-!, 
which is integrable since Н > 0. Hence the process (3.6.4) is well defined. 

The process X(t) will be discussed more thoroughly later on, in the context 
of self-similar processes. 
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Example 3.6.6 Log-fractional stable motion 
Again suppose M to be 505 with Lebesgue control measure but assume that 
1 <а < 2. The process 


со 

хе = f (Int-z|-In|z)M(dz) –оо «?« oo, (3.6.5) 
– ес 

is called the (symmetric) log-fractional stable motion. lt is self-similar with 

Н = 1/a and has stationary increments (see Exercise 3.10). The value а = 2 

is also admissible, but then (3.6.5) and (3.6.4) become identical processes (see 

Exercise 3.11). 

Recall that a-stable motion (Example 3.6.1) is also self-similar with H = 1/a 
and has stationary increments (see Example 3.1.3). Log-fractional stable motion, 
however, is a different process. To see this, note that the increments of a-stable 
motion are independent but, by Theorem 3.5.3, the increments of log-fractional 
stable motion are dependent since 


оо 
X(t4-1) - X(t) = / (је 1— z| е) Ма) 
—со 
and the functions In |t + 1 +-|— 1n |I — -| and In [2 — -| — 1n | | do not have disjoint 


supports. 
The log-fractional stable motion will be discussed more thoroughly in the 
context of self-similar processes. 


Example 3.6.7 Real stationary SaS harmonizable process 
The finite-dimensional characteristic function of a real 505 harmonizable 
process (H(t), t € T) is 


Eexp[i(iH(t)) +++ baH (4))) 
- exp[ —% T^ E 0; cos tz) t э 0; sin а) | таг) 
= exo{-a f^ £ 3 80. cos((t5 — tea) m(dz) |, (3.6.6) 
j=lk 


where m is a finite measure on (Е, B) and со = з= fa " (cos $)* аф is the constant 
which appears in Corollary 2.6.5? The simplest way to represent the process 
(H(t), t € T} is through the representation 


H(t) = Re T e** M(dz), t € T, 


Май 


The constant со can be incorporated in m. 
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where M is some complex-valued measure. This representation is defined in 
Chapter 6. 


3.7 Sub-Gaussian processes 


Let (G(t),t € T) be a Gaussian Rot and let А ~ S, /;((cos £8)7/e, 1,0) 
where a < 2, so that Ee-?^ = e-1^", 4 > 0 (see (2.5.2). Assume that the 
random variable А is independent of {G(t),t € T). The 505 process {X(t) = 
AV?G(t), t € T} is a sub-Gaussian process with an underlying Gaussian process 
{G(t),t € Т}. Its finite dimensional projections, (X (t1),..., X(t4)), d 2 1, 
are the sub-Gaussian SaS random vectors introduced in Section 2.5. What kind 
of integral representation does the process {X (t) = A'/2G(t), t € T) have? 

Let (О, F, P) denote the probability space on which (G(t), t € Т} is defined. 
We write (G(t),t € T) = {G(t,w), t € T, w € О) in order to make the 
dependence on c explicit. However, to avoid possible confusion, we use in the 
sequel the letter 2: instead of the letter ш. Now, let M be a SaS random measure 
on (Q, F) with control measure P. The following proposition gives the integral 
representation of X (t). 


Proposition 3.7.1 The sub-Gaussian process {X(t) = A'/?G(t), t € T) has 
the representation 


{x(t),teT} = E = |, G(t, z)M (dz), t € T}, (3.7.1) 
where da = (21219)! /5 with Z ~ N(0,1). 


Remarks 


1. The right-hand side of (3.7.1) is somewhat unusual because Е = Q and 
m = P. Observe that although G(t, x) is not random, M is random, and 
hence X(t) is random. 


2. The integral is well defined because fo |G(t, x)|% P(dx) = E|G(t)|* < oo. 


3. Any N(0, a?) random variable С satisfies 
Са 
E\GI* = E|Z | (0). = asco? 
4. One has (see Exercise 3.12), 


(даје = E|N(0, 1)|* = а Mp (F 221) А (3.7.2) 
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PROOF: Foranyd > 1, t),...,t¢ € T and 0,... , 04 real, 


Eexp{i x s [ow z)M(dz)) 


d 


= exp{- ГА dz 55 3 66 2| Pan} 
j=l 
= exp{—d EP. ува) ) 
а 


|| 
о 
~ 
so 
—— 
l 
“ч 
а 
| = 
N 
SG 
Q 
~ 
СӘ 
= 
М 
2 
~ 
N 
—— 


1 d d a/2 
= expl -|> У, Уго Сб с) ) 


j=l k=l 
d 
= Eexp[i у 76,X;, (3.7.3) 
j=! 


by Proposition 2.5.2. M 


3.8 Sub-stable processes 
The Gaussian process G(t) is stable with index of stability a’ = 2. What happens 


if, in the preceding section, we replace G(t) by a process Y(t) that is stable with 
a’ < 2 and modify A accordingly? 


Let (Y (t),t € T) be a So/S process with a’ < 2. Fix а < a’ and let 


am Sees) t) 


be independent of the process (Y (t), є T}. Relations (1.2.3) and (1.2.4) ensure 
that А has Laplace transform Ее" = exp{ =y}, y > 0. 


Proposition 3.8.1 The process 
X(t) = AV" Y (t), t€ T, (3.8.1) 


is Sa S. 
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РЕООЕ: Foranyd >], £j,..., ta € T, by,.. . ‚ба real, 8 real, 


Eexp[i£ Ухо) 


j=} 


li 


EE exp (i6 A^" У ү) А] 
j=! 


d ^ 
Eexp[-4]03 Y oli) 
p 


| 


а 
exp{ - 19 | urea} (3.8.2) 
j=l 


This is the characteristic function of a 505 random variable. (We use the notation 
IU lle, а € 2 to denote the scale parameter of an a-stable random variable U.) 

Since every finite linear combination of components of {X(t),t € T) isa 
50:5 random variable, the process {X (t), t € T) is SaS by Theorem 2.1.5 and 
Definition 3.1.1. И 


The 505 process X(t) is called a sub-stable process or sub-a-stable process 
with underlying stable process (Y (t), € Т}. It is sub-Gaussian when o/ = 2. 
To find its integral representation, we proceed as in the sub-Gaussian case. Let 
(О, F, P) denote the probability space on which (Y (t), Є Т} is defined, let M 
be а SaS random measure on (О, F) with control measure P and let dpa = 
(E|Z|P)'/? where Z ~ 55:(1,0,0). 


Proposition 3.8.2 The sub-stable process X(t) = AV*'Y(t),t є T has the 
representation 


{х(@, e T) 5 (az). ү. Y(tz)M(dz), t e Т}. (3.8.3) 


PROOF: Proceeding as in the proof of Proposition 3.7.1 , we have 


Ш 


Bexpidz w J Ууу t 2) (s)) "3. er) 
Qa j=l 


wf- orei} 


by (2.8.1), which is equal, by (3.8.2), to E exp{i 3% 0;X(t;)}. W 


j=l 


Џ 


Remark. The process {X (t) = fa W(t,z)M(dz), t € T} is well defined for 
any stochastic process {W (t), t є Т} defined on (О, F, P) with EJW (£)|^ < оо, 
and for any o-stable random measure M on (О, F) with control measure P. The 
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random measure M does not even have to be symmetric. The resulting process 
(X(t), t € T) will then be a-stable, but it is not in general in the form APW (t) 
where А is a random variable and p is a real constant. 


3.9 Series representation for a-stable random 
measures 


The series representation described in Section 1.4 for one-dimensional o-stable 
random variables can be extended to a-stable random measures, and it indicates 
that a-stable random measures have essentially a “discrete” structure. 

Let M be an a-stable random measure on (Е, E) with finite control measure 
m and skewness intensity 2(-). Denote by M the normalized measure 


~ m 
m= — 


m(E) 


Let {I}, T2, ...} be a sequence of arrival times of a Poisson process with unit 
arrival rate, and let {(Vi, y1), (V2, 72), - - -} be а sequence of i.i.d. random vectors, 
independent of {Г\, L2, . . .), such that У; has distribution 71 on E and 


1+ (М). 


(ъ=) ei rue ip) = 52 


We have the following: 


Theorem 3.9.1 


(M(4),Ae£) = 


{(Сатц(Е))!/° > [arem € A) - of јата +na, AEE} 


i=l 


(3.9.1) 
where Ca is given in (1.2.9), 
0 фо<а<1, 
Ње) = je z? sing dr if а= 1, 


zu 4-179) ifl1«a«2, 


and 


0 fa#l, 


210(2т(Е)) Ј, В(х)т(ӣх) ўа = 1. 


ПА = 
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PROOF: Fix A € E and let W{*) = уЦИ € A), i = 1,2,.... Clearly, 


wi), i = 1,2..., is a sequence of i.i.d. random variables taking values —1, 0, 1 
and satisfying 
Бру = P(V; є A) = m(A), 


ЕЖ = | кои = гума) 
А 


/, [Pin = ЦИ = 2) – Pm = - ПИ x] (d) 


у, B(z)i (d) 
A 


and 
EW! in|wh)| = ЕИ, € Ати € A) =0. 
We apply now Theorem 1.4.5 to conclude that the series 


oo 


Yo hai e А) - i В(2) (а) 


i=l 


converges a.s. to a 5, (c4, Ba, 0) random variable with 


а _ #04) 
бд = C. , 
and 
g,- EM ye _ EWO _ Ј. Ва) (аз) _ Sa B(e)m(ae) 


ЕЛИ) E ЕГ [е С ТА) m(A) 
Hence, by Property 1.2.3, the random variable 
М(л) = (Cam(B))"/" у [ит t e А) - 2 f. бааа) + па 
i=l 
(3.9.2) 
has a Sq(@a, 4,0) distribution with 


сд = (Cam(E))o% = m(A) 


and 

__Ј, В(х)т(ӣт) 

Е m(A) ` 

To see that it has zero shift when œ = 1, note that Сү = 2 and that 74 ex- 
actly compensates for the shift induced by the multiplicative constant Cy m(E). 
Therefore М(А) 4 М (А) for each A € £. 


Ba = ВА 
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We now prove that 


(M(A),..., M(Aa)) = (M(A)), ..., M(A4)) (3.9.3) 
for disjoint sets Ay,..., Да. Let 01,... , ба be real numbers. By (3.9.2), 


d Г 
У 0, М(А)) 
jet 


co d d 
= (Cam E)" V^ haz Ме S^ ө (И, e Aj) — К $76; / ваа) 
j=l Aj 


i=l j=l 


d 
+ У. ду ПА; - 
j=l 


Let Wi = a 031 GIV: € A) = 3:54 Wi, 4 = 1,2,.... Then the 
sequence {W;, i = 1,2,...) is a sequence of i.i.d. random variables satisfying 


d 
ye; PV є Aj) 


Е |“ = 

j=! 
d 

= J IG m(A;), 
j=l 
К 

EW) = УЯ Е((м8;)<°> и = х)їйї(йх) 

1=1\°4з 
а 

* j Ј вета) 


d 
Ew, = 306 бшш), 
and 


d d 
KEW [И = Уууу? ју ои) 
ј=! j=! 


d d 
= EY owi? mjw” = У 7616; d B(z)f(da). 
j=! j 


j=l 
Applying Theorem 1.4.5 again, we conclude that the series 


oo 


d d 
»» Yat e a) i Ј seen) 


i-i j=! 


148 STABLE PROCESSES AND INTEGRALS 3.9 


has a 5, (ст, Ву, zi) distribution, where 


А у GRA) 
oY = у и 
У) 0277 Ja, B(z) (dz) 
b = Ер 


x le; jl? ™(A;) 


$5 gro? n B(z)m(dx) 


33 10;|*m(A;) | 


and 
ifo 1, 


0 
ш = 
= 0; In |8, | fA, 8 (z)f(dz) Жа=1. 
Hence, by Property 1.2.3, pare 6,M(A;) ~ 5, (22, 82, из), where 
а 


оў = (Сот(Е)јсв = >: 10318 m(A;), 


Po fA, 8(z)m(dz) 
Ya |еует(А) 


0 if o #1, 
ш = | x 
-$ X2 01116,1 fa, B(z)m(dz) Ма = 1, 


В = В; = 


and 


since C, — 2. Recalling that M is independently scattered and that each M(A) 
is o-stable with scale parameter M ( A)'/^, skewness m(A)~! f, B(z)m(dz) and 
zero shift, we obtain by Property 1.2.1 that 


d d 
У ОМА) = У 0) МА). 
j=l j=l 


Since this is true for any real @),...,@2, we conclude that Relation (3.9.3) holds 
for disjoint sets A;,..., Ag. Because of the additivity of M and of M (for M, see 
(3.9.2)), Relation (3.9.3) also holds for non-disjoint sets A;,..., Ag, concluding 
the proof of the theorem. li 
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3.10 A third definition of stable stochastic integrals 
using the series representation 


Let M be an a-stable random measure with 0 < a < 2. The series representation 
for M given in Theorem 3.9.1 shows that the measure M is the sum of two 
components; a random component consisting of signed random point masses 
"Гу us placed at random points V;, and a non-random component proportional 
to the signed measure m,(dz) = O(x)m(dz). The non-random component is 
absent when 0 « а < 1 and is equal to zero when M is SaS. Therefore, 
if f is an integrable function, its integral I(f) = fj f(z)M(dz) should have 
a representation as a series whose terms are the sum of two components: a 
random term equal to yil; Ша f(V;) and a non-random integral proportional to 
Je f(z)ms(dz). The following theorem states that this is indeed the case. The 
proof is similar to that of Theorem 3.9.1 and is left to the reader (see Exercise 


3.14). 


Theorem 3.10.1 Let (E,E,m) be a finite measure space and let M be an a- 
stable random measure with 0 < a < 2, a finite control measure m and skewness 
intensity B. Let (Гл, V2, ...) be a sequence of arrival times of a Poisson process 
with unit arrival rate, and let {(Vi, 1), (V2, 72), . ..] bea sequence of i.d. random 
vectors such that V; has distribution 7 = m/m(E) on E and 


1+ B(Vi) 


Py = ЦИ) = 1- Рн = - IM) = === 


Assume also that the sequence {(Vi,71), (Vo, 75), . . -} is independent of the se- 
quence (T1, T», ...). 
Then, for any function f € F (defined by (3.4.1) and (3.4.2)), we have 


Қр  s(f), 


where S(f) is an a.s. convergent random series defined as follows: 
()рро<а<1, 


SP) = (С.твујуг У ит, У“ ЈИ), 


i=l 


where Ca is given in (1.2.9). 
(ii) If а= 1, 


sto = 2 prz sevo К двата] + ny, 
i=! 
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where of? ts given in (3.9.1) and 


СЕЧЕ Е)) [se o(a)m(ax) (3.10.1) 


(iii) If 1 < а <2, 


SU) = (Стив) УС prz fy) - ie | (з) (а) (аз), 


i=l 


(а) ; 


where b; is given іп (3.9.1). 


We refer to S( f) as the series representation of the stable stochastic integral I (f). 
It is clear that S(f) is linear in f Є F. Therefore, for any f1,..., fa € F and 
any real numbers 4),..., Aa, 


d 
Yast) = ғ (2: E =I (San) = $76.1 (fk). 
k=1 


We then immediately obtain the following: 


Corollary 3.10.2 If fi, fo,...,fa € F, then 


EDE) <- I2) = GUI, S(f2),...,S(fa)). 


The strength of this result allows us to regard S( f) as an additional definition of 
stable stochastic integral. 

Specifically, consider a finite measure space (Е, £, т), a measurable function 
B : E — [-1, 1 and a measurable function f : E — R satisfying 


/ \/(к)[°а < co, 
E 
and also, if a = 1, 
f 1702) in |f(2)|) B(x)|m(dx) < со. 


We then define S(f) as in Theorem 3.10.1 and call it the a-stable integral of 
f. The measure m is called the control measure and the function £ is called the 
skewness intensity of the integral. Corollary 3.10.2 implies that this definition of 
stable stochastic integral is equivalent to the definitions given in Sections 3.2 and 
3.4. 
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Example 3.10.3 Here, we use the series representation of stable stochastic inte- 
grals to gain insight into the structure of Lévy a-stable motion. 

Let (X(t),0 € t < 1} be standard Lévy o-stable motion on (0, 1], i.e., with 
Хи) ~ S,(1, 8,0). Example 3.1.3 shows that 


(X(5,0stx1) & q 1a (2)M (dz), 0 << 1], 
0 


where M is an a-stable random measure on ([0, 1], 8) with Lebesgue control 
measure and skewness intensity G(x) = 8. Therefore Corollary 3.10.2 implies 
that, forO < а < 1, | 


оо 
{x(t),0<¢<1}4 {ove wr" <1), 0<tsih; 


i=l 


fora = 1, 
{x (),0«t«1) £ {2 D грал < 2)-6 +602 1 n=,ose<i}; 
and for 1 < а < 2, 


. | 
(X(9,0 « t«1) = {oye у ur; "10, < 5) - вије), o << 1), 


i=] 


where (71,7, · . -} is a sequence of i.i.d. random variables satisfying 
Р( = 1) =1- Р(у = –1) = ——, 


(T T2, ...) is a sequence of arrival times of a Poisson process with unit arrival 
rate and (U,, U2, . . .) is a sequence of i.i.d. random variables uniformly distributed 
on [0, 1]. These three sequences are independent. Finally, the constants к) аге 
given by (3.9.1). 

This means that we can regard a-stable Lévy motion with 0 < o < 1 and 
So S Lévy motion with any 0 < а < 2 as pure jump processes. The instants 
Uis of the jumps are distributed uniformly over (0, 1], the direction of a jump (^) 
is upward with a probability 1+8 and downward with a probability 1-8 , and the 
height of the jumps viewed in кы order is distributed as the — 1 /a power 
of arrival times of Poisson process with unit arrival rate. In particular, Гү А Vo is 
the height of the highest jump, Г Ve is the height of the second highest jump 
and so on. The terms HU; < t), i = 1,2,..., indicate which jump sizes have 
occurred by time f£. 

Non-symmetric a-stable Lévy motions with 1 € o < 2 can be regarded as a 
pure jump process with a linear deterministic trend. 
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In the symmetric case, we have 


Corollary 3.10.4 If M, in Theorem 3.10.1, is SaS, 0 < a < 2, then for any 
JEF, 


oo 
d = 
IU) È (Cim (E) Vor; "^ ДИ), (3.10.2) 
i=} 
where {є;,ї 2 1} isan i.i.d. sequence satisfying P(e; = 1) = P(e; = —1) = 1/2, 
independent of {T;, i > 1} and (Vi, > 1}. 


3.11 Condition S 


An important modification to the series representation for SaS processes given in 
Corollary 3.10.4 is obtained by replacing the Rademacher sequence {єү,єз,...} 
by the sequence (d! G1, 42! G2, .. .} where G1, Go, ... are i.i.d. standard normal 
random variables and E|d; !G;|* = 1. This is, of course, permissible by Theorem 
1.4.2. Now, dg = 22/25- V? p( S41) by (3.7.2). If Ca is as in (1.2.9) and 


Cl, = °С, = 279/42 (г(===)) TOn, (3.11.1) 


then = 
I(f) = (Cym ENY У бг; '/° (v). (3.112) 
i=] 


Consider, now, a Sa stochastic process represented as 


{X(t) = f f(x) M(dz), t € T). 


Arguing as in Corollary 3.10.2, we obtain 


{X(t), teT}4 [Cim Y ea; A, te ту. (3.11.3) 


i=l 


Now view the series on the right-hand side of (3.11.3) as defined on the prod- 
uct of two probability spaces: (Qi, Fi, Pj) on which the Gaussian sequence 
(С, G»,...) is defined, and (Q5, F2, P?) on which the sequences {Г,,Гә,...} 
and ЧИ, V5,...,) are defined. Therefore, if we “fix” the values of Гу, j = 
1,2,..., and Vj, j = 1,2,..., the series on the right-hand side of (3.11.3) be- 
comes a series of the form {У A:(t)G:, t € T}, which represents a zero mean 
Gaussian process on the probability space (Q, 71, Ра). We obtain, therefore, the 
following: 
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Proposition 3.11.1 Let M be a SaS random measure оп (E,£) with a finite 
control measure т. Let f, € L%(m), t € T. Then the SaS stochastic process 
X(t) = fe fi(x)M(dz), t € T is conditionally centered Gaussian, i.e., it is a 
probability mixture of zero mean Gaussian processes. 


This statement allows us to relate SaS processes to Gaussian processes whose 
structure and properties have been extensively studied. 

In Section 3.7, we introduced the sub-Gaussian 50:5 processes. These аге 
processes of the form (X(t) = AU?G(t), t € T) where G(t) is a centered 
Gaussian process. It is, therefore, obvious that sub-Gaussian SaS processes are 
conditionally centered Gaussian. Proposition 3.11.1 implies that not only sub- 
Gaussian SaS processes but also many other 505 processes are conditionally 
centered Gaussian; in fact, all 505 processes that can be represented in the form 


{X(t), te T) = { f, f(x) M (dz), t € т}, m finite, (3.11.4) 


where M is a 505 random measure on ( E, £) with a finite control measure m. 
But how general is the class of SaS processes {X(t), t € T} that admit the 

representation (3.11.4)? This class turns out to be very broad. We will spend the 

rest of this section discussing 50:5 processes that admit representation (3.11.4). 


Definition 3.11.2 Let {X(t), t € Т} be a stochastic process. We say that it 
satisfies Condition S if there is a countable subset To C T such that forevery t € T, 
X(t) is a limit in probability as n — оо of sums of ће type 577 аза X (а), 
for some ај, € R, tjn € To, j = 1,...,n, and some n = 1,2,.... 


Remarks 
1. The letter “S” stands for separability. 


2. Condition S is equivalent to separability in probability, i.e., to the following: 


“There is a countable subset Tg C Т such that for every t € Т, X(t) = 
plim, „со X (ёк), where і, € To, k = 1,2,.... " (see Exercise 3.21.) 


3. We will see in Chapter 13 that all SaS processes satisfying Condition S do 
admit the representation (3.11.4). 


We are now ready to present an undoubtedly partial list of SaS processes 
that admit the representation (3.11.4). For convenience, we present this list in the 
following: 
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Proposition 3.11.3 А 505 process {X (t), t € T) admits the integral represen- 
tation (3.11.4) if it satisfies at least one of the following conditions: 

(i) (T, d) is a separable metric space, and there is a countable subset T, C T 
such that (X (t), t € T\T;} is continuous in probability. 


(ii) (X(t), t eT) = (Ја qx) M'(dz), t € T), where М' isa SaS random 
measure on (E',£") with a o-finite control measure. 


PROOF: We first show that if (X(t), t € 7) satisfies Condition (i), then it 
satisfies Condition S. Since (T, d) is separable, we can choose a countable set 
Т С T such that for any t € T, there is a sequence {t,}2°, in T» such that 
d(t,t) + 0 as k — oo. Since (X(t), t € T\T;} is continuous in probability, 
for every t € T — Ту, X(t) is a limit in probability of (X (sy)), sk € Th, k = 
1,2,.... Hence, for every t € T, X(t) is a limit in probability of {X(s,)} 
where Sk, k = 1,2,..., belongs to the countable set Ty = Ty U Tz. The process 
{X (t), t € T}, therefore, satisfies Condition S. As noted in the preceding remark, 
this implies that the process admits the representation (3.11.4). 

Suppose, now, that { Х (t), t € Т} satisfies (ii). Let m' be the control measure 
of M’ and let А), Аз,... be a partition of E' into £'-measurable sets such that 
0 < m'(A;i) < oo, i = 1,2,.... We now apply Proposition 3.5.5 to conclude 
that 


1Х (0), + ет) 4 " gi(z)r(z)M(dz), t € T}, 


where, r(x) = (2'm’(A;))'/* if z € А;, and M is a 505 random measure on 
(&', £') whose control measure m(dz) = 2" (пу(А,))-!т(ат), те Aij, isa 
probability measure. This completes the proof. Mf 


The class of SaS processes described in Proposition 3.11.3 is broad enough 
to cover virtually every 50:5 process that we will encounter in this book. 


Counterexample. Let X(t), t € [0,1], be iid. (non-degenerate) SaS ran- 
dom variables. The process {X(t), і є [0, 1]} is well defined since its finite- 
dimensional distributions exist and form a consistent family. It clearly does not 
satisfy Condition S. One can also check directly that it does not have representa- 
tion (3.11.4) with finite (or c-finite) control measure since, if it did, the supports 
of fa, t € [0,1], would all be disjoint and also have positive measure, which 
is not possible. Nevertheless, this process (.X (2), t € [0, 1]) is conditionally 
centered Gaussian since it can be represented as X(t) E cy A(t)G(t), where 
A(t), t € (0, 1], are iid. and G(t), t € [0,1], are i.i.d. standard normal random 
variables independent of the A(t)s. 
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3.12 A fourth definition of stable stochastic integrals 
using a Poisson representation 


Let M be an a-stable random measure on (E,£) with control measure т (not 
necessarily finite) and skewness intensity 2, and let f be any element of the space 
F defined in (3.2.1). Our goal is to represent the a-stable stochastic integral 
I(f) = fg f(z)M (dz) as an integral with respect to a Poisson random measure 
N on E x Ro, where Ro = R\ {0}. 

Note that f € F implies that the control measure т is o-finite on the е support 
of f because fp |f(z)|^m(dz) < oo implies т(Е;) < oo where E; = {z : 
27i < |f(z)| < 27**!), i = -00,...,+00. We will therefore assume сай 
loss of generality, that the control measure m is c-finite. The o-finiteness of m is 
an important requirement in the following construction of the integral. 

The heuristic idea is to let 


N (dz, ди) = number of randomly placed points in dzdu , z € E, u € Ro, 
(3.12.1) 

have a Poisson distribution with a mean n(dz, du) — EN(dz,du) adequately 
chosen, and to express M, in the case a < 1, as M (dz) = Jr uN (dz, du), i.e., 
as the sum of the heights of all the points located within a strip dz in E. The 
situation is more delicate when 1 € o < 2 because № has “too many” small jumps 
and the integral А uN (dz, du) diverges. It is then necessary to “compensate” 
adequately for the jumps. 

We start with a formal definition of a Poisson random measure. Let (5,S,7) 
be a measure space and let Sp = {A € S : n(A) < оо}. 


Definition 3.12.1 A Poisson random measure N on (5, 9, тп) is an independently 
scattered o-additive set function N : So — £°(Q) such that, for each set A in So, 
the random variable N ( А) has a Poisson distribution with mean n(A), i.e., 


P(N(A) = К) = ena ANE, k=0,1,2,..., 


n is called the control (or mean) measure of N. 


Note that this definition is analogous to the definition of an o-stable random 
measure given in Definition 3.3.1. The only difference is that the distribution 
is Poisson instead of a-stable. The fact that the Poisson distribution is integer- 
valued makes Poisson random measures somewhat more intuitive than their stable 
counterparts. Think of a Poisson random measure ЈУ as a point process on 5: for 
each А € So, N(A) can be regarded as the (random) number of points belonging 
to А (see (3.12.1)), which is why ЈУ is also called a counting measure. Then every 
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realization of N is a (non-random) discrete measure on S and the integrals with 
respect to N can be defined for each realization. As all the measures involved 
are discrete, the integrals, in fact, are sums. Thus, in a sense, the idea of Poisson 
representation of stable stochastic integrals has much in common with the series 
representation of these integrals developed in Section 3.10. 
Set S = E x Ro and choose 
(14 B(z))m(dz) т if u > 0, 
n(dz,du) 2 EN(dz,du) — 
(1— B(z))m(dz) iar ifu < 0, 
(3.12.2) 
where m and f are, respectively, the control measure and skewness intensity of 
the o-stable random measure M. | 
Let E;, i = 1,2,..., bea partition of E into £-measurable sets of finite 


measure m, let 6 > 0 and let (—6,6)* denote the complement of the interval 
(—6, ô). | 


Theorem 3.12.2 (Poisson Representation). The o-stable stochastic integral 
ЦР) = Je f(x) M (dz) has the representation: 
(a) 0<а<1: 
-1/ 
кр“ (г-га — су) cos =) ў || || f(x)uN(dz,du). (3.12.3) 
2 E JR, 


(b) 1<а<2: 
I(f) E Gc Ces "y 


«in. (ff T f(z)uN(dz, du) — ғ | J. m f(z)uN(dz, 2 
(3.12.4) 


1) $ т; X ye 1 UN (dd) 


2 (5) f. f „га“ тав) - 7 | rotta) (3.12.5) 


0 i621 
iim 
5 | ink f6<1, 


where 
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and 


CO ш: — < 
b=Inz +f SMET EAE us = bk 
0 u 


The expressions on the right-hand sides of (3.12.3), (3.12.4) and (3.12.5) converge 
as. 


Remarks 


1. As mentioned above, the stochastic integrals with respect to a Poisson ran- 
dom measure М are defined as sums: for a measurable set A СЕ x Ro 
and a measurable function g : A — R, we have f, g(z, u)N(dz, du) = 
Уа lal(Xi, Vi))g( Xi, Ui) whenever the series converges absolutely, 
where ((X;,U;), ¢ = 1,2,...} is an enumeration of the points of the 
random measure N. 


2. If m(E) < oo, then set E, = E and E; = Ез =... = 0. 


3. When 1 < а < 2, the integrals on the right-hand side of (3.12.4) can be 
written fe, fe-s aye f (z)uN(dz, du), where N = N – EN =N — n. 


4. Whena = 1, 
2 (по 1) [А F(a) B(a)n(da) = y | || NEL 
To verify this, use (3.12.2), In 1 = ЈУ u Ци € I)u^?du and write 
2 ® f(z)B(z)m(dz) = ја (Гад +8(2)) +(– FG) – 6) та). 


We cannot replace 2(1п-. 2) f, е, J (2) 8(z)m(da) on the right-hand side of 
(3.12.5) by fr. f, s. f(z)u n(dz, du) because 


F u n(dz, ди) = (1 + B(x))m(dz) 5 5 ze 
6 6 


5. To understand heuristically why the Poisson integrals in the theorem are 
well defined, recall that the Poisson random measure N (dz, du) has control 
measure n(dz,du) = EN(dz,du) < 2m(dz) ја Fix a strip dz and 
consider the dependence on u. The mean density of points [u|- ^7! tends 
to infinity as |u| — 0. For a > 0, the mean number of points in (—а, ay, 
Јара 0, du) < 4m(dz) [i^ u-*-!du is finite. There are therefore 
only finitely many points in the strip (dz, |u| > a) and the integral on N 


158 STABLE PROCESSES AND INTEGRALS 3.12 


with respect to |u| > a is, in fact, a finite sum. Now consider the strip 
(dz, |u| < а). | 

When с « 1, the expected sum of absolute heights of the points in 
(-a,a), f2, |uln(dz, du) € 4m(dz) fy и“ "аи, is finite. This is why 
we can use a Poisson integral with respect to N in (—a,a) when o < 1,5 
When 1 < a < 2, у |u|n(dz, du) is infinite, but ЈЕ ита т, ди) < 
4m(dz) fo ui edu is finite. This is why we can use a Poisson integral 
with respect to N = У - EN = N – nin(-a,a) when I Sa <2.’ 


Observe that when 1 < а < 2, the Poisson representation in (3.12.4) 
involves N, even оп (—a, а)°. This is valid because 


ul(|u| > аја = и (ји > a)dN — ul(|u| > a)dn 
and ўе |u[n(dz, du) < 4m(dz) [?° u-? du is finite when a > 1. 


The proof of the theorem uses the following construction of a Poisson random 
measure on E x (6,00), 6 > 0. 


Lemma 3.12.3 Let (E,£, р) be a finite measure space, 0 < a < 2 and 6 > 0. 
Introduce 


І. 2,,25,..., E-valued independent random variables with common law 
& = ШЕ). 
2. ү,15,..., real-valued independent positive random variables with distri- 
bution 
SATI [АР б, 
P(Yi»A)z (3.12.6) 
1 otherwise. 


ЧЕ N is a Poisson random measure on (S, S, n), then the Poisson integral fs g(s)N(ds) is 
defined for all measurable functions g satisfying ds |9(5)| (45) < oo. See Exercise 3.22. By the 
same exercise, the characteristic function of fs g(s)N(ds) is 


Bes f stan) =ef [е - уд) | 


and |еѓ22(9) — 1] < |@g(s)]. 
TThe Poisson integral ГА 9(5) N (ds) is defined for all g satisfying Js g^ (s)n(ds) < оо because 
the characteristic function of f. g(s) N (ds) is 


соја | too) = со [| tee -1  i8g(s)]n(as) } 


and |е?) — 1 — i6g(s)| € 18*g"(s). See Exercise 3.23. 
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3. D, а Poisson random variable with mean ED = a716-p(E). 


Assume { 7; }, {Ү; }, D independent. Then the points (Z;,Y;), j = 1,..., D, 
are a realization of a Poisson random measure N on E x Ер with control measure 


| d 
EN(dz, dy) = ud) TF Цу > ô). 
PROOF: Let A;,..., An be disjoint measurable sets in E x Ro and let 


D 
МА) = У 14, (Zr, Ye) 
к=1 


denote the number of points (Zk, Yx), k = 1,...,D, in the set Aj. Then N 
is a counting measure and М(А)!),..., N(A4) are independent Poisson random 
variables because they correspond to a splitting of the Poisson number of arrivals 
D. То compute the control measure of №, note that 


EN(A) = (ED)P((ZuY) € A) 


a7!87^4(E) Í Цу > јаве у C+ a (dz)dy 


| 


| 


f Цу > бут" u(dz)dy. W 
А 


The proof of Theorem 3.12.2 proceeds by splitting £ into subspaces E; with 
m(E;) < оо, defining for each 7, two independent Poisson random measures, one 
on E; x (6,00), the other on E; x (—oo, —6), and showing that the right-hand 
sides in Theorem 3.12.2 converge a.s. as 6 — 010 a random variable which has 
the same distribution as (f). 


PROOF OF THEOREM 3.12.2: 
(а) O< acl: 


Set J(f) = fr fe, f(z)uN (dz, du). If (Xx, Ue), k =,0,1,..-, is an enu- 
meration of the points of the Poisson random measure N, then 


J(f) = (Ху). 


k20 


Our first task is to show that 


H(f) => ЈИ ИС) < oo a.s. 


к>0 
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It is obviously sufficient to consider the case (ж) = 1. Then n(dz, du) = 0 for 
u < 0 by (3.12.2) and hence Up > 0. We can write 


H= у, UKXA Уу МС (127) 
k:(Xk ИВА, MEL k(X Uk) € Bo. 


where A, = {(z,u) € ExR* : ulf(x)| > A}, А > 0, and By = 
Ag+- Ау, J = 1,2,.... Observe that 


du 
| [mem 
со 
af таа) f u- (teu 
E A|f(z)17' 


2 ~iva a d 
атте | (аца) 
= СА, (3.12.8) 


(Ау) 


and n(B;) = C((j-- 1)® — 3°), where C = 2a7! [„|}(х)|®т(ах) < оо. Since 
(3.12.8) implies that for almost any realization of №, only finitely many points аге 
in Aj, the first term on the right-hand side of (3.12.7) is finite with probability 1. 
Moreover, if N; equals the (random) number of points in B;, then EN; = n(B;) 


and 
EY) MMS EL ЛА SEN, 
j=l j=l 


је! k(X&,UX)€B; 


oa H а _ са со 
«cy 017-0 € Ca ^ j^^! < со 


j=! jal 


since 0 < а < 1. The double sum in (3.12.7) is therefore finite with probability” D 


1. This proves H(f) < со a.s. and, thus, that J (f) is well defined in the sense of 
а.5. convergence. 
Our next step is to prove (3.12.3). Let 


$5 UF (Xe), #=1,2,..., 


kiX& € Ej 
where Ej, E5,... is a partition of E into £-measurable sets of finite measure m. 
Clearly, Ji (f), Ja(f), . .. are independent random variables and 


oo 


J() = 35 Af) as. (3.12.9) 


isl 
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since Ye \Ji(f)| < H(f) < со. Now choose 6 > 0 and define for each 
121,2, 


Jg) = Pe хьєЕ U> Uf (Xx), 
(3.12.10) 
Jg f) = Meg uL <-s eS (Xx). 
Then J Fi (Р) and Ју (7) are independent random variables and 
A) = lim.) + ЈАР) аз. (3.12.11) 


Now Jii f) is actually a sum over the points of a Poisson random measure on 
E x Ro with finite control measure mg(dz)1(x € Ej)u~"'+% 1(u > 6), where 


mp(dz) = (1 + 8G(x))m(dz). 


Therefore, by Lemma 3.12.3, we can write 


Jal) = EX (3.12.12) 


where (Y, Y2,...} and (Zi, 22,...} are two independent sequences of i.i.d. ran- 
dom variables: Y; has the law (3.12.6), Zy has the law mg(dz)1 5, (x)/mg(E;), 

and N+, is a Poisson random variable, independent of the sequences {Y,} and 
{Zk}, with mean a~!§~%mg(E;). Arguing as in the proof of Proposition 1.2.11, 

we obtain 


Бехривју ()) = exp(a^ 67^ ma(Ei)(BeOM (4) —1)). — (3.12.13) * 


If фу denotes the characteristic function of f (Z1), 


Бехр( ду) f(Z1)) 


f ONC E у“ (+0 дл 
6 


f обе A(t ДА / ei8f ^ mal E) malda) 
5 Е, 


oo 
обе (mg(E;)) ^ || табаа) | gib С) (о) д, 
Ei 6 
Substituting this relation in (3.12.13), we obtain 


E exp(i8J7. ОЭ} = exp А mg во ЈГ (еї#/©)^ _ үуу- оду], 
(3.12.14) 
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In the same way, 


со 
Eexp(i6Jz,(/)) = exp{ 1 m. o(dz) 1 (e 78/690 — ређа], 
Ei 6 
(3.12.15) 
where m. g(dz) = (1—-(x))m(da). By the independence of J$; (f) and Jz, (F), 
(3.12.11) and (3.12.9), we obtain 
Eexp(i0J(f)) 
= ехр{ f mp(dz) || (eff) — 1) A7 пада 
E 0 
4 | m. g(dz) Í (е“'%ајА _ пао а], (3.12.16) 
E 0 
The integrals over À on the right-hand side of (3.12.16) are well known: 


[tearm = тд“ +) ад 
0 


xp Ica) (cos =) јој (је (1 + i sign (0f (z)) tan =) 
(3.12.17): 


(see Feller (1966), p.542, and also Exercise 3.24). Substituting (3.12.17) in 
(3.12.16) and using msg(dx) = (1 + B(z))m(dz), we conclude E exp{i0J(f)} 
equals У 
d -l zu та а a ea та 

exp[ 2a7'T(1-@) (cos > | J, IF (1 isign (f (x)) tan 2 )maz)). 
Hence, J(f) ~ Salaf, 85,0) with 

of = 2a7'T(1 — o) (cos 72) / |/(х)[®т(а), 

E 
and 8; defined as in Property 3.2.2. Therefore, by Property 3.2.2, 
. -1 
Jif) = (га7'ти — a) cos =) I(f). 


(b) 1<а<2: 
Let ЈР) and Jg) be defined as in (3.12.10). We must prove 


И и emm 
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where 
Ў = у= jn - БЛ) + Jg) - ЕЛ). (8-12.19) 


Our first task is to show that the right-hand side of (3.12.19) converges a.s. 
Observe that the random variables Ју (f), i = 1,2,..., Ја(ћ, i= 1,2,..., 
are independent. Relation (3.12.12) expresses J£ f) in terms of {1}, (Zi) and 
Nf. Since а > 1, EY, = D Aa69 A79-1dAÀ = об (а — 1) < oo and 


ESSE) 


ENZEYEf(Z)) 
(a7 67^ ma(Ej) (обо — 1) 6)mpgCE vf f(z)mg(dz) 


(a = 1) !6'-* ГА f(z)mg(dz). 


A similar expression holds for EJ; (f) with 5'- replaced by —6!-? and mg 
by m_g. Define 
ЛАО) = JG) - ЕЛ UD 


and 


Is(f) = 2 TEA) + Jg O)- 


We claim that this series converges a.s. Since it is a sum of independent random 
variables, we need only to prove convergence in distribution. By (3.12.14) and 
(3.12.15), 


Ее X.) = expl h танап) | (90a atda 


Е) 
=ef maalaa) [^ еке — 1 ib f(z)AJ- 922]. 
The exponent in E exp{i0 (7) + 7; (f))) equals 
J тый) J PeO — 1 iO f(a) AATA 


со 
+ / m..g(dz) Í [e FA — 1 + 50 (2) Tt dd, 
Е, 6 


since the Jet f) are independent random variables. 
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With the changes of variables in the inner integrals, и = A|f(z)| and u = 
—A|f(x)|, we obtain 


ш |. |/(ж)|*т(а») [ 7 qe» — 1— ibu 9 du 
C I боје m(dz), 


(A 


1A 


l^ 


where C is a finite constant. Since E = U2, Ер, this implies У)? |А; | < со 
and, therefore, Js (f) is well defined in the sense of a.s. convergence, 


Хр = lim Ji) 


exists in distribution, and 


E exp(i8J(f)) = exp{ | malde) [Гк — 1 = iff (z)XA- 0*9 dA 


ae | ыры ~(14e) 
+ f molda) | [e 1 + i8f(z)A]A- + ах}. (3.12.20) 


То see that J (f) is defined a.s., note that the summands in 
JU) = 33-0) - X50) AGO) (3.1221) 
j=l 


are independent random variables and hence the convergence in distribution of 
the sum implies a.s. convergence. 

It remains to prove (3.12.18). To do this, we need to compute the integrals in 
(3.12.20). An integration by parts of (3.12.17) (see Exercise 3.24) gives 


f (eter = c iüf(z)3)A-U*9)dÀ 
0 
= -lefí(z MN RC LI LI (- cos =) (i F ? sign (8f (z)) tan =). 


Substituting this relation in (3.12.20) and using m+g(dz) = (1 + 8(z))m(dz) 
yields 


Eexp{i0J(f)} = 

г(2 – dre; "a 
eom (cos T) јаје f |/(т)|® (1 — isign (0f (z)) tan T та) |. 
Hence, ДЈ) ~ Salaj, 85,0) with оў = 2209 (— cos яа) fg | (z)|*m(dz) 
and В; is defined as in Property 3.2.2. Therefore Property 3. 2.2 implies Relation 
(3.12.18). 
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(с) al: 

Because the main steps are the same as in the case 1 < a « 2, we consider 
only differences in computation. Once more, let J, H ;(£) and J; ,(f) be defined as 
in (3.12.10). We must prove 

а ls, 2b 
Ig) (оца), (3.12.22) 


where this time 


Дл = lim У (250) + Ја) = 2 (I 3 5) J, леда). 


i=l 
(3.12.23) 
Define 


FEP = JE) F 0.579) f HEO = le) т) 


апа Js(f) = SEHR + (Р). We firstly prove that this sum converges 
in distribution and, hence a.s. We have 


Eexp(i£Jz.(/)) = (Ја + 8(2))т(ах) үн — 174A 


ibn. 5°") f дада Br)m(dz)) 


- ехр{ j: D + B(z))m(dz) f gero = 1c i0f(r)]Ai(A < Da 


since In, 67! = ЈУ А-А € 1)dA. The exponent in Eexp{io(Ip,(f) + 
Jg. (£))) equals 


ЈЕ m(dz) i et f(z) efi _ 2)А аА 
+ / B(z)m(dx) f [ез fA _ e7:916^ — 208 (z)A1(A < JATA. 
Ei 6 
This can be expressed as А; + В;, where 


А; = af m(dz) [ estero — 1A7?2A, 


=> || B(zm(dz) f ^ in(8/(2)3) — 8/(z)A1( < ЈА 24А. 
E 6 
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Now with the change of variables и = |0 f (z)|A in the inner integral, 


|Ai| < 2|8| / |f (z)Im(dz) if [1 — соѕш[и 24и, 
Е; 0 Н 


i. 281. EBEL), 


where, for 6 < 1, 
со 
L(f(r) = J [sinu — ші (и < 1)|u?du 
0 


+ ЈГ чи €1)-1(u € јој (2) |u?du 
0 


1 
C+ TR u7!du| < C + | mtf 
for some C « oo, so that 
8:1 < 2010] || |f(x)|m(dz) + 2101 / |/(ж)8(ж) In | f(z)]|m(dz). 
Ei Ei 


E = |, E and (3.2.1) imply ZZ, (|А | + |B;|) < oc. Therefore (Р) is 


i=l 
well defined in the sense of a.s. convergence, J(f) = lims_.o Je( f) exists in 
distribution and 


Eexp(i6J(f)) 
= ехр{ -f m(dz) [^ — cos(0 f (z)A)]A 2А © 
E 0 
+ [ a(z)m(az) [sineren — 6f(z)A(A < лах}. 


(3.1224) 


~ 


Since (3.12.21) holds also when а = 1, we conclude that J( f) is defined a.s.. It 
remains to evaluate the integrals in (3.12.24). We have 


|| У [И — cos(8/(2)X)]A^dA = је (2)| f "UE — сози)и-2йи = Ziele) 
0 0 
and 
|| "'sin8/(z)3) – 6f(z)1( < JA" dA 
0 


= Of (z) ў акы – иЦи < |8f(z)])]u аи 
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= 6f(z) ПЕ — ul(u < I)]u^?du 


2 и“ пи < 1) - 1(u < JOf (z)[]du 
0 


= 6f(z) (a + ИЕ иа) = 6f (z)(a — In [/(2)), 


where 22 
а = || [sinu — и (и € 1)]u?dv. 
о 


Substituting the preceding relations in (3.12.24) yields 
Eexp[i6 340) = Eexp[i03(1)) 
= exe{—l0| | 1004) + а [toon 
-injel | FoB) — | гена аута] 

= exp[-c;l8I1 + ibr In |8|} + 19) 

where of = fp |f(z)|m(dz). 8; is defined as in Property 3.2.2 and 
2 2 

by = z+ ma) f f (z)8(x)m(dz) ~ = | rese In |f (z)|m(dz). 


Hence, iJ(f) ~ Si(o p, Dg, шу). Property 3.2.2 implies Relation (3.12.22). Ш 
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Exercise 3.1 Let F be defined as in (3.2.1). Prove that f Є F implies that the 
support of f is contained in a region of E where m is o-finite. 
Hint: Integrate |f| over 27" < f < 270+), 


Exercise 3.2 Show that the stochastic process (M(A), А € E} with finite- 
dimensional distributions given by (3.3.1) satisfies 


d d 
M(U Aj) => M(A;) as. 
j=l j=l 
for any disjoint A,,..., Aa in £g. (This is finite additivity for a random measure.) 


Exercise 3.3 Show that the set of function F defined in (3.2.1) is a linear space. 
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Exercise 3.4 Prove Proposition 3.5.2 using Definition 2.7.3. 


Exercise 3.5 Find square integrable functions f; and f? such that both (3.5.5) 
and (3.5.6) hold. (This illustrates that Theorem 3.5.3 is false in the Gaussian case 
а = 2.) 


Exercise 3.6 Let M be a SaS random measure оп (Е, 2) with control measure 
m. Show that there is an isometry between the space of all 50:5 random variables 
of the form 


х= | гејм«) 
equipped with the covariation norm and L? (E, E, m). 


Exercise 3.7 Let Ху, X2 be jointly a-stable random variables in R? with o zl 
and let fı and fz be the functions that appear in their integral representation. What 
conditions must f, and f; satisfy if X, is 505, X; is Sas but (Xi, X2) is not 
Sas? 


Exercise 3.8 Let (X;(t), –оо < t < оо} be the reverse Ornstein-Uhlenbeck 
process. Verify that the spectral measure I? of the vector (X2(s), X2(t)), s < t, 
has the form given in Example 3.6.4. — 


Exercise 3.9 Prove that the linear fractional stable motion in Example 3.6.5 is 
self-similar and has stationary increments. To prove self-similarity, use the change 
of variables result given in Proposition 3.5.5. 


Exercise 3.10 Show that the log-fractional stable motion given in Example 3.6.6 
is well defined, is self-similar with Н = 1/о and has stationary increments. ` 


Exercise 3.11 Prove that when a = 2, the log-fractional stable motion (3.6.5) has 
the same autocovariance function as the well-balanced fractional stable motion 
(3.6.4). The process with о = 2 is called fractional Brownian motion. 


Exercise 3.12 Show that (d,)* = E|Z|* = 29/5-V?p(9H) where Z ~ 
N(0, 1). 
Exercise 3.13 Say TUNI а SaS random vector X is. sub-sub-stable if, for some 
0coaco <a’ <2 it is sub-stable, i.e., X = d Al/e'y. and if Y is also 
sub-stable, i.e., Y = 4 ile"? Here A ~ 5 ‘a ја (ДА) 1,0) is independent of 
Y ~ 505 and B ~ S,» | (ag, 1,0) is independent of Z ~ 5а 5. 

(1) Show that а sub-sub-stable random vector is sub-stable. 

(2) Express сс as a function of c4 and св. 
Hint for (1): Show that there is a random variable С ~ Sv ja (90, 1,0) indepen- 


dent of Z such that X = Се Z, Take СУ = АМ Bl/e^ and verify that C 
has the required distribution. 
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Exercise 3.14 Prove Theorem 3.10.1. 


Exercise 3.15 Show that a SaS random vector X in R2, 0 < a < 2, can be 
represented as 


oo 
X £y ar; "^w, 
i-l 


where (ei), (Ti), (УУ; ) are independent sequences, the є;ѕ and Г;5 are defined 
as in Theorem 3.10.1 and ће W; = (W!”,..., W<)s are iid. vectors in R^ 
satisfying E||W;||* < oo or, equivalently, Ewe <o,j=l,...,d 


Exercise 3.16 Let (T1, T», .. .) be a sequence of arrival times of a Poisson process 
with unit rate and let {G;(t),t € T), + = 1,2,..., be iid. Gaussian processes 
with mean zero and independent of (T', I2, . ..). Prove that the series 


X(t) 2 27?" C/^2.* У G()r; ^ 


i=l 


converges a.s. for each t € T and {X (t), t € T} is a sub-Gaussian process. (The 
constant C, is defined in (1.2.9) and da = (EJN (0, 1)|®)!/©.) 


Exercise 3.17 A subset C of a metric space (7, d) is said to be separable with 

respect to d-convergence if there is a countable subset Со С C such that for every 

u € С, there is a sequence {шь}. in Co such that limg—oo d(u, uy) = 0. 
Prove that a subset of a separable set is again separable. 


Exercise 3.18 Show that every non-random function (Ф(%), t € Т}, regarded as 
a (degenerate) stochastic process, satisfies Condition S. 
Hint: The subset (y = (t), t € T) of R is separable. 


Exercise 3.19 Show that a stochastic process (Х (t), t € T} satisfies Condition 
S if and only if the linear span Lx of the process is separable with respect to 
convergence in probability. The linear span Lx is the linear space of the type 
Уа ajX (tj), aj ER, tj ET, ј = 1,2,...,п,п = 1,2,.... 


Exercise 3.20 Let (X(t), t € Т} and (Y (t), t € Т} be two stochastic processes 
defined on the same probability space and satisfying Condition S. Then (X (t) + 
Y(t), t € Т} also satisfies Condition S. 


Exercise 3.21 Use Exercises 3.19 and 3.17 to show that Condition S is equivalent 
to the following, apparently stronger condition, that ( X (t), t € Т} is separable 
in probability, i.e., that there is a countable set 79 С Т such that for every t € Т, 
there is a sequence {t+ )25. in To such that X(t) = риту ,,, X (tx). 
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Exercise 3.22 Let N be a Poisson random measure on (5,5, п), and let g be a 
measurable function: 5 — R satisfying f. |g(s)|n(ds) < oo. Then the Poisson 
stochastic integral Је g(s).N (ds) converges a.s., and its characteristic function is 
given by 


Eexp{ie | g(s)N (ds)) = еХр{ |: (eie? — 1)n(ds)}. 


Hint: The control measure n must be c-finite on the support of g. Parti- 
tion this support into sets А; satisfying п(А;) < oo, so that У „о |g(.X4)] = 
Уо Devo LA (Xr)lg(Xr)l, with {Xx} being a realization of N. For each 
i= 1,2, p devise a construction of N restricted to A; in the spirit of Lemma 
3.12.3, and use an argument similar to the one used to prove that H(f) « oo a.s. 
in (3.12.7). 


Exercise 3.23 Let N be as in Exercise 3.22, and let g this time satisfy 
fs la(s) n(ds) < оо. Then 


[ton = У f, atiam -E / гема) 


is well defined in the sense of a.s. convergence. Here, ( Е; } is an arbitrary partition 
of S into sets of finite measure n. Show that f; g(s)N (ds) does not depend on 
the chosen partition. 

Hint: Argue as in Exercise 3.22 and use the fact that a series of independent 
random variables converges a.s. if and only if it converges in distribution. 


Exercise 3.24 (1) Prove that for 0 « o « 1, 
oo 
| (e^ T ATOH dy 
0 
pem ee a, —l = 7a ERES : та 
= lal^o^ T(1 — а) cos 2 (1 i (sign a) tan 5 ) (3.13.1) 


Hint: Suppose first а > 0 and view the integral as the limit as v tends 
to 0 of fy (e> — l)A-U*9)dA. After integration by parts, obtain 
(ia — ија“! ју ei«*e-"^ X-* dA, an integral proportional to the characteristic 
function of a gamma distribution. Since 


D 1 y ы 
iar i-1,-vz 
—zr ах = М 
n s T(t) e ( — a) 


the right-hand side of (3.13.1) equals -(—ia)^a^!T(1 — а). If a < 0, take the 
complex conjugate. Question: Why introduce v? 
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(2) Prove that for 1 < o < 2, 


ж | cL a 1(2- а) xA та 
ji (e^^ — 1—iaA)A- 0*9) dA = jaj aac s ов 5 (1 (signa) tan ==). 


(3.13.2) 
Hint: Suppose first a > 0, integrate by parts to obtain aio 7! f" (еї — ји“ ди 
and use (3.13.1) to obtain 


аот |a — 1) T(1 = (а — 1)) cos = D (1 — нап == 2j 


„Г2-—а) ла . та 
=a аа) 999 2 (! itan ) 


If a < 0, take the complex conjugate. 


Chapter 4 


Dependence structures of 
multivariate stable 
distributions 


In this chapter we describe a number of properties of multivariate stable distri- 
butions. We start with conditional expectations. Let (X1, X2) be symmetric 
a-stable with 1 < а < 2. We show in Section 4.1 that, as in the Gaussian case, 
E(X2|X)) is linear in X;. In fact, E(X2| Xi) = cX, and the coefficient c equals 
the normalized covariation of X» on Х|. (See Chapter 5 for extensions to a < 1 
and to the case where (X1, X2) is skewed a-stable). 

The analogy to the Gaussian case breaks down if one conditions on more than 
one variable. Suppose that (X;,..., Xn) is symmetric a-stable, 1 < a < 2. Then 
E(X4VXi,..., X41) is usually not linear. It is linear in some special cases, for 
example when X;,..., X4. are independent. If (X;,..., Xn) is sub-Gaussian, 
then, as in the Gaussian case, any random variable in the linear span of Х|,..., Xn 
is linear. 

If (X,,..., Xn) is Gaussian, then the conditional laws are also Gaussian. Un- 
fortunately, very little is known about the conditional laws C(X5,Xi,..., Xa-i) 
when X;,..., X, are jointly a-stable. The conditional law is, in general, not 
a-stable and it is, in general, not even symmetric around the conditional mean. 
We provide in Section 4.2 a necessary and sufficient condition for the symmetry of 
£{X,|X,} around the conditional mean cX,. In the special case where the con- 
ditional law £(X2|Xi) is a-stable, symmetry around the conditional mean cX, 
occurs if and only if X, and X; are linearly dependent, i.e., if Х = cX, ФУ, 
where Y is SaS and independent of X, (Section 4.3). | 

In Section 4.4 we analyze the asymptotic behavior of order statistics. Suppose 
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that X1,..., X4 are jointly a-stable, 0 < а < 2. We show that the tail 
Р{Х > A), k = 1,...,n, of the distribution of the order statistics X 9 
is always asymptotically proportional to A~° as А — oo, i.e., it has the same type 
of asymptotic behavior as the tail of any of the Х;5, j = 1,... ,n. The coefficients 
of proportionality, however, depend on the joint distribution. 

In Section 4.5 we investigate the existence of joint moments of a-stable random 
variables X;,..., Xn, 0 < а < 2. For what (non-negative) exponents pi,.... Ра 
is the joint moment E| X; |” ... |.X;, |Р" finite? If the Xs are independent, then, 
necessarily, ру < œ for all j. If the X';s are all equal, then p 4- : + pn <a. We 
give a necessary and sufficient condition on p;,..., p, for ЕЈХ |Р' ... Х|" to 
be finite when pi, . .., Ра are arbitrary non-negative numbers. 

Association is a dependence structure that has been widely used in the finite 
variance case. Jointly normal random variables, for example, are associated if 
and only if their correlations are all non-negative. The corresponding result in the 
a-stable case, 0 < а « 2, is given in Section 4.6. 

The codifference between two stable random variables was defined in Chapter 
2. We listed there some of its basic properties and noted in particular that the 
codifference is identical to the covariance when а = 2. In Section 4.7, we 
consider a stationary 505 process X = {X(t), t € R} with index 0 <a < 2- 
and study the codifference between X (0) and X(t). We investigate the asymptotic 
behavior of this codifference as the lag # tends to infinity. The codifference always 
tends to zero when the process Х is a moving average. For example, it tends to 
zero exponentially fast if the process is SaS Omstein-Uhlenbeck. 

The mean number of times that a stationary sub-Gaussian process crosses a 
given level u is computed in Section 4.8. It decreases like и ° as и — со. 


4.1 Linear regression 


The regression of a random variable X» on a random variable X; is linear if there 
exists a constant c such that E(.X5| X4) = cX; a.s. The following lemma provides 
a criterion for linearity in terms of the joint characteristic function Ф(61, 62) = 
E exp(i(01 Xi + 05X3)) of X; and X5. 


Lemma 4.1.1 Suppose that E|X;| < оо and E|X2| < oo. Then E(X|Xi) = 
CX, a.s. is equivalent to 


86(,6)| _ 0ó(0,0)] — (4.1.1) 


86 | ӘӘ. leo 


PROOF: Setting (0,02) = E exp(i(0, Х + 0» X3)) in (4.1.1) yields 
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ЕХе = ЕсХуеї®Х! 


for all real 9, i.e., 


A L (стр — 22)e9" dF(z 22) = 0 (4.1.2) 


for all real 0, where F is the distribution function of the vector (X1, X2). The 
left-hand side of (4.1.2), which we denote 2(0), can be regarded as the Fourier 
transform 


oo 
0) = / 20 uldz), —оо < 8 < оо, 
—o0 


of the signed measure и on R! given by 


ив) = | | (em - ағба) (4.1.3) 


Relation (4.1.2) implies и = 0. To verify this, we can appeal to the uniqueness 
of characteristic functions. Indeed, let us write и = д — p2 where шу and до 
are two non-negative finite measures whose Fourier transforms are fì; and До, 
respectively. Relation (4.1.2) implies £i — f2 = В = 0, ie. ij = fa. Now, 
either jj = рә = 0 or neither д nor p» is a zero measure. In the latter case, 
dividing шу and pz by the constant p (R!) = 21(0) = 25(0) = и (IR!) converts 
them to probability measures and we have ш = u by the uniqueness theorem 
for characteristic functions. Hence и = 0. 

Since for any A € o(X|), 


/ веж – хажуар = | (ex - хаар, 
А А 


the condition и = 0 is equivalent to E(cX, — X2| X1) = 0a.s., ie., Е(Ху| Xi) = 
cXj as. B 


As is well known, the regression is linear when X, and X? are jointly Gaussian 
mean zero random variables, and in that case c = EX; X1/EX?. Now suppose 
that X; and X; are jointly SaS with œ > 1. (The assumption a > 1 ensures 
that expectations exist.) The following theorem shows that the regression is still 
linear. 


Theorem 4.1.2 Let X, and X3 be two jointly Sa S random variables.with 1 < 
а < 2. Then 
[X2, x ila 


E(X3|X1) = [х.е 


Х! as. (4.1.4) 
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PROOF: itis sufficient to verify that (4.1.1) holds with с = [X2, Xi] Хуе. 
The joint characteristic function of (X1, X2) is (01,0) = exp(—c?(0,,62)), 
where 

c? (61,05) = ГА 18,51 + 6,5“ T (ds) 


and where Г is the spectral measure. By (2.7.2), 


да“ (81,0 | 
200.6) af 51(#\з1)5°—!>Г(аз) 
1 @,=0 5; 
= a8r^-7|XJl2 
and 
“(01,8 
део (01,8) = a f 31(815,) $?^' ^ T (ds) 
80 0;—0 5 
= ab [X;, Х ја. 
Setting 
ES (Ху, Х Ја 
Walle? 
we obtain 
Oa~(61, 2) = 7^ (01,92) 
065 1-0 90 о 


and, hence, (4.1.1). M 

What about multiple regression? Whereas multiple regression is always linear 
in the Gaussian case, this is not so in the SaS, а < 2 case. Necessary and 
sufficient conditions for linearity are known, but they are complicated. (See 
Miller (1978).) The necessary conditions for linearity given in the following 
corollary can be used to construct counterexamples. 


Corollary 4.1.3 Let Ху, Х2,..., Xn be jointly SaS with 1 < a < 2. If 


E(X4|Xi, ee »Xn-1) -0 Xp asa Xa 8.5., (4.1.5) 
then the coefficients a4,. . . , 4 1 satisfy the system of linear equations 
n=l 
У ах, Хе = [Xn Xa; 39 l,l. (4.1.6) 


i=] 


Moreover, if n = 3 and if X, and X; are linearly independent, then the system 
(4.1.6) uniquely determines the coefficients. 
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PROOF: Set с; = (Xi, X;]a and suppose that (4.1.5) holds. Then, for any 
j2M...,n—-1, 


Tx, = EQGIX) 
су 
= E[E(X,|Xit t Xj Хе ХД 
= E(a, Xi Tc +a;X; Tuc Gn-1X5 1| Ху) 
n-1 
= ajXj t у ЕС) 


izj 


establishing (4.1.6). 
When n = 3, the system has a unique solution unless сүүсуә = С12021, L.e., 
unless 


/ |51[°Г(аз) J ls;|*F (ds) = | па > (45) | зове T (ds). 

5 5 

; | (4.1.7) 
Applying the Hólder inequality to the right-hand side of (4.1.7) yields the left-hand 
side. This means that (4.1.7) is equivalent to sı = As? I-a.e. for some real A, i.e., 
to X, = АХ as. [| 


Remark. When n > 3, linear independence of X, Х,..., Xn-1 is obviously 
a necessary condition for (4.1.6) to have a unique solution. The converse is true 
when n = 3 (Corollary 4.1.3), but is not true when n > 3 (Exercise 4.3). 


Example 4.1.4 A 505 law with non-linear multiple regression 


Let X1, X2, Хз be three i.i.d. SaS random variables with 1 < œ < 2. If 
= +X, =X +% Y = Ху, 


then E(Y3]Y;, Y2) is not linear in Ү and Y2. To show this, we will use Corollary 
4.1.3 and the fact that the covariation is not linear in its second argument. 

Suppose, to the contrary, that E(Y5|Y, 0) = a1 Yı + a2 Y? a.s.. Then, for any 
020, 


[. Yi + 60]. 


(ү + 0Y; 
ји + бије О! + її) 
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= EVY + ӨҮ;) 
= E[E(Y3]Y;, Ү›)|Ү + 0] 
= a) Е(ИЈУ + 0Y2) + a3E(Y;]Y, + 07) 


у + 8Y: 
= (иу, Yi +8} + а, + 8Yo]o) с? 


[и + eY; ja" 
so that 
[Y Yi + 0Y;]a = ai[Yi, Y + 09), + а [УУ +00]. 


Setting cj; = Pn Y;]a and replacing the coefficients a, and a? with the solution 
to the system of equations in Corollary 4.1.3, yields 


[¥3, Yi +00]. 
_ (9102 — спор) (У, Yi + 6]. + (се — сус), У + 60%] 
€11€22 — C21Ci2 k 


All these covariations can be simplified; for example, 


94 + 0%]. 
= [Xi +X, Ху +X T0(Xi + X3)]a 
= |Х (1 + 60)Xi + Xa +0Хз] + [X2, (1 + 6)Х1 + X2 + 03] 
= (1+ 0)%!0% + g?, 


where а“ = [X;, X;]o = ||Xi||£, i = 1, 2,3. After simplification, one obtains 
(140)7!z g (Le 7! 20 y !) 

or (1--8)*7! = 1 + 0^-!, which holds for any 0 > 0 if and only if а = 2. Hence 

E(Y3|Yi, Y2) is not linear in Y; and У; when a < 2. 


The following corollary shows that E(X4|X1,..., Хы) is linear if the 
random variables X,,..., Ха— are independent. 


Corollary 4.1.5 Let Xi,..., Xa- i, Xn be jointly SaS withn > 2 апа | < a < 
2, and suppose that X,,... , Хъ-1 are independent. Then 


Е(Хь\Х\,..., Хал) = У ee Xx 


where 
[Xn, Хк] 


с. = 
раје 
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PROOF: We can assume by the representation theorem 3.5.6 that 
Xk =) fk(z)M(dz), к= 1,...,n, 
E 


where M is a 505 random measure with control measure m and fy є L*(E,m). 

Moreover, since Х|,..., Ху are independent, we can assume that the functions 

ћ,... а have disjoint supports (see Theorem 3.5.3). Therefore there аге 

disjoint sets A,,..., An—ı such that /. (2) = Oforanyz d Ac, к= 1,...,n— 1. 
On one hand, for any k = 1,...,n — 1, 


Е( Й fa (х) M (dz) Xi Хи) 


-s( fa(z)M (dz) | мм, j= snc 
Ак А, 


=E ( fe (2) M (dz) 
Ак 


| fe(z)M а) (independence) 
Ак 


= a | Р(х) М(х) (Theorem 4.1.2) 
Ак 
= Xk, | 


where, by Proposition 3.5.2, 


ác «xg ^, fe (fi) < mde) 


= I <а-1> ay m 
= qug J^ (49097 mas) 


(Ха, Ха 
Ха 


On the other hand, Јоле fa (x) M (dz) is independent of X;,..., Ха— and 
therefore Е 


х) 


Е | Í E 


- Еј А fa(z) М (da) 
(Ui Ande 
=0. 

Непсе 


Е(Хь\Х\,...,Х„—\) 


180 DEPENDENCE STRUCTURES 4.1 


n=l | | 
(у „маз + f ме адма) 


к=} 


We now want to characterize those 50:5 vectors having linear spans where 
all multiple regressions are linear. Let X = (Х|, X2,...,Xn) bea SaS random 
vector with 1 < а < 2 and let sp(X) denote the linear span of X, i.e. , the vector 
space of all finite linear combinations 377 ., А Хе, —oo < A1,..., Ал < оо. 


Definition 4.1.6 The vector X has the multiple regression property if for all 
random variables Y,, Y2, .. . , У, in sp(X), 


EG A a И € зр{(Ү,..., Ya—1)} 


It is well known that every Gaussian vector has the multiple regression prop- 
епу. What about SaS random vectors with 1 < а < 2? Theorem 4.1.2 shows that 
the property holds when dim(sp(X)) = 2. But, as we shall see, only sub-Gaussian 
vectors have the property when dim(sp(X)) > 3. 


Proposition 4.1.7 Let X be a SaS random vector with 1 < a < 2 and suppose 
that dim(sp(X)) > 3. Then the following three statements are equivalent: 

(i) X has the multiple regression property, 

(ii) X is sub-Gaussian, 

(iii) James orthogonality in sp( X) is additive on the left, i.e., 


Yi, Y, Y» € sp(X), [V Yi]a =0, (Ya, Y]a =0 = [Ys Yi + Yo]a = 0. 
PROOF: The equivalence (ii)<>(iii) follows from Proposition 2.9.3. To prove (i) 
=> (iii), suppose (i) and let Ул, ¥2,¥3 be elements of sp( X), satisfying 

[¥3, Ија = [¥3, Yaja =0. 


Obviously, [¥3, Y, + Yala = 0 if У and Y? аге а multiple of each other. If Yı and 
Y, are linearly independent, 


Ys, Y + Yala 
(а + ПЛ НЕ = вши evo 


= E(EQW, Y) v + 15) 
= Е(а у Фа ЈИ + Y2) 
= 0, 
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since, by Corollary 4.1.3, a; = a? = 0. Hence we obtain again [Y5, Y; +0], = 0. 
We now prove that (11)=>(1). Let Yj,...,Y, be in sp(X). Since X is sub- 
Gaussian, so is (Yi,..., Yn), ie, Y; = A'?G;, j = 1,...,n, where A ~ 
Зоја (2, 1, 0) and (G1,. .., Gn) is a mean zero Gaussian vector. Then 
ЕРУ... Ya-1) 
E(A?G, | А!З@,.. Абл) 


- Б(Е (AG, A, С\,..., Gui) | АУС), ... Аба) 
= Е(А!?Е( (G,IQ,,.. мал ојл ба Аво.) 


n=l 
t=1 и 


| 
e] 


_ = Cov (Gi, Gn) 


2. 
Var G; А Gi 


i=l 
Е 5 Cov (Gi, Gn) 


Var С; Yi, 


i=l 


establishing (i). M 


4.2 Conditional laws that are symmetric around the 
conditional mean 


We saw in Theorem 4.1.2 that for pairs of jointly SaS random variables, a > 1, 
the conditional expectation is linear and behaves as in the Gaussian case. However, 
many properties of conditional distributions for pairs of Gaussian random variables 
do not extend to the stable case, e.g., symmetry. When (X1, X2) are jointly 
Gaussian with zero mean, the conditional law Х| X; is symmetric around the 
conditional mean because E(X2|Xi) = cX, and X2| X, ~ N(cX;,-). We will 
see that when (.X;, X2) are jointly SaS, 1 < а < 2, the conditional law Х| X, 
is not always symmetric around the conditional mean. 

Suppose (.X,, X2) jointly 505, 1 < a < 2. We know from Theorem 4.1.2 
that there is a constant c such that E(.X2|. X1) = c X4. If the conditional distribution 
of X5| X, is symmetric, it must necessarily be symmetric around its conditional 
mean cX}, ie., for every Borel set Bo, 


Р(Х» — cXi € ВАХ) = P(cX| — X; e ВХ) a.s. (4.2.1) 
Integrating this relation over the event (X, € В, } yields 


Р(Х, є ВХ. -сХу є Bp) = P(X €.By,cX, -X € В») (4.22) 


182 DEPENDENCE STRUCTURES 4.2 


for all Borel sets B, and B;. Of course, (4.2.2) also implies (4.2.1). Therefore 
ХК is conditionally symmetric (around its conditional mean сХ|) if and only 
if 

(X1, X2 — cX1) E (Xi, cX| – X2) 


and hence (Exercise 4.8) if and only if 
Ulo = Онде 5). (4.2.3) 


This last expression states that the distribution of the (column) vector (Х|, Хз) is 
invariant under the transformation 


( à) 


It also shows that (4.2.1) holds if and only if the spectral measures of the 505 
random vectors (Ху, X5) and (X, 2cX, — X2) coincide. This last criterion would 
enable us, for example, to verify that a 525 random vector (X, , X2) with spectral 


пе [CT 9) 022.2) 


А 
СЕКСЕ ЈИ 


satisfies (4.2.3), whereas а 505 random vector (Х|, X2) with the spectral measure 


r= (BZ) (C9) 


н 0) E-D) aa 
2 2052) 2 2 
does not (see Exercise 4.9). The criterion, unfortunately, is not particularly easy 
to visualize because it involves a linear transformation of Г on the circle 52. 
Theorem 4.2.2 below gives a more natural criterion, involving the translation of a 
measure on the real line. 

We start with an alternative representation for the joint characteristic function 
of (X b Хо). 


Lemma 4.2.1 Let X, and X; be jointly SaS random variables,0 < a < 2. Then 
there is a unique constant b and measure с оп R! , satisfying T \t|*a(dt) < oo, 
such that 


Вехі Xy + 3) = exp{— 1 и.о (а) - Mes"). (4.2.6) 
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РЕООЕ: By Theorem 2.4.3, 
Eexp(i(8 Х + 82X2)} 
apf- | |0151 + 8зэз|°Г(45)} 
Sz 


of- f. [£151 + 8553]? T (ds) — |82|* (T ((0, —1)) + Г((0, 03) 


рне е) 


where 155 = S2\{(0, —1), (0, 1)}, mi(ds) = |si|?T (ds) and b = Г((0, —1)) + 
T((0,1)) = 2T((0,1)). The transformation А(51, 2) = 52/8 from S; to Е! 
induces the measure с = h(mj) = m; o А! on R!. Setting і = зу/зу yields 
(4.2.6). Note that 


Í ЮЕ | КОСЕ ГА (ds) < 00 


The representation (4.2.6) is uniquely characterized by the pair (о, b) because the 
spectral measure Г is unique and сап be recovered from (a,b). M 


Our criterion will now be stated in terms of the representation (4.2.6), i.e. in 
terms of o (and b). 


Theorem 4.2.2 A jointly 505 pair of random variables Ху, Хэ, 1 < а < 2, has 
a symmetric conditional law X?|Xi, i.e., it satisfies (4.2.3) for some c, if and only 
if its representation (4.2.6) involves a measure с which is symmetric (around c). 


PROOF: Using the representation (4.2.6) we obtain 


E ехр (0, Xi + 6:X;)) 
= E expi(0 Xi + 83(2cX, = X2)} 
= Eexp[i(0, + 2c82)X) — 02X2} 
= exp{ - || li + 2c0; — &t|^ c (dt) = sor) 


со 


= exp{- / ji [81 + буе – |на (df) — es) 


= exp[- ] 10; + @›з®с1(аз) — wer) 


by setting s = A(t) = 2c—t and letting с be the induced measure (т) = соћ“!. 
Hence (.X;, X2) has also the representation (4.2.6) but with measure с. Since the 
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representation is unique, (4.2.3) is equivalent to т = c. Since the transformation 
t — h(t) = 2c — t reflects points of R! around c, the relation с = су means that 
c is asymmetric measure around с. M 


There exist measures с that are not symmetric around any point, e.g., c (dz) = 
l(z > O0je-7dz. If (Ху, X2) has the representation (4.2.6) with such а a and 
some b, then the conditional distribution Х| X, will not be symmetric. Hence, 


Corollary 4.2.3 There are SaS vectors (Xi, X2), 1 < a < 2 such that the 
conditional laws Хо X; are not symmetric (around the conditional mean). 


On the other hand, if ø is symmetric around some point c, then the distribution 
of X;| X, is symmetric around c.X;, and, by Theorem 4.1.2, c will be equal to 


[X2, Ха) ДХ. 
The following corollary replaces the symmetry condition on с by а condition 


on (Xi, X3). 


Corollary 4.2.4 Let Xi, X2, 1 < а < 2, be jointly 505 random variables. Then 
the conditional distribution X2|X, is symmetric (around cX|) if and only if 


(Xi, X2) = (Mi, Y2) + (И 269, — 15), (42.7) 
where Y, У; are jointly Sa S random variables and (5, P) is an independent 
copy of (Y1, Y2). 

PROOF: To prove sufficiency, note that the vectors 


(Y, Y2) + (Y, 2c, — %) 
(И + Yi, 2cY, + Y; – Y) 


(Xi, X2) 


and 
(Xi,2cXı – Ху) = (Yi Yu 2e(Yi + И) – (су + Y – )) 
= (и+У им + Y) 
have the same distribution. T 
To prove necessity, let (21, Z2) and (Zi, Z2) be independent copies of 
(Xi, Хз). By the definition of stability and (4.2.3), 
= 27V*(UZ,, Z5) + (Zi, Zz)) 
= 2-V9((Z,, Z5) + (21,202 – Z2)) 
(Yi Y2) + (0,27 – Y), 


(Xi, X2) 


И 


where (У, Y2) = 271/21, Z2) and (Yi, %) = 27/2(Z,Z,). M 
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4.3 Linear dependence 


А random variable X» is linearly dependent on a random variable X, if there is a 
constant c and a random variable У independent of X, such that 


Хә = сХ +Y. (43.1) 


Jointly Gaussian random variables are always linearly dependent. As we will see, 
linear dependence in the 505 case, 1 < а < 2, is related to the non-skewness 
and stability of the conditional laws. (We use the term non-skewed to characterize 
а law which is symmetric around some point on the real line.) 

Let Х| and X? be 505, а < 2. If X» is linearly dependent on X; then all the 
conditional laws Х| Ху = z}, —oo < ту < оо, are not only symmetric (around 
салу but also a-stable. (In Section 4.2, we did not require that the conditional laws 
be stable.) The following lemma shows that in the case 1 < a < 2, non-skewness 
and stability of the conditional laws hold only under linear dependence. The case 
а < lis still open. 


Lemma 4.3.1 Let Ху, X2 be jointly SaS, 1 < а < 2. If all the conditional laws 
of Xz given X, are non-skewed a-stable, then 


X,£eX,+Y 


for some real c and a SaS random variable Y , independent of X. 


PROOF: Since all the conditional laws of X? given X, are a-stable and non- 
skewed, the conditional characteristic function of Xz given X, is of the form 


Ејехр(26 X2)| X1) = exp(—105| M (X1) + 169N (X1)], 
where M > 0 is a measurable function and, where, by Theorem 4.1.2, 
МС) = E(X2|X1) = cXi, a.s.. 


Let 
2 = сх, + (М(Х), (4.3.2) 


where Zo ~ $4(1,0,0) is a random variable independent of X;. Since all 
conditional laws of Z given X| coincide with the conditional laws of X; given 
X, we have 


(Z, Ху) = (Xa, Xi). (4.3.3) 
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This shows that Z and X are jointly SaS, and thus the linear combination 
(M (X1))/* = Z — сХ is a 505 random variable. There is, therefore, some 
с > 0 such that, for any real 0, 


exp( -]0]^ a^] 


Eexp(i$M(X|) /* Zo} 
EE(exp(iM (X1)? Zg| Zo)) 
Eexp(-|8]* M(X1)). 


Џ 


| 


M(X|) = c? as. is a solution of this equation and it is the only solution by the 
uniqueness of the Laplace transform. Using (4.3.2) and (4.3.3), we obtain 


X2 4 cXı +020, 
proving ће lemma. W 


The following result shows that ће 505 case, 1 < а < 2, differs greatly 
from the Gaussian case. 


Proposition 4.3.2 Let X, X; be jointly SaS, 1 < а < 2. Then both the 
conditional law of Хо| Ху and the conditional law of Х\|Х» are non-skewed a- 
stable if and only if X, and X» are either independent or proportional to each 
other. 


PROOF: Sufficiency is obvious. Suppose that the conditional laws of X2|X1 
and X,| Х» are non-skewed and a-stable. Then, by Lemma 4.3.1, there is а SaS 
random variable Y, independent of X; and a 505 random variable У; independent 
of X» such that 

X» 4 cX; + Yi 


and 
X, bX + Yz, 
where c and b are constants. 
Consider the first relation. Since 0 X1 + 02X2 = (04 + Өс) X1 + 0:05, we 
see, by writing down the joint characteristic function of (X; , X2), that the spectral 
measure of (X1, X2) is concentrated on the set 


1 с 
Lb, === U {+(0,1 
(а (руна) но) 
of the unit circle Sz (draw a picture; refer also to Example 2.3.4). Similarly, 


the relation X, = bX; + Yz, implies that the spectral measure of (X, Ху) is 
concentrated on 


(«rare tn 


4.4 PROBABILITY TAILS OF ORDER STATISTICS 187 


Since the spectral measure is unique, these two sets must coincide. Clearly, this 
happens if and only if the spectral measure is concentrated either on the four 
poles of S? or on two diagonally opposite points (draw potum The first case 
corresponds to independence (Example 2.3.5), the second to Х = d eX , | 


Remark. This proposition is clearly false in the Gaussian case because it would 
read: “Any pair of Gaussian random variables has correlation zero or one.” The 
proof fails in the Gaussian case because the spectral measure is not unique when 
а = 2 (see Section 2.4). 


4.4 Probability tails of order statistics 


We study in this section the probability tails of order statistics of jointly strictly a- 
stable random variables X,, X2,..., Xp. Because of the representation theorem 
3.5.6, we can always suppose that the random variables are given by their integral 
representation Xy = fp (2) М(х), k = 1,...,n, where M is an a-stable 
random measure. The order statistics of Х|, X2,..., Xn are the random variables 
XO > XO >... 2 XP) obtained by arranging X, X2, ... , Xn in decreasing 
order. We consider firstly X (2, the “minimum” order statistic. 


Theorem 4.4.1 Let Xk = fp fi(z)M(dz), k = 1,...,n, where M is an a- 


stable random measure with control measure m and skewness intensity B. Then 


lim xep ( min >) 
А k=l, 


= 10, (| (т iin feos) (1 + 8(2)) (ё) 
-f ( mi кај) (ü-56:)mQ), — «D 
where C, is the constant defined in (1.2.9). 


Notation. Here, 


x ifr20 0 ifr »0 
T4 = and z. = -(-2).20 
0 ifz«0 -r ifx<0 


denote, respectively, the positive and negative part of z. 
We know (see Property 1.2.15) that if Хь ~ 5.(сһ, 8,0), then 
jim APP(X, > А) = (1/2)Ca(1 + Вејар. Theorem 4.4.1 shows that 
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P(min(Xi,..., X4) > A) and P(X; > А), k = 1,...,n, have the same asymp- 
totic behavior up to a constant of proportionality. ; 

Let us consider the constant of proportionality. If Хк = f, p Se (2) M (dz), 
then, by Properties 3.2.2 and 1.2.15, 


Jim A*P(X, > A) 
= зо, f Uto a + Ада) + ^ оа = аута) |. 


киши this with (4.4.1), we see that Jim а min „Хк > А} is obtained 


I hd 


Remarks 


1. Relation (4.4.1) can be expressed in terms of the spectral measure Г of the 
a-stable random vector (Xi,..., Xn) as follows: 


lim АР( min Х;> А) = c. | min [s;]]?T(ds). (4.4.2) 
Х—ео iml, n 5, dml,.an 

Indeed, it is easy to verify that the right-hand side of (4.4.2) and of (4.4.1) | 

coincide (see Exercise 4.11). 


2. If M is Sas, then (4.4.1) becomes 


i now (43) 


= 50.1 | („то ag f. mi ne) mica} 


3. The proof of Theorem 4.4.1 uses the series representation. The idea is 
to show that the tail behavior of the first term in the series representation . 
dominates the tail behavior of all other terms. Using Lemma 4.4.2 below, 
we conclude that only the first term contributes to the limit. The behavior 
of the first term is K4A^? where Ka equals the right-hand side of (4.4.3) 


Note that the series representation requires the control measure to be finite. 
Our proof addresses this requirement by replacing the original control mea- 
sure m with a finite measure m, obtained from m by a judicious “rescaling.” 


Lemma 4.4.2 Suppose that X is a random variable with a regularly varying tail, 


Le., there is a number 0 > 0 such that for every number a > 1, 


fin Р(Х >02) _ 
z=œ P(X >т) — 
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Suppose also that the tail of X dominates the tail of a positive random variable 
Y in the sense that 
lim P(Y >r) _ 
«== P(X >z) ` 
Then 


Р(Х+Ү> а) p P(X=¥>2)_, 


JE PA >a) л» Р(Х>тў 


PROOF: Forz > 0andanyo, 0 < o < 1, we have 


P(X +Y >т) 
= P(X +Y >z, Y >az)+ P(X +Y >z, Y <oz) 
< P(Y > oz) + P(X > (1—o0)z) 


so that 
20 P(X4Y»z).,. —— P(Y > ox) + P(X > (1 -ø)z) 
1 И ME XU О ТА Аа э 000), 
imsi 6 уту дине P(X > 2) 
Р is 
Liisan (Y > ox) Р(Х > от) ione P(X > (1—o)z) 


ЗР БХ > от) Р(Х 51) «че P(X > 2) 
(1-0). 


Since с is arbitrary and since, obviously, 


. .  P(X+Y >т) 
em P(X>a) 2" 


the first part of the lemma follows. The second part can be proved in a similar 
way WM 


L*(m). Let m(dz) = Р (zx)*m(dz). Then Ta is a finite measure on (E, €) апа 
we denote by М an o-stable random measure on (E, E) with control measure m 
and the same skewness intensity 8 as M. If g(x) = fa(z)/ f^ (x), k = 1,... 7 
then 


(Xi, s Xn) £ (Yi, Yn,- s Yn) (4.4.4) 
where 


к= | оа) (ё) + me, B= Ao 
E 


! We assume without loss of generality that f*(z) # 0 for all т € E. Alternatively, опе may set 
gx(z) = 0 when f*(z) = 0. 
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ifa x 1, 


| 0 
2 f» }к(ж)8(ж)1п|/*(х)т(дх) ifa 1. 
Note that |g.(z)| € 1 for all k = 1,...,n and т € E. The Ys have series 
representation (see Theorem 3.10.1): 


Z, = (С.Е) У (ту ^g (V) – (а, 94), B= 1... n, 


i=l 


where the Vs аге i.i.d. with distribution mg = m/m(£) and the b;(a, дь) are 
constants. We will prove 


x а а 


lo, (|. h4(z)? (1 + 8(z))m(dz) + в-а Е B(z)ym(dz)) 
(44.5) 


where 


ha) =, min (fiir), h(a) =, min Ui). (4.4.6) 


By (4.4.4), this will imply (4.4.1). 
For k = 1,...,n, set 2к = Uy, + Wy, where 


Un = (Co E)" Tz ^g (Vh) — Б (а, 9%), 


Wi = (Cal E)! Y риту “в (И) — (а, д. 
i=? 


Since 


, nin Hm ax „Wil < pin i 2.5, min Urt, max Wels 
gan nn 


Relation (4.4.5) will follow (see Lemma 4.4.2) if we prove 


lim id: min Uk > A} 


Алоо yen 


à "i hyla) (1 B) (az) + | h- 91 – &()m(as)) 
(4.4.7) 


and 
lim A*P( max |Wy| > A} = 0. (4.4.8) 
Aoo kzl,.a4n 
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We first establish (4.4.7). We may obviously assume bi (o, дь) = 0. For А > 0, 
P( min U&»2) 
kzl,...,n 


= Р((С, m(E)) or, ме Па и ЛИ), ~ „п тЉ(И) >a} 


ЈИ) 
" р(еумеро a ha) 1+8(:) 
С (Е))!/°г, D 2 >a) z mo(dz) 
mifer O 1008) 
+ [P(C (E)) РГ; fx) >a) 2 mo(dz) 


x: f. (1- ee[- eie c }) Ite E nolaz) 


~ma (RZ) \ үү1-—@(@) 
1 — exp} -Ca e [LL Ба : 
+ | ( exp{—Caiti(E)A ( F 5) }) E molda) 
(4.4.9) 
Now (4.4.7) follows from (4.4.9) and the dominated convergence theorem. 
We now prove (4.4.8). Since Pt max Wel > А} < >> Pai > Aj, it 


=! 
is enough to show (see Exercise 4.14) that ЕЈУ/ |“ < оо for all К = 1,. 
Let W be an independent copy of Wy given by 


We = (C4 (5) У IST; ^g. (2) — bila, д), 


4=2 


where (GG, P, V), i = 1,2,...) is an independent copy of {(%:,Гг, И), i = 
2,...}. Le 


~ 


Ry = (СЕ) YE (Wi — We) = У GT; "^g (Vi) — АГ 9 (2)- 


i=l 


It is clearly enough to prove that E|.R;.|* < со. Write Ry = Ві? + RO, where 


oo 
RO = Pma) – oA; ^, 
= 
= ri С 
RD = у (гр ет ys). 
1=2 


Then we need to show that E | RO |е < oc for j = 1,2. Consider first j = 1. Let 
Íei, i > 1) be a sequence of i.i.d. Rademacher random variables independent of 
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all other random variables in RY and let ig = [2/0] + 1. Then 


eo 2 
E | = хаги) 


i-ig 


= Е (> се (ок (У) – sare 


imig 
= ES (току) – 559) T; 2 
i=io 
oo со 
€ AV ET; « 4C V 7/5 < со 
imig = 


using Exercise 4.15 and |9.(х)| < 1. Moreover, for any i = 2,...,%0 — 1, 
E (оки) – ћок( буг ^). < 2 ET?! < оо. 
Hence E|RQe is bounded by 


io—l со 
ig [Y^ Ет И) Fae Е У Qo (V) ne T ^p] 


:=2 = 


which is finite. It now remains to prove that E|RO је < co. We use Exercise 4.16 
to conclude that there is а ју such that for any j > ју, Eexp(j^'?|L; — j|) < 4. 
Choose, now, a number 0 > 2 such that § + 4 > 1. By Markov's inequality, for 
any A > 0, 


P(E; – j| > Ај 9) = P(expG7' "4D; — Л} > ехр(А'/2—1/}) 
< 4exp( - Aj 2-9). 
Therefore, for some constant b, = bı (0) and any А > 1, 
со oo 
Y, PUT; a) > А) < 4 У ex(-Xj7-"*) 
ј=л+1 ј=һ+і 
oo 
< af exp( Ar?" dz 
€ ba (4.4.10) 
since Ае“ У“, e > 0, is integrable. By the mean value theorem, 
l/a  rl/« 
Ir; Ш Г; | 
l/arl/«a 
I" 


Ir; - Fl 


-Ma б-а 1 
; -I; = ——————=—————, 
[r5 j | о min(T;, Г) 


< 
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and hence 
РОС" m rw > Aj G*3 
< Р(|Г; - T] > Aa min(T;, Гу)!+!/®}-@Ф+)) 
< P(min(F;, F;) < јА 99) (4.4.11) 
+Р(|Г; – Г; > ел!#у!—14®), 
Set a = a/2(a + 1). For any А > 0 large enough, by Stirling’s formula, 
Р(тіп(Г;,Ѓ;) «jà7*) < 2Р(Г; < ЈА") 
Јао. gin! 
= 2 | —е“ "dr 
0 (0—1)! 
auge 
„Ај jx 
(0—1)! 
bj? (ел)? А 


Іл 


where b; is a finite constant. Therefore 


Y Р(тіп(Г;,Г;) € jÀ7?) 


í By У р? (ex7*)! 


< 
3=1+1 јен! 
j 1 
<b АС At 
a (e ) 1— eA? 
< ЫА (1+ 10а 
< ЫА? 


by choosing А and jı large enough. Here b;, i = 3,4, are finite constants. Further, 
by the triangle inequality and (4.4.10), for any A large enough, 


>, Ре; Г > ад 519) 
јен 


oo 
<2 Y, PÒIG -il> 222579) < һә? 
јер! 


for some finite constant bs. Therefore, for large enough jı, we obtain 
гг Ет роуа 
P( sup He AB > a) 
>) j G3) 


oo 
< Y руту“ – Гуе > Aj-0*22) < OQ), (44.12) 
jezjci 
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and, for such ў, 


(LSS трче еу > А) 


j-jl 
59 ~ 
<Р(У irj" - T; >л) 
j=jith 
Ir; /°- а оо 
— ——L—— ;- Gti) AC 
eris EST È pensi) sos 


because 1 + 4 > 1. Since, for every j > 2, 
BUTS - T; "yug. (V^ < Er – греје < 2!+° ЕГУ! < oo, 
we conclude that E|RO |= < oo. This proves the theorem. M 


Corollary 4.4.3 Under the conditions of Theorem 4.4.1, 


eun Jy.  Jgk*zkh.. 


Jim aP, min [Х| >A 
n 


LL 
Ш 


Са min |/к(х)|®т(ах). 
E*-l n 


PROOF: Let 5 = ((si...,55) : Sk = +1, k = 1,...,n) be the set of all 
n-tuple possible "signs." Since 


P( min |Xi| > А) Pe Ax > л) 


У.  P(sXi» А... заХа > А), 
(531,--.,54)€S 


jim n АС min „Хк! > A) equals the.right-hand side of (4.4.1) with 


min PTEN replaced by У... , yes Minkat,....nl8efe(z)]4. Fix now 
х € E and observe that the minimum is zero if f(x) = 0 for some 
k. Suppose f,(x) # 0 for all ks. Then minj[skfr(z)), 2 0 only if 
Sy = sign (fx) for all ks, in which case тіп, [s fc (x)]4. = ming | f. (z)]. Simi- 
larly, min, [sy fk(z)]- # 0 only if зь = — sign (fp) for all ks in which case we 
obtain again тіп [sy Ју (2)]_ = min, | fe(z)|. This proves the corollary. Ш 


Theorem 4.4.1 gives the tail behavior of the minimum. In order to obtain the 
tail behavior of any other order statistic, we use an inclusion-exclusion type for- 
mula (see Lemma 4.4.4 below) which relates any order statistics to the minimum. 
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Lemma 4.4.4 Leta), a2, ... , ân bereal numbers and leta) > а) >... > al™ 
be a non-increasing permutation of these numbers. Then 


n А 
к) — jk f 3-1 : 
af ) = Soy ( k—1 ) | b» min(a; , a4, . . . , 04). 
ј=к ISi LiL ijan 
PROOF: See Exercise 4.18. 


Theorem 4.4.5 Let X, X5,..., Xn be jointly strictly a-stable random variables, 
given in the form Xy = fg fx(z)M(dx), k = 1,...,n, where M is an a- 
stable random measure with control measure m and skewness intensity 3. Let 
XO >... > XO) be X1, X,..., Xn rearranged in nonincreasing order. Then, 
for any Е = 1,2,...,n 

lim A&P(X(9 > А) 

Х—оо 


= зо. [ [n nt teta + Ј ње (а): – p) 


(4.4.13) 
where 


hy, (2) = K^ largest among [fi(z)]+, i = 1... m, 
hg, (z) = k^ largest among (fi(z)]-, i = 1... 5. (4.4.14) 


PROOF: Set ак = [(X; > A) in Lemma 4.4.4 to obtain 


lim A&P(X(9 > А) 
A—oo 


n А 
j-k( 3—1 "ET | 
= уђе (471) У) im X POG > А Ху > А) 
ЈЕ 


1€i &... «ij <п 

a Wu 1—1 1 
- XYe»^(i2) E 39 

j=k 1€i«..«i; gn 


а { fase ы а + B@))m(de) 
* | „їп ыла - кају) | 


Е 1,53. 
= do f | њиме + (шул) + f. ha)" — Bte))m(dz)} 


We used Theorem 4.4.1 in the second step, and in the last step, we used Lemma 
4.4.4 once more. W 


Remark. The tail of the distribution of any order statistics behaves like A~ as 
А => OK 
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Corollary 4.4.6 Let |X|) >... > |X|) be a non-increasing permutation of 
[Х11,...,1Х.]. Under the conditions of Theorem 4.4.5, 


jim Л°Р(|Х|® > A) = Ca |. hi (z)*m(dz), 
OO E 


where ћу (x) is the k'^ largest among |] (у), i= 1,...,n. 


The proof is similar to that of Corollary 4.4.3 and is left as an exercise. 
As an application of the preceding results, we will illustrate the difference in 
behavior of lim,~co P(X2 > А|Х > A) between the Gaussian and stable cases. 


Example 4.4.7 The conditional probability Р(Х: > |X, > A), A > 0, isa 
measure of dependence. If X, large implies that Х is likely to be large, then Ху 
and X» are “positively” dependent. If it implies that X» is unlikely to be large, 
then X, and X» are "negatively" dependent. 

Suppose, firstly, that (X, X2) is a mean zero Gaussian vector. Then X; = 
cX, + Y where Y ~ N(0, o?) is independent of X}, and (see Exercise 4.20) 


1 ifc» lorifec— 1,0 = 0, 
lim P(X% »A|X1»2)-4 0 ifc«l, (4.4.15) 
Асе 1/2 ifc- 1,0 > 0. 

Tn the stable case, on the other hand, jum Р(Х; > |X, > А) can be any 
number in [0,1]. Let Xk = f, fe(z)M (dz), Е = 1,2, where M isa So.S random 
measure with control measure m. By Theorem 4.4.1, 

; ... P(min(Xı, X. А 
Jim, POG > ALG > 2) = im, PEE 
E Ју min((fi(z))+, (02(2)) 4)? m (dz) + fa min((fi(z))-, (2(2)) -)* m(dz) 
fg Gin) m(dz) + ЈА (2) тат) 
Је \fi(z)|*m(dz) + fg. |/»(ж)|°т(ат) 
= TTT 4.4.16 
Te V Pm (dz) PORE 


where 


р (2) 
(ге E: f(z) #0, оса 1}, 


fi(z) 
€ E: 0, —— > 1». 
(пе E: fla) #0, #10) > 1) 
(Note that f(x) and | (2) have the same signs оп E, and Ёз.) By choosing fı 
and f» suitably, Jim Р(Х; > |X, > A) may take any value in [0,1]. 


E 
ll 


& 
| 
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The statement of Corollary 4.4.6 with k — 1 can be rewritten in the form 
Jim АРХ > А) = Col a (ST, (4.4.17) 
-—oc 


where || || is the Z°°-norm on В“ (use Theorem 3.5.6, Part (1)). It turns out 
that (4.4.17) remains true for any norm on R4, and, in fact, the statement can be 
strengthened. 


Theorem 4.4.8 Let || - || be a norm on Ж, and let X = (Xi,..., Xa) bean a- 
stable random vector whose characteristic function is given in Proposition 2.3.8. 
Then for every Borel set А C s with Гү. (дА) = 0 


inu x E 
jim А P(IxI >A, ixi € а) = СО„Т) (А). (4.4.18) 


PROOF: The proof is similar to that of Theorem 4.4.1. We first use Theorem 


3.5.6 and Theorem 3.10.1 to conclude that (Xi, Х›,..., Ха) í (21,22,...,24а) 
where 


2, = (C, Ty (SEY? Sry ^ 8f — biela), k = 1,2,...,а. 
i=l 


Here S; = (5. si, i = 1,2,..., are Lid. sr l valued random vec- 
tors with common law Ру Рави) an ud bikla) i > 1, k =1,...,d, are 
constants. If 


Uk = (Cal yy (SE уче S – бума), ko 1... „4, 
(Cary a уче У "r7 st) — biela), = 1... d 
1=2 
and U = (Ui,..., Ug), W = (Ил,..., Wa), then Z =U + W. 
For any 0 < є < 1/2, 


Р(1®1> » ар) 


< P(|[Ul > (1 — 94. WIS e 


Wi 


U+W 


jor wj © 4) + Tw» 9). 


(4.4.19) 
Using the equivalence of norms in R and (4.4.8) we conclude that for some finite 
positive constant c, 
lim,.,4,A? РМ || > єл) 
< lim, oo А“ P(cl|Wllos > ел) 
= сє о jim AP max NL > А = (4.4.20) 


yu. 
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Suppose, now, that the set А is closed, and for с > 0, let A, denote the closed 
a-neighborhood of A. Since 


lis U+W о х 2w] 
їо + | 101112 о + wy 


we conclude that 
U+W U 


Р(їсї > (1 — 9. IW] < e, ww т“ A») =, 


where є' = 2e/(1 — 2e). Therefore 


U+W 
P(IUl >(1- 9AIWI S à; ro ci € 4) 
U 
< Р(үсї > (1-92, ij: Ae). (4.4.21) 


Setting yo = (00), t3 и?) with 
Uf? = (Cal y(t" Т; T; а k 2 1,...,d, 


and b* = max,=1....,¢ |51,к(0)[, we can choose А large enough so that 


| 709) 
[Ul] POOP] 


? 


Ш — UP < Xe and 


For such A, if €" = 2e' = 4e/(1 — 2e), the right-hand side of (4.4.21) is bounded 
above by 


1700) 
jue 
= P(T > (1 -29( Tya(81)7 9,8; € Aw) 
a) Tia Ae) 

ry 4S1) 


Р(үс® |> (1-29, € A, ) 


= P(r < (1 -297* 6, ry 4 (Stam 


Therefore, for any 0 < є < 1, 


бт оде Р (IZI э ROLE а) 


ii 
Tyger) 
rya (S15) 


= (1 = ге) СТ (Ae). (4.4.22) 


< lim, оде P(T; < (1 — 29770, Гу (SH Ae) 
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Letting є | 0 and noting that А,» | A as e | 0, we conclude from (4.4.22) that for 
any closed А, 


im, оде P(Itzll > А, = € 4) < CT (A). (4.4.23) 


та 
On the other hand, we have P(||U|| — |W|| > А) € Р 2 > A) € РИПЛИ + 
||| > А), and hence 

jim A^P(lZ] > А) = ВИНС (4.4.24) 


by Lemma 4.4.2. Clearly, (4.4.23) and (4.4.24) imply that as А — oo, the measure 
P, defined by PA(A) = ^°Р(||2|| > Х,2/12|| € A) converges vaguely to 
CaT.j. Therefore (4.4.18) holds. [| 


The following is an extension to Property 1.2.18. 


Corollary 4.4.9 Let || - || be a norm on В, and let X = (Xi,..., Xa) bean 


a-stable random vector. For 0 Ст < a, let ro be the following finite Borel 


measure on 81"; 
n = = (a—r)(aC,)~ Грб) oT-!, 


where P? (dx) = || х |" Px (dx), Px is the law of X, and Т: ВАО} — S}! is 
given by Tx = D Thenasr | a, m converges to Гүл vaguely, i.e., for every 


continuous function h on si, we have 


r | h(S)T fra (ds) x: TR Һэ)Гу. (ав) asr f a. 


l-i 
PROOF: Since the measures гү) I 0 « т < a, and T.y are concentrated on s! , 


we only need to show that for every Borel set А С s | with Гр (да) = 0, we 
ћауе 
lim ГА) = Tja A). (44.25) 


But for any 0 < т < а and any Borel set A С sr А 


(a — r(aC.)^* || еј" P (ах) 


(xeRA ој ђе) 
(а — (оба) ' EX" ХЛ € А) 


(а – т(еСа)“' 1 РХ] > t", ХЛ e A)dt. 


Tja (o 


|| 


The proof concludes by following the argument in the proof of Property 1.2.18 
and then using Theorem 4.4.8. Ш 
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4.5 Joint moments 


Let X = (Xi,..., Xn) be ап a-stable random vector in R”, 0 < а < 2, and let 
P1,-++;Pn бе non-negative numbers. We want to find a necessary and sufficient 
condition on pi,..., pa for the joint moment E|X;|P ---|X;,|?" to be finite. 


We suppose throughout that X. is non-degenerate, i.e., that its distribution is not 
` concentrated on a point. 

If the X; are independent, then E|X; |P -++ | X,|P» = ЕХ. ЕХ." < 
оо if and only if p; < а, j = 1,...,n. If ће X; are all equal (say X; = 
Xj, 7 =2,...,n), then E| Xi|P Х| = E| Xi [Ptt < оо if and only 
if pı 4- + pa < а. We use the integral representation X; = fp f;(z)M(dz) + 
ћу J = ће ns in (3.5.11) (see Theorem 3.5.6 (1)) to obtain a necessary and 
sufficient condition for E|X,|P ---|X4|P^ < oo in the general case. Suppose 
firstly that the X';s are n-fold dependent, i.e., 


пате E : fi(z)fa(z) --- fa(z) # 0) > 0. 


When л = 2, n-fold dependence is equivalent to dependence by Theorem 3.5.3. 
When n > 2, the random variables can be dependent without being necessarily 
n-fold dependent. . 


Example 4.5.1 Let U, V, W be three disjoint subsets of E with positive т mea- 
sure, and let X; = Ј f;(2)M (dz), j = 1,2,3, where Л, fo, fs have support UU 
V,VUW, WUU, respectively. The random variables X1, X2, Хз are dependent, 
in fact pairwise dependent, because m(z € Е: fi(x)f;(x) # 0) > 0,2 # j, but 
they are not 3-fold dependent because m(z € Е: fi(z) fo(x) fa(z) # 0) = 0. 


The spectral measure T' can also be used to express the dependence structure 
of (X,,..., Ха). The X;s are independent if and only if T is concentrated on the 
2n points (0,...,0,+1,0,... ,0) of the unit sphere Sn of R”. They аге n-fold 
dependent if and only if , 


T{s E€ Sn : s1 # 0,52 # 0,...,54 FO} > 0. 
Lemma 4.5.2 Let Xi,..., Xn be jointly o-stable and n-fold dependent. Then 
ЕХ? ·-|ХајР" < oo if and only if pi +: Фра < а. 


Proof: Necessity. Suppose E|X|P ---|Xa|P^ < oo and let A = (z € E: 
fi(z)--- f(x) У 0}. For each j = 1,...,n, define Y; = f, f;(z)M(dz) 
and Z; = fae (=) М(ах). The vectors (И ,..., Ya) and (Zi,..., Zn) are 
independent because A and A^ are disjoint. Therefore the hypothesis 


со > E|Xil? -Xn = ЕјУ + Zi + ml? „јул + За + mJ 
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implies there are constants 21,... , Zn such that 
co > ДИ + 21|?! --- [Ya + 2. |?" 


oco со 
/ zu P(IYi + zP > т... |у + гајР“ > тајаал ... ата 
0 0 
> ЈА) 


for any А > 0 where J(A) equals 


AP Арп 
/ ef PUY) + a > ар... ју, baal > nuda dass. 
ТА 


i 
(4.5.1) 
Since Ј(А) is the tail of a convergent integral, we have 


Jim. J(A) = 0. 
On the other hand, replacing each x; in (4.5.1) by the upper bound АРУ, j = 
l,...,n, yields 
МА => САРТР P(Y + а | > А... ЈУ, + га] > А) 
> QCAPUUUTP PY | > 2%,... |.| > 23) 


for some positive constant C and for all large enough A. By Corol- 
lary 4.4.3, there is a positive constant C, < С, such that ЈА) > 


ess 


integral on the right-hand side is positive because n-fold dependence implies 
m(A) > 0. Since Ј(А) — 0, we must have pi +---+ Pn < a. 


Sufficiency. If pi +---+ p, < а, then, by the Hólder inequality, 
n 
EXP ---|X4]P^ < ПЕР) tm) « co. 
k=1 
This completes the proof. B 
Remark. The assumption of n-fold dependence is not used to prove sufficiency. 


Example 4.5.3 If X, and Х are jointly o-stable, a < 2, and not independent, 
then they аге 2-fold dependent. Consequently, E|X;|P!| X2|P* < оо if and only if 
ptpc«a. 


We introduce now the notion of maximal subset in order to analyze the general 
case. Let {ki, ... , km} denote a subset of size m of {1,2,...,n} and let 


Ар = {2 € E: fu (2)... Ла (z) 0) (4.5.2) 
be the intersection of the supports of fr,- - -s fkm- 
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Definition 4.5.4 The subset (К1,... Ба) is maximal if m{ Ак, кај > О and 
m Åk... kmi} = О for any i ¢ (ki, .. km}. 


Example 4.5.5 If Х|, X2, Хз are as in Example 4.5.1, then (1,2), {2,3} and 
(3, 1) are ће three maximal subsets of {1,2,3}. 


Theorem 4.5.6 Let X = (X,,..., Xn) be a non-degenerate o-stable random 
vector. Then E|XV|P -< -| Xn]? < oo if and only if pk, t: + px, < а јог 
every maximal subset (ky, . . . Ёл} of (1,2,...,n). 


PROOF: We suppose without loss of generality that 


(Xi... X1) = ( [ enr... / мы). 


Necessity. Suppose E|XijP ---|X4|P^ < co and let (kj,..., km} be any 
maximal subset of (1,2,...,n). We want to show that py, +-+-+ pe, < о. 
Define 


у= | лем) аа n-[ лема) 
Крита ki E km 
j= 1,...,n, where Ag, is given in (4.5.2). Since {k,,..., km} is maximal, 
forevery j € {ki,..., km} wehave f;(x) = 0 m-almost everywhere on Ај Ка 
and, therefore, Y; = 0 a.s. By hypothesis, 


co > EXP [Х| 
= Бү, + ду“ +++ Yew + |" [р 1218. 
ЈЕ(К Ка) 
The independence of (Y,...,Y,) and (Zi,...,Z4) implies ЕјУ, + 
Zp PEt У + Zem [PAM < оо. Since m(A&,..4,,) > 0, the vector 
(Y, ..., Yem) is m-fold dependent and therefore, by Lemma 4.5.2, we have 


ры tees + Pkw «ao 
Sufficiency. For every subset {ky,...,km} of {1,...,m} let 


Blk.. -s km) 
= {x © E: fu(z)--- fen (0) # 0, fi(z) =0, Vi d (i... Бај) 


Since the sets {B({k,,...,km}) : (ki... ka) € 2070, 0 € m < пр 
partition J... ѕирр(/к), we can write 


2 (ki, .. . ı km} is expressed here as an element of 215^ ^), the set of all subsets of (1,...,n). 
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Ху = = Xi({ki,.. ‚Ёт}), ј=1....,%, 
[kr km) 


where 
X Uoc |; stacy OM) 


and ©’ means that the summation is over all subsets {k),...,km} satisfying 
m{B({ki,...,bm})} > 0. (To simplify the notation, we shall write in the sequel 
B(ki,..., km) and X(ky,...,km).) Since, for some constant С, 2, 


т i 
E|Xj[P ++ [Xp [Pn < CanE |] У. |Х,(Е,..., Р, 
т=1 (ко А кї) } 
it is enough to prove 


Epi (RY, „Ку... |Х QUT... К)" < оо (4.5.3) 


for all subsets {k}, ... ‚К ) of (1,..., n) satisfying PRI S „Ку > 
0, r = 1,...,n. Some of the subsets (KO, ..., КО), r = 1...,n, may 
coincide. Let К denote the collection of all different such 2l. Observe 
_ that the cardinality of К is at most n. Now, for each {ki,...,km} € К, let 
ЦК... km) denote the set of all rs as above such that (КЕ, ... КО) = 
{ki,..., km}. Since X; (xi, : Ky and ХК... kD) are independent, 
it (69... AD} A, AD}, 


E|X (KO, yp Xn (RI, ... yp 
= Ц E Ц WM... 
ХК Ки ЈЕК  7ЄЇ(К\,...,Кт) 


It is therefore enough to prove that 


Ее | 1X3 (5 e)" < 00 (4.5.4) 
ЈЕ Цоби) 

for апу (К1,... Ка) satisfying m(B(ky,...,km)) > 0. Clearly, if j [4 
{ki,-..,km}, then X;(ki,..., Ба) = 0, so we may assume in (4.5.4) that 
је (Еј... km} for every j € I(ki,...,4m)- In that case, the random 
variables (Xj(ki,..., km), j € I(ki,.-+,4m)} аге m-fold dependent. Since 
(Ki... Кра] is a subset of some maximal subset {ky,..-,kmikm+1)-++5 km} 
of {1,...,n}, we have 


У орр<ри+ + Phim + Ры н + EPka <@ 
ЈЕЦК) km) 
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by the sufficiency hypothesis. Relation (4.5.4) therefore follows from Lemma 
4.5.2. Ш 


Example 4.5.7 If X, X2, Хз are as in Example 4.5.1, the three maximal subsets 
are {1,2}, (2,3) and (3, 1} and therefore E|X|P [X2]: Ха |Р> < oo if and only 
if p +p. < Q, р + ps < a and p3 + pı <a. 


Remark. No inequality in the system 


{рь Верка < Q, {ki -- km} 


is a maximal subset of (1,2,...,n), 1€ m € n) 


is redundant in the sense that no inequality is implied by the others. To verify this, 
consider a particular inequality, say py, +-+- + рь, < а. The choice of values 
Dk = орка E, pj = 0 for j # К),... Ка violates this inequality, but 
it violates no other in the system because {k,,...,km} is a maximal subset and 
hence no other inequality in the system can include more than m — 1 of the pis, 
i = ky, ka,..., km- у 


4.6 Association of stable random variables 


Random variables X;,..., Xn are said to be associated if, for any functions 
f,g : R” — R which are non-decreasing in each argument, one has 


Cov (f(X1,..-, Xn) g(X1,...,X8)) 20, 


whenever the covariance exists. The following theorem gives necessary and suf- 
ficient conditions for a-stable random variables with 0 < a « 2 to be associated. 


Theorem 4.6.1 Let Х,,..., Xn be jointly a-stable random variables, 0 < а < 2, 
with spectral measure Г on the unit sphere Sn of R^. Then X,..., X« are 
associated if and only if the spectral measure T satisfies the condition 


T(S,)-0, (4.6.1) 
where 


5- = (61: за) € S, : for some i, j € (1,...,n), s; > 0 and s; «o. 


n 
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PROOF: Necessity. Suppose to the contrary that the Х,,..., Xn are associated 
and (S; ) > 0. There then exist 7,7 € (1,...,n) such that 


Г{(в\,...,5һ) € 5а: 0, s; < 0] >0. (4.6.2) 


Without loss of generality we assume that = 1, 7 = 2. Proposition 2.3.9 together 
with (4.6.2) imply that X, X? are jointly a-stable in R? and the spectral measure 
Гуз of (X1, X2) satisfies 


Ti 2{(s1, 83) Є 55:5) > 0, $ < 0) > 0. (4.6.3) 


Moreover Х|, X2 аге associated, being a subset of а set of associated random 
variables (X1,..., Xn}. For any А > 0, the association of X, and Xz implies 
(see Exercise 4.23) 


Р(Х > АХ > —A) > P(X, > А)Р(Х > -А) 


and hence 
Р(Х < ~A |X, > A) < Р(Х € —2). (4.6.4) 


Clearly, the right-hand side of (4.6.4) goes to zero as A goes to infinity. Moreover, 
as X, and — X; are also jointly a-stable, with spectral measure I", 2 defined by 


Г,2(А) = Ti2{(si, 52) € 52: (51, 752) € A}, 
we conclude from (4.4.2) and (4.6.3) that 
lim P(X; € —A|X, > А) 
Х—оо 
= Jim P(-X2 >A |X, > A) 
_ fs, (min(fsı]+, [52] “Гл 2(43) 
fs, (ај 0T, (ds) 


Jtsiso,s «oy 11091, —52))? Ta (ds) 
2 Js, (o:]4) 9T (45) 
The contradiction thus obtained proves the necessity part of the theorem. 


Sufficiency. Suppose that (4.6.1) holds. Then the spectral measure Г is 
concentrated on 547 U За =, where 


i 


Spes ((81,...,3а) € Sn: 8; >0,7=1,...,n}, 
sue = {(51,...,8л) € $4: 5; <0, i= 1,... n}. 


We may and will assume until the end of the proof that the shift vector 2° in the 
characteristic functions of (.X1,..., Xn) and all other a-stable random vectors 
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defined later is zero, since subtracting the shift does not affect the association 
property. | 
Let X+ = (Хү... XT) and X- = (X1 ,..., X7) be two independent 
a-stable random vectors іп R” with spectral measures Г+ and I~, respectively 
given by 
Г+(А) = Г(Ап 52%), Г“(А) = r((-A) n 5,28) 


for any Borel set A on Sn. Clearly, 


= -d 

(Хр... X) - OG. XT) = (Хр... Хај, 
so that it is enough to prove both that Х+,..., X^ areassociatedand Xj ,..., X, 
are associated. Since both Г+ апаГ“ are оаа оп 55“, we assume, to sim- 
plify the notation, that the spectral measure Г of the o-stable vector (Х1,..., Xn) 
is concentrated on 52“, and prove that the random variables X;,..., Xn are 


associated. 
Let M be an a-stable random measure on SẸ% with control measure Г and 
skewness intensity 1. Then (X1,..., Xn) = (И ,..., Уа), where 


к= | SM UR) Vu en 
se 


By the definition of the integral, for each % = 1,...,n, there is a sequence of 
simple Borel functions from S$% to R, denoted { fm O mz12,. v such that 
Y tends to Y; in probability as m — oo where y». = fs ГАЧ (s) M (ds), 


m = 1,2,.... Clearly, we may always choose the functions je such that 
fÊ (8) > 0 for every т, i, and s. Suppose that 
Kmi | 
/®(в) = Y^ Пиве 4179), i= 1,....0, m 2 12,..., 
=! 


for some ff") > 0, i=1,...52, M=1,2,..., f= 1,..., Kmi where 
Am), 9 (ARM is a partition of SẸ% into Borel sets. Since the measure M is 
independently scattered, for each fixed m = 1,2,..., the collection 


m = {MAP п AP? n... n дт), 
where ji = 1,.... Кола -• <3 Jn = 1,... Кал) 
is a collection of independent, and therefore associated, random variables. Since 


Кол 
YÈ = y^ rine MA), 4 =1,...,п 


j=l 
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we conclude that each ҮЗ ) isa non-decreasing function of random variables from 


См. Therefore YQ, iis yi? are associated for any m = 1,2,... (see Exercise 
4.25). But, as m — оо, ( an bon YO) tends to (Y1, .. . , Yn) in probability, and 
association is preserved-under convergence in distribution. Therefore, Ү,..., Yn 


are associated, which completes the proof of the theorem. Ш 


As a by-product of the proof of Theorem 4.6.1 we obtain an equivalence 
of several different types of positive dependence for jointly o-stable random 
variables, 0 < а < 2. Note that in the Gaussian case such equivalence follows 
directly from Pitt (1982). 

Following the terminology of Brindley and Thompson (1972), we call random 
variables Х),..., Xn F-positive orthant dependent (FPOD) if 


P(Xi»2),..., Xn > та) > P(X: > zi) P(Xn > Та) 
for any =1,..., Zn, and we call them F-positive orthant dependent (FPOD) if 
Р(Х, < ту,...,Хл < za) > Р(Х, €2)):-- P(X4 € та) 


for any zi, ..., £n- Clearly, association implies FPOD and FPOD and, in general, 
these implications cannot be reversed (see Exercise 4.26). 


Corollary 4.6.2 Let X;,..., X, be jointly a-stable. Then all the notions of 
positive dependence above are equivalent, and each of them is equivalent to 
(4.6.1). 


PROOF: By Theorem 4.6.1, it is enough to prove that each of FPOD and FPOD 
implies (4.6.1). The fact that FPOD implies (4.6.1) follows directly from the proof 
of the necessity part of Theorem 4.6.1 ( in that proof, we did not use the full force 
of the association property, but only its consequence, the FPOD property) The 
same argument applied to the vector (—X),..., — X4) shows that FPOD implies 
(46.1)aswel. M 


Finally, we give necessary and sufficient conditions for the negative asso- 
ciation of jointly o-stable random variables. We cannot simply reverse the 
definition of association because no non-degenerate random vector X can sat- 
isfy Cov( f(X), g(X)) < 0 for all non-decreasing function f and g (to see this, 
take f — g) Following Alam and Saxena (1982), we call random variables 
Xj,..., X, negatively associated if, for any 1 < Е < n, any f : R* > В, 
g: R^-* — R, non-decreasing in each argument, 


Cov (/(Ү), 9(Z)) < 0 
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whenever the covariance exists, where Y and Z are any k- and (n—k)-dimensional 
random vectors, representing a partition of the set (X1,..., Xn) into two subsets 
of sizes k and n — k, respectively. 


Theorem 4.6.3 Let X,,..., Xn be jointly a-stable random variables, 0 < о < 2, 
with spectral measure Г on the unit sphere S, of R^. Then X,,..., Xn are 
negatively associated if and only if the spectral measure Y satisfies the condition 


(ST) = 0, (4.6.5) 
where St = ((81,...,55) € Sn: for some i x j, sis; > 0). 


PROOF: The proof of the necessity is identical to that in Theorem 4.6.1. To 
establish sufficiency, note that (4.6.5) implies that Г-ајтоз! every vector s = 
(51,...) Sn) € St has at most two of its coordinates different from zero. Thus, if 
E;,; is the subset of Sn, where only s; and s; are different from zero, and if Dj is 
the subset of Sp where only s; is different from zero, then 


n=l n 
Сб Ж) = У, У (MGs Ха) + (Vi... Wa), (46.6) 
i=] jzil 


where, using the notation introduced in the proof of Theorem 4.6.1, 
Xx(i, 3) = | syM(ds), К = 1,...,ті= 1,...,п- 1) ]==+1,...,% 
Fig 


and 
Wk =f s, M(ds), k=1,...,n. 
Dk 


Note that the random vectors appearing in the right-hand side of (4.6.6) are all 
independent, so that we will be done once we prove that each one of these random 
vectors consists of negatively associated random variables. The latter is trivially 
true for the random vector (Wi, . - . , Wn), which consists of independent random 
variables. Now, for each fixed (i,j), X&(i,j) = 0 as. if k ¢ {i,j}, which 
reduces our task to showing that X;(i, j) and X;(1, j) are negatively associated. 
But (4.6.5) implies 5:5; < 0 Г-а.е. on Ё; у, so that, by Theorem 4.6.1, Xi(i, j) 
and —X;(i, j) are associated. Thus (see Exercise 4.27), Xi(i, j) and X (à j) are 
negatively associated. The proof of the theorem is now complete. W 


4.7 The codifference for stationary SaS processes 


Let X = (X(t) = fg f(t, x) M(ds), 4-€-R) be a (strictly) stationary 505 - 
process, i.e., for any d > 1, &i,..., t4 € R, the finite-dimensional distribution of 
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the vector (X (tı + А),..., X (ta + ћ)) does not depend on the choice of h € R. 
When the process X is Gaussian, the autocovariance function E X (t) X (0) totally 
describes the dependence. When X is SaS with 0 < o < 2, covariances do not 
exist. One could use the covariation but this quantity is not always defined for 
a X 1. Here, we shall use the codifference defined in Section 2.10. Since X isa 
stationary process, the codifference between X(t) and X (0) equals 


T(t) = тхоухо) 
21Х(0) 1 – 100) – X(0)1l2 
ndi 21150, Уа зы f (6 ) E f(0, Me: (4.7.1) 


where || F(t, -)||a = Је |f (t; 2)|*m(da) and where m denotes the control measure 
of M. 

When comparing codifferences (see Property 2.10.6), it is convenient to stan- 
dardize the process (i.e., consider X (#)/|Х (0)||„ ) or, equivalently, to consider 
the standardized codifference 


Tt о KO -XO 


IXO IX (0) а 


Example 471 We shall compute the codifference 7(%) for the Ornstein- 
Uhlenbeck process 


t 
хе) = ji e-Mt-2) M(dz), оо < t < оо, 
—oo 


defined in Example 3.6.3. Recall that A > 0 and M isa 05 гапйоп1 тераше 
with Lebesgue control measure. We have || Х (0) = E e? dy; = 21. and, 


fort » 0, 
t 0 i 
UE е^ |е — I(x < 0)|*dx = [ «f 
- —oo 0 


1 
= e^t) == == At 
= >u- “+ — (1 — е7), 


IX) – X(0)II2 


| 


50 таг 1 
Jüre- nene eM + ec? + > 0. 


The standardized codifference equals 


T(t) -Atja у осам 
еле = 1 - (1 –е “је +е ^, + > 0. 
| 0) а 
In particular, 
r(t) = ie ifa=2 
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(which is the autocovariance function of the Gaussian Ornstein-Uhlenbeck pro- 
cess), 


2 
т@) = ie Ка =1 


(this is the codifference of the Cauchy Ornstein-Uhlenbeck process) and, as t + 


co, 
te ™ ifl<a<2, 


т(0) ~ $e" — ifazi, 


ето ifüca«l. 


The standardized codifference r(£)/|X(0)||8 = oAr(£) equals 2е-^* for a = 2 
and o = 1, and as t — oo, 


ae! ifl<a<2, 


T(t) 
VN вА ат, 
(0) 
ее if0<a<l. 


As à function of о, the asymptotic expression for the standardized codifference 
decreases as œ goes from 0 to 1, is discontinuous at œ = 1, and then increases as 
o goes from 1 to 2. But, for any fixed 0 < а < 2, and for all t > 0, 


T(t) < T(t) if A> А > 0, 


where 74(£) and ry (t) are the rs that correspond to the standardized 505 
Ornstein-Uhlenbeck processes Ху and Ху with parameters А and А, respec- 
tively. Therefore, by Property 2.10.6, А > № > 0, 


P(|X4(£) — X4(0)| > e) > P(IX»(t) — Xx (0)| > c) for all с > 0, 


i.e., (X (£), Xx (0)) is “more dependent" than (X(t), X4(0)) for all t > 0. 

Samorodnitsky and Taqqu (1994) show that the following relation holds 
for standardized 50:5 Ornstein-Uhlenbeck processes {X)(¢), t € R} and 
(Xy (t), t € R} wih0 < a < 2: if A > У > 0, then, for all £j,..., t; € Rand 
all real numbers c4, ..., Са, 


P{X)(t1) > с,... Xalta) > Ca} < P{Xx (ti) > C,--- Xy (ta) > ca}. 
(4.7.2) 
This last relation has the following interpretation: the probability that the compo- 
nents of Ху are all large is not greater than the corresponding probability for Ху. 
Hence, the components of Ху, are “more dependent” than those of Хд: 
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The inequality (4.7.2) holds also for а = 2, but in that case, it follows 
from the Slepian conditions ЕХ (б) = EX2,(t;) for every i = 1,...,d and 
ЕХ) ХА) € EXx (t)X»y (t) for every i, j = 1,..., d (see, for example, 
Adler (1990) or Ledoux and Talagrand (1991)). The Slepian conditions hold for 
X, and X; because these processes are standardized and E.X)(t;)X,(t;) = 
2exp{—Alti — tjl}. 


We shall be mostly interested in the asymptotic behavior of 7(/) as the lag t 
tends to infinity. We saw in the previous example that the codifference 7(t) for 
the Ornstein-Uhlenbeck process tends to zero as # — oo. This, in fact, always 
happens if the process is а 505 stationary moving average, i.e., a process of the 
form 


X(t) = T. f(t — z)M(dz), t €R, 


where M is a Sas random measure with Lebesgue control measure. To prove it, 
we need the following lemma. 


Lemma 4.7.2 Let f,g € L^ (E,£,m), 0 « a € 2. Then 


л/а) 
mide) « c ( | Ife) - o(e)|*m(az)) s 


и" - tcr 
E 


with 


1 if 0<а<1, 
С = 


29 во а“ + 19187) if 1«as2 


PROOF: Suppose, firstly, 0 < a < 1. Then |x + ује < |z|% + |y|^, and thus 
јаја = je =y + yl < |= И + 109, yielding ||]? — [u^] < Iz — у". Hence, 
fg || Ле — ју |ат < fp |f — дје dm, and so (4.7.3) holds with C = 1. 

Suppose, now, 1 « а < 2. The mean value theorem applied to |z|% gives 
је — [yl?| € alz — vilizi*^' + |уј=“!|. Hence, using the Hélder inequality 
(with conjugate exponents a and a/(a — 1)) and (2.7.6), we obtain 


a уде — јој јат 
<a f If — AQF + јаје“ "јат 
E 


az 


«(f f- oam) ( f are + |gi?7) ат) а | 


< «(f. H – драт) |ме ој islam f мат) | 7 
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1/a 
< (f ut - sinam) "airs + ој“). M 


Theorem 4.7.3 For a 505,0 < а < 2, stationary moving average process, 
jim, r(t) =0. 


PROOF: The moving average X is well defined if and only if ||X(0)||¢ = 
JE |/(ж)|®ах < oo. Suppose, firstly, that f has compact support. Since, for 
large enough t, the supports of f(t + -) and f(-) are disjoint, 

со 


lim ЈЕ + 2) — f(z)|^dr 


1—00 J_ о 


fim, f eraat [^ садаа 
24x oye 


Jim X(t) – X (9)Il2 


and hence іт; _,„о T(t) = 0. 

If f does not have compact support, let е > 0 be arbitrary and choose a 
bounded interval K, such that Joss |f(z)|*1xe(z)dx < e, where lye is the 
indicator function of the complement of K,. Now choose ¢ large enough so 
that the functions /(:)1к, (-) and f(t + -)lx,(¢ + -) have disjoint support. For 
such t, Te(t) = 0, where т, is т with f replaced by fix,. Moreover, letting 
JC) = ЈЕ +) and (f1x,)e() = ЈЕ + 1k, ( + -), we see by Lemma 4.72, 
that 


О] = 1500 – 7l р 
< af |" – ке ђаг + A - ле - Fu) = fu fees 


5 „ЈГ кај“ dz е [|р - (Лк). = (f - лка) 1^(1/a) 
UN „кеј“ dz «po [олаг +20 [ла] 


—со 


< 26 + (40e) 0/2, Ш 


In the literature one can also find two quantities, parametrized by ~co < 
61,0; < co, which are closely related to the codifference 7(t). The first is 


U (01,6; t) = Ee'(XG-&X() _ Ба ХО) poi (0), (4.7.4) 
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i.e., the joint characteristic function of (X(t), X(0)) minus the product of the 
marginal characteristic functions. The second is 


I(01,65;1) = —In gg (ОВХ (0) |y БАХ) + Бењо, (475) 
which is related to U (04, 05; t) by 
U (£i, 05:1) = K (P1, 8a) (a7 19999 — 1), 


where K (61,05) = (E expi X (2)) (E exp i62 X (0)) does not depend on t since 
X is stationary. If 1(01,05; t) — 0 as t — оо, then 


U(01,02; t) ~ —K (81,05)1(01, 62; t), (4.7.6) 


i.e., U and I are asymptotically proportional. 
Both U апа J can be used if the process is skewed a-stable. If the process is 
SaS, then 
T(t) = -I(1, -1;t). (4.7.7) 


Remarks 


1. If lim, eo (81, 82; t) = Oforany 8, and 6;, then the process {X (t), t € R} 
is mixing, that is, 


Jim |P(An B) - P(A)P(B)|- 


for every A € c(X(s), s € О} and B с e(X(s), s > t} (cf. Maruyama 
(1970) and Gross (1993)). 


2. Gross (1993) also shows that for stationary 505 stable processes satisfying 
Condition S, the relation "lim; о (01,05; t) = 0 for all 0; and 62” (and 
thus that {X(t), t € IR} is mixing) follows from lim;_,.. T(t) = 0 when 
0 <a < 1, and from lim, _„оо T(t) = 0 and lim... (1,1; t) = 0 when 
1<а<2. 


The advantage of J over т stems from the presence of the parameters 6, and 
0;. Consider, for example, two standardized stationary 50:5 stochastic processes 
X = (X(t), t € R} and X’ = (X'(t), t € R} and let т and J relate to X and 
т' and I’ relate to X’. One way of showing that X and X" are different processes 
is to show that т(#) is not asymptotic to 7'(#) as t — оо. If т(#) is asymptotic 
to 7'(t), one can then turn to J and I’: the processes X and X' are different if 
I(6,, 42; t) is not asymptotic to 7'(0:,65; t) as t — oo for some Ө, and 62. We 
now illustrate this technique. 
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Suppose that {X (2), t € R} is a stationary sub-Gaussian process, i.e., 
X(t) = A? G(t), —oo < t < оо, 


-where (G(t), —oo < t < oo] is a stationary Gaussian process with variance 
оў = Маг С(0) and autocorrelation function p(t) = EG(t)G(0)/o3. The vector 
A is independent of the process G and is distributed as in Relation (2.5.1). (Sub- 
Gaussian processes are defined in Section 3.7. See also Section 2.5 where sub- 
Gaussian random vectors are introduced.) Since 

o2 | 


о2\ а/2 . 
- (B) r, =, 


i 1 
Еее) 1. exp + Var(@,G(t) + 6С(0)) 


(see (2.5.4)), we have 


a/2 


lejos = -|; va(o,6(0) 


and 
2.0/2 
ех) + (0) = (2) (0 + 03 + 20,0206). 
Hence, 
сё а/2 2 2 а/2 а а 
1001,62) = (22) [R + 63 266.00)? ole — 168]. (4.7.8) 


Setting r(t) = —I 


~ 


1, —1; t), we obtain 


Proposition 4.7.4 For the stationary sub-Gaussian process (X(t) =. 
АМО), t СЕ), 


2 
r(t) = (Byer [2 ate 2060)" t€ R. (4.7.9) 
If, in addition, limy—co p(t) = 0, then 


2. a/2 
lim 7(t) = (2) (2-222) >0 for 0<a<2. 


i—oo 2 

Let us now prove that stationary SaS moving averages are different from 
stationary SaS sub-Gaussian processes when 0 < а < 2. Let X(-) = А!/2С(.) 
denote a stationary SaS sub-Gaussian process and let Y (-) be a stationary Sa. S 
moving average. Let p(t) be the corelation of С. Since limi... ry (f) = 0 
(Theorem 4.7.3), it is sufficient to show that rx (£) (given in (4.7.9)) does not 
converge to 0 as ё — оо. Suppose, to the contrary, that lim, ,55 тх (t) = 0. Then 
limt—oo p(t) = Poo where 2— (2 — p,,)9/? = 0, that is, poo = 1 —20/9)-!. Since 
Poo < 0, the correlation function of С cannot be non-negative definite (Exercise 
4.31), which is a contradiction. We have therefore established 
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Theorem 4.7.5 Stationary SaS moving averages are different from stationary 
SaS sub-Gaussian processes for any 0 < a < 2. 


We now turn to the 50:5 sub-stable processes {X(t) = AYY (t), t € R}, 

defined in Section 3.8. Here, Y is a 50/5 stationary process and 0 < а < о’ < 2. 
Let rx (t) and тү (t) denote, tespeċtively, the codifference for the processes X and 

Y. Since | 5. aXe = Z 1031 (65)]]Z; (Relation (3.8.2)), we have 

Tx(t) = [ү (ol -Ү@) – YOS. But ry (t) = 2 У(0) |; — lY (2) 

Y (0)||2, and, therefore, 


Proposition 4.7.6 For the stationary sub-stable process (X (t) = AV^Y (t), t € 
R}, 


7x(t) = 2 У Olle, — (217 Og — ту (0). 
If ty (t) + 0 as t — co (e.g. if Y is a moving average), then 
dim 7x (8) = (oy Q – 2*7) > o. 


If, moreover, X is standardized (||X(0)|, = 1), then |У(0)|“ = 1 and 
lim, o, Tx (8) = 2 — 2978 which is different for different œ. This shows, 
for example, that SaS sub-stable processes with different о’ are different (if 
Ty (t) — 0). 


4.8 The expected number of level crossings for 
stationary sub-Gaussian processes 


Let (X(t), t > 0) bea SaS sub-Gaussian process, i.e., (X (£) = A'2G(t), t > 
0} defined in Section 3.7. We want to evaluate the mean number of crossings 
of a given level и € R by the process X. We shall assume that {G(t), t > 0} 
is a mean zero stationary Gaussian process so that X is stationary as well. The 
autocovariance function R(t) = EG(t + s)G(s) of С can be expressed as R(t) = 
у Бук e? dS(X) where S is the "spectral distribution function" (see, for example, 
Brockwell and Davis (1991)). Observe that the variance R(0) — Г, 18(А) 
equals the total spectral mass. If Ris differentiable at zero, then Е' (0) = 0 because 
Ris even. If Ris twice differentiable at zero, then —Ё (0) = [> А25(4А) > 0. 
The quantity — R” (0) is called the second spectral moment. We will assume іп 
the sequel that — R” (0) exists. 3 

Let С, (Т) denote the number of crossings of the level u by ће 50:5 stationary 
sub-Gaussian process { X(t) = A'/?G(t), t > 0) during the time interval [0, T]. 


3We also assume that {G(t), ¢ > О} has continuous sample paths. The existence of R'(0) is 
sufficient to ensure that such a version exists (Leadbetter, Lindgren & Rootzén 1983, p. 152). 
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(For a formal definition of level crossings see, for example, Cramér and Lead- 
better (1967) or Leadbetter, Lindgren and Rootzén (1983).) We want to evaluate 
ЕС, (T). (By symmetry, EC, (T)/2 equals the mean number of upcrossings.) 
Since X is stationary, it is immediate that EC, (Т) = ТЕС, (1), and so Кот 
now on we shall only study Cu := С, (1). 
The mean number of crossings ECG of the level и by the Gaussian process. 
G is given by the Rice formula 


n 1/2 
1[—В (0) u? 
ECS = – - 8. 
=g ( RO) ) exp( 70) (4.8.1) 
(Rice (1945)). This formula shows that ECG depends only on the variance R(0) 
and on the second spectral moment — В" (0) of С. If we denote the distribution 


function of A Бу Fay2, then it is immediate from the relation X(t) = A'2G(t) 
and Rice’s formula that for a stationary sub-Gaussian process, 


ae 1/2 
| 1í[-R (0) > u? 
EC, = да ( R(0) ) n x? (- 27) дЕ а). (4.8.2) 


Clearly, ЕС, is a monotone decreasing function of |u|. Since, however, Ра / - 
is not generally known, (4.8.2) will not usually enable us to obtain an explicit 
formula for ЁС. In one special case of interest, the Cauchy case о = 1, one can 
obtain ÆC, explicitly because F} 2 has the density 


AL 
ћу (а) = РАСА 


(see (1.1.15)). Substituting this into (4.8.2) and performing the integration leads 
to 


Proposition 4.8.1 If X is a stationary 515 sub-Gaussian process, then 


-E O) 


EC, = УС ХУ. 
7 / R(0) + 202 


PROOF: Exercise 4.32. M 


Observe that ЕС, is asymptotically proportional to u^! in the Cauchy case 
а = 1. We shall now derive an asymptotic formula for EC, for general sub- 
Gaussian 505 processes. 


Theorem 4.8.2 For a general sub-Gaussian SaS process, we have 


а/2 pR” 1/2 
lim ve gc, = 2 T + a/2C- R' (0) 


S ari saree CAD 
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PROOF: We start with (4.8.2). Since А ~ S, /;((cos 5&)?/, 1,0), by Property 
1.2.15, 


lim a?/(1— F, j;(a)) 


| 


lim a? P(A > а) 
a-—oo 


n E 1—a/2 та 
_ T(2- a/2)cos(xa/4) сету 
= (l(1-a/2)^*. 


It therefore follows that 


U—oo 


oo 
lim 02/2 [ exp(—v/a) Е, (аа) 
= lim 02/2 E(e-"/4) 
у—»оо 


= lim ven | P(e^"/^ > z)dz 
0 


v—oo 


oo 
lim v9" P( A > v/t}e*at 
œ Jo 


- Jim v^" P(A > v/t}e™*dt 
o >= 


1 oo 
= a/2 ,—t 
nica | tee dt 


_ ГИ + а/2) 
~ Га = а/2)' 


where the interchange of limit and integration is justified by dominated conver- 
gence since v?/? P( A > v/t) is bounded by ct?/? for some finite c. 
Substituting the above into (4.8.2) proves the theorem. W 


Whereas ЕС, decreases exponentially fast in the Gaussian case, it is asymp- 
totically proportional to u^? in the sub-Gaussian case with index 0 < а < 2. 


4.9 Exercises 


Exercise 4.1 Let M be a SaS random measure on (Е,&), 1 < o < 2, with 
control measure тп. Show that 


ТА п А») 


E(M(A2)|M(A1)) = А 


МА!) а.5. 


Exercise 4.2 Let Х|, Xz be jointly 505 with 1 < a < 2andlet Y, = aX) +6X2 
and Y; = cX, + dX». Find the constant k such that E(Yo|Yi) = kY; a.s. 


218 DEPENDENCE STRUCTURES 4.9 


Exercise 4.3 Show that the jointly Sa S random variables (Х|, X2, X5, X4) de- 
fined below are such that Х|, X2, Ху are linearly independent but the system 
(4.1.6) does not have a unique solution. 

Here X; — d fi(z)M (dz), i = 1,2,3,4, M has Lebesgue control measure, 
and 


Rh(z)is 1 if z (0, ),is - tita e (5,5), во ife € (2.1): 


| is -lifre (2,1); 


flz)is 1 ifze (65), 21-9 if g € (5.3). 4-9 тє (5.1). 


fola)is 1 itz e (0, 


me Uit | = 


Exercise 4.4 Let Xj, X2,..., Xn be random variables whose first moments exist 
and with joint characteristic function Фф. Show that 


E(X4|Xi,..., Xa-1) =a,X, + фа Хь as. 


if and only if for all 6),...,An-1, 


д 
———Ф(01,...,02-1,0 
80, ( 1 On 1 а) ЊЕ: 
ПР ПИ И буре ГИСТ 
= а! эв Ono Pa- ЕШ 15083, 0). 
Exercise 4.5 Use Exercise 4.4 to show that E( X,,|X,,... , X, 1) is always linear 


when (X;,..., Xn) is sub-Gaussian with 1 < a < 2. 


Exercise 4.6 Use Exercise 4.4 to show that if X,,..., Xn are jointly Sas, 1 < 
& « 2, with spectral measure Г, then 


E(X4|Xi,..., Xa-1) = о Х) +: + an~ Ха as. 


if and only if for all 0;,..., 2-1, 
| (Sn рр me ал-18в—1)(8151 Tee база)“ > T (ds) =0. 
5, 


Hint: See Miller (1978). 


Exercise 4.7 Suppose that (X1, X2, Хз) are jointly Sas with 1 < a < 2. Use 
Exercise 4.6 to show that when E(X5|X;, X2) = ai X, + a2 Хә, the coefficients 
a, and аз satisfy the system (4.1.6). Solve that system when X, and X; are not 
multiples of each other. 
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Exercise 4.8 Let c be a real number and X, and X2 be random variables. Show 
that the relation (X1, X5 — cX) = (Xi, eX, — X2) is equivalent to (X, X2) E 
(X1,2eX1 = Хо). 


Exercise 4.9 Let (Х|, X2) be SaS,0 < а < 2, with spectral measure Г. Show 
that the relation (X1, X2) = (X,,2cX; — X2) is satisfied if T is given by (4.2.4), 
but it is not satisfied if Г is given by (4.2.5). 


Exercise 4.10 Fill all the details in the proof of Proposition 4.3.2. 


Exercise 4.11 Prove that the right-hand side of Relation (4.4.3) coincides with 
the right-hand side of Relation (4.4.1). 
Hint: Make a change of variables from 5, to E and use (3.2.4). 


Exercise 4.12 Prove the second part of Lemma 4.4.2. 


Exercise 4.13 Let X be a positive random variable, independent of an exponential 
random variable Гу with mean 1. Then 


Jim A^! P(XTi < А) = ЕОС"). 


Exercise 4.14 Let X > 0 and —oo < p < co. Show that EX? < oo implies 
lim) 00 APP(X > A} = 0. 


Exercise 4.15 A gamma random variable T, with parameters т > 0 and y > 0 
has density function f(x) = 15 z7-le7'? for x > 0 and f(x) = 0 fora < 0. 
Show that for any.—co < p < оо: 

(D E(T,)? = ооір< -r 

(2) If p > —r, then 


_ -ol(r +P) 
ET, = 7 E T(r) 


< Ст, 
where C = C(y,r, p) is a positive constant. 

(3) If0 Са «2, 
E(T;)-P/] = oo and i < [2] and Егу) 577] < Ci7?/^ fori > H +1. 

(Ts) = со and i< | and ЕС < = 
Exercise 4.16 Let Г; be a gamma random variable with mean ET; = j. Show 
that 

lim; S exp{j (T; — 7)) < 2e". 
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Exercise 4.17 Prove that for Х > QandO < e « 1, 
Р( min (X, & Y) > a) 
kz1,...,n 


< Р({ min. Х > ҖІ-е)}о (max. Y,» 1-6) 


Exercise 4.18 Prove Lemma 4.4.4 by induction. 
Exercise 4.19 Prove Corollary 4.4.6. 
Exercise 4.20 Prove Relation (4.4.15). 


Exercise 4.21 Let X;,..., Xn be non-negative random variables. Prove by in- 
duction that 


оо оо 
EQ X)» | zn] P(X, > Н,... Xn > ћајаћ ... dts. 
о 0 


Exercise 4.22 Let 0 < а « 2. The spectral measure can be used to express the 
dependence structure of a-stable random variables Xi, Хљ,..., Xn- 

(1) Show that the X;;s are independent if and only if Г is concentrated on the 
2n points (0,...,0,£1,0,...,0). s 

(2) Show that the X ;s are n-fold dependent if and only if 


Г{ѕ Є Sn: s,53...5, #0} > 0. 


(3) Find а necessary and sufficient condition in terms of Г for 
E|Xy|P ...] X4|P^ < oo. 


Exercise 4.23 Show that if U; and U; are associated random variables, then 
P(U; > A1, U2 > №) > P(U; 2 A1) P(U2 > №). 


Exercise 4.24 If two random variables are associated and their covariance is 
zero, then they are independent. 
Hint: Prove it first for positive random variables. 


Exercise 4.25 If T,1,72,..., Т. are associated random variables and if C; = 
gi(Ti To,- Tk), i = 1,...,т, where for each i, the function g; is non- 
decreasing in each of its arguments, then the random variables Gi, G2, ..., Gn 
are associated. 
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Exercise 4.26 Show that neither F-positive orthant dependence nor F. -positive 
orthant dependence imply association. 


Exercise 4.27 Show thatif X and —Y are associated, then X and Y are negatively 
associated. 


Exercise 4.28 Show that for all 0 < а < 2, 
11, — 59 + 11,1) < 0. 
Hint: Proof of Lemma 2.7.14. 


Exercise 4.29 Compute 7(2) for the reverse Ornstein-Uhlenbeck process (defined 
in Example 3.6.4). 


Exercise 4.30 Show that I (61, 82; t) (defined in Relation (4.7.5)) tends to Oas > 
oo for all 0; and 6 if the process is a stationary SaS, 0 < a < 2, moving average. 
Show that this is also the case if the measure M in X(t) = To f(t — z)M(dz) 
is an a-stable (not necessarily symmetric) random measure. 


Exercise 4.31 Let (G(t), # € R} be a stationary Gaussian process with auto- 
correlation function p(t) converging to po; as t — оо. Prove that poo cannot be 
negative^. 

Hint: Suppose peo < 0 and choose time points ¢;,...,t, separated by long 
enough intervals so that the correlation matrix of the vector (G(t;),...,G(tn)) 
consists of 1 on the diagonal and all off-diagonal entries are less than po; + с < 0. 
Choose т sufficiently large to make all the entries of the correlation matrix add up 
to a negative number. 


Exercise 4.32 Prove Proposition 4.8.1. 


Suggested by Aaron Gross. 


Chapter 5 


Non-linear regression 


We proved in Chapter 4 that the bivariate regression is linear when the random 
variables are jointly 505 and 1 < а < 2. In this chapter, we give a complete 
picture of bivariate regression in the general, possibly asymmetric, case. We show 
that when skewness is present, regression can be either linear or nonlinear. We 
also show that the regression can be defined even when 0 < о < 1. Section 5.5 
summarizes the main results of this chapter. 


In Section 5.1 we give sufficient conditions for the finiteness of the conditional 
moment E(|X;|?| X; = т) when a < p < 2o + 1. When p < а, the conditional 
moment always exists because Е| Х|? < oo. However, the conditional moment 
can also exist when p > o. This depends on the spectral measure Г of the a-stable 
random vector (X, Хз). Г is a measure on the unit circle. The smaller the mass 
concentrated around the north and south poles of the unit circle, the higher the 
value of p. These results are relevant to the regression problem. Setting p — 1, 
we obtain a sufficient condition for the existence of the regression in the case 
0 < a < 1. This condition will become our standard assumption. 

In Section 5.2 we derive the form of the bivariate regression. The formulas 
are valid for 1 < а « 2, and also, when the standard assumption holds, for 0 < 
а < 1. We give necessary and sufficient conditions for linearity. Interestingly, 
the regressions are typically asymptotically linear. In Section 5.3 we apply the 
bivariate regression results to important classes of o-stable laws, namely those of 
moving averages, sub-Gaussian and harmonizable vectors. The sometimes exotic 
behavior of the regression functions in the non-linear case is illustrated graphically 
in Section 5.4. 

The regression in the non-linear case involves two integrals which cannot 
be computed analytically. To make matters worse, these integrals have features 
which render them intractable by standard numerical integration procedures. In 
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Section 5.5, we give algorithms for computing the regression formulas. Since a 
straightforward application of the midpoint trapezoidal or Simpson's rule gives 
а very poor approximation, we developed variants with variable step size and 
cutoffs. Although we make no claim that the procedures described here represent 
the best possible way to compute the regressions, they are the most appropriate 
among those examined. To facilitate applications of the regression formulas we 
rewrite them in Section 5.5 using the integral representation. We also refer to 
a software package for computing bivariate regressions and probability density 
function of o-stable random variables. А description of the package and the 
listing of the source code, written in the C language, can be found in Hardin, 
Samorodnitsky and Taqqu (19912). 


51 Conditional moments of order greater than or 
equal to a 

Let (X1, Хз) be an a-stable random vector. Clearly, the conditional moment 

E(|X2|?|X1 = 2) is finite for almost every т if p < а because E|X|? < co. 

What about p > a? In this section some partial answers are provided. | 
It is well known that the existence of moments is related to the behavior of the 

characteristic function around the origin. We shall therefore consider the behavior 

of the conditional characteristic function $x,)2(r) = Ее | Ху = a] as r — 0. 


We consider, firstly, а d-dimensional a-stable random vector X = 
(Xi, Х,..., Ха) and study 


ÓXalsi imo (0) = Eje | = m,..., Ха = mai]. 


Let éx (ti, ..., tai, 7) = E expli i t; Xj +rXa)} denote the characteristic 
function of the vector X and let T ђе its spectral measure. Recall that T is a measure 
on the unit sphere 5; of R2. We start with the following simple result. 


Lemma 5.1.1 Jf d > 2 and for each (t),...,ta-1) € Sa-1, 
T(s € 54:18 +-+ + td-iSd-1 #0)> 0, (5.1.1) 
then for each real r, 
JS | lox (ti, m taa, r)]dti ... dta. < co. (5.1.2) 
Rd- 


Remark. Note that 5; consists of the two point set {—1, 1}. Hence Relation 
(5.1.1), in the case d = 2, is equivalent to Г( (31,32) € S2 : sı #0} > 0, i.e., to 


T{S2\{(0, 1), (0, —1)}} > 0, (5.1.3) 
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that is, to X; Æ 0 a.s. 


PROOF OF LEMMA 5.1.1: Define M : R^! — R4 by 


M(ti,..-,ta-1) = | (аз + tacasa-i|?T(ds). 
5а 


Then 


Mo M(t,...,ta-1) > 0. 


= inf 
(ti ta ESa-1 
If 0 « а < 1, then, by (2.3.1), 


lox(t1,..-,ta-1,7)| 


= ev[- | isi b ласі esa? T(ds)) 
Sa 


l^ 


ехр{- f (15 Tee ta—1Sa—1|* — Irsaf*)r(as) ) 
а 
eV ехр(—Мо( + --- + th) 


lA 


with C > 0, proving (5.1.2). The case 1 < а <2issimilar. И 


Fix d > 2 and let Fx, x, ка FX. Xa and Руда та denote, 
respectively, the distribution function of (X1,..., X41, Ха), (Xi,..., Xa-1) 


and the conditional distribution function of Xa given X, = z,..., Xd-1 = 24-1. 
Further, let 
P 4 
Фхаа m" жа-, = ji e" ау дота (24) 
—©о 


denote the corresponding characteristic function. We have by Fubini's theorem 
фФх(ћ,... бат) 
= / ТИС 
Ra 


= | све taza) k la, wai (ПЕР Xa- (Bs 06+ 24-1). 
R4-! 


Therefore, for fixed r, we may regard фх (£i, . . „ба, T) as the Fourier transform 
of a complex-valued finite measure С. on Rt! given by 


GA) = | бхаа, ва P tarifa) (5.1.4) 


for any Borel set A in R?-'!. 
Suppose, now, that (5.1.1) holds. Then both С, and Рх... x, , have bounded 
continuous densities. Indeed, by Lemma 5.1.1, фх(ёџ, . .., t4), r) is absolutely 
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integrable in t,,...,t¢-1, SO that, by Fourier inversion theorem in R2—', С, is 
absolutely continuous with respect to Lebesgue measure in Е !, with a bounded 
continuous density g, (zi, . . ., za.) equal to | 


1 Бе 2 
ay Lue (21 + Haiza) by (ty, ...,tg-1,r)dty...dtg—1. (5.1.5) 


D 


Setting r = 0 in (5.1.5) shows that Рх, X, , also has a bounded continuous 
density fx,,...,x,., with respect to Lebesgue measure on IR^! equal to 


1 . 
Qi A епа) be (ti, гаа „ёа-1,0)а ... Фва–1. (5.1.6) 
Rd-1 


We conclude from (5.1.4) that 


9. (zi, ... Za-1) =, IX Sac (zi, E „Жа–)ФХ јата (r). 
Hence, for almost all realizations X, = z,,..., Ха = 241 corresponding to 
ја Cat ... ,24–1) > 0, 
9-(21,....24-1) 


даал) = 

xd. ae ( ) Јава -л) 

dna: ета ата) by (6... васт)... бал 
nee сиве ва ima by (£,,... $4 4, 0)d&.. dta 


Now that we have obtained an expression for the conditional characteristic 
function $x,1x,,...,x, ,. We can exploit the well-known fact that finiteness of 
moments of a probability law is directly related to the behavior of its characteristic 
function at the origin. 


(5.1.7) 


Theorem 5.1.2 Let F be a distribution function and $ the corresponding char- 
acteristic function. 


(i) А necessary and sufficient condition for F to have the moment of order p, 
where 0 « p « 2, is that, for some с > 0 
c 
jus 
| "ов OUT ar < oo. 
0 


ті+р 


Moreover, Е has a second moment if and only ifr ? (1 —Re ф(т)) is bounded 
foro Ст < с. 


(ii) A necessary and sufficient condition for Е, having the moment of order 2n, 
to have the moment of order 2n + p, where 0 « p « 2, is that, for some 
а (2n) ол) | 

eR п) (0) — Re 97 
| оаза s 
0 


rite 
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Moreover, Е has the moment of order 21.+2 if and only if r "(Ке $9) (0) — 
Re $C"? (т) is bounded for 0 < r < c. 


PROOF: It is enough to prove part (1). Part (ii) follows from part (i) since 
$09) (r)/ 997) (0) is a characteristic function corresponding to the distribution G 
given by G(dy) = y^^ F(dy)/ ЕУ". 

Suppose that [= |т|РЕ(ат) < oo for0 < p < 2 and let c > 0. Now 


1-Е 1 
J RE OO) a - [Г zs]. (1 — cos rz) F(dz)dr 


zi Г' Lom, F(dz) = e lal? (4 1 T d F(dz) « 


because /? (1 — cos t)/t'*Pdt < оо for 0 < р < 2.! Conversely, suppose that 
Jo (1 – Re é(r))/r!*?dr < со for some c > 0. Then, as above, 


421 | t 
o> f” er f = dt F(dz) > | 5 += 08" at F(da) 
х|> 


= const. J |z |? F (dz), 
Iz|»1 


which implies that F has a p" moment. 
Now suppose that F' has a second moment. Then ¢ is twice differentiable and 


Фф (0) = lim glr) + olr) — 2600) = —2 lim 90) 
r? т—0 те 
Hence, r~?(1 — Re ф(г)) is bounded in the neighborhood of zero. Conversely, if 


this quantity is bounded for 0 < r < c, ? then, by Fatou's lemma, 


oo 
= 1= 
со > limipt УСУ — нї : Toon (az) 


т— T т— = 


œ 1—созтт ? 3 
2 lim inf — 3—- F(dz у= z^ F(dz), 
оо т? —оо 


т— 
and the theorem is proved. WM 


"In fact, one can see that jJ |z|? F(dz) = const. fra —Re ф(г))/т! "Рат (cf. also Theorem 


11.4.3 in Kawata (1972)). 
?The proof implies that it is enough to assume that r7?(1 — Re ф(г)) is bounded at some sequence 
of points tending to zero (cf. also Ramachandran and Rao (1968)). 
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Since we are mainly concerned with regression, i.e., the case p = 1 < 2 (п = 


0), we want to study how fast óx „ја ла. (7) approaches | as r — 0. When 
d — 2, (5.1.7) reduces to 


1 ES eid 
(r) = 1 -—iir = 
бан = 1+ керу] en exer) 0), (518) 
where we set x) = т. We shall now consider only the case d = 2 and study how 
fast the numerator in the right-hand side of (5.1.8) tends to 0 as r — 0. 
Let X = (X, X2) be a SaS random vector in R? with a spectral measure Г 
satisfying (5.1.3). Substituting d = 2 in (2.4.2) we obtain 


éx(6,0) = exp{— | Irsier(as)) = eint, 
5; 
where, by (2.3.3), а = ( fs, [51]? T (ds))'/^ is the scale parameter of the distri- 
bution of Ху. We therefore obtain the following expression for the conditional 
characteristic function of X2 given X, = z: 


1 DT a 
=1 –их „—| "ог 
Фуа (7) + 2nfx, (x) Ls e е | 


х bet- f. (јез + 752]? — [ts ,|)T (ds)) — Ца. (519) 


The conditional moment E(|X2|P|X, = z) is finite for almost every z if 
p < а, but it can be infinite when p > o. For example, let (Xi, X2) £ (X,Y + 
Z), where (Х,У) is а SaS random vector, and Z is а SaS random variable 
independent of (Х|, У). (The autoregressive model of order 1, i.e., X? = aXı +Z, 
is a special case of this.) The presence of the "independent increment" Z ensures, 
of course, that E(|X2|?| X1) = E(E(|Y + ZI?|X), Y)|X1) = oo a.s. if p > о, 
because for such p, Е(ЈУ + 2 РХ) = z, У = y) = Еју + Z|? = оо. In terms of 
the spectral measure Г of the vector (X1, Хз), this “independent increment” 2 is 
equivalent to the presence of atoms at the points (0,1) and (0, — 1) on the unit circle 
S5. Therefore, heuristically, we would expect that the less the spectral measure 
Г is concentrated around the points (0,1) and (0, —1), the higher the conditional 
moments of X5. The following theorem, which is the main result of this section, 
shows that these heuristics are essentially correct. 


Theorem 5.1.3 Let X = (Xi, Хз) be an a-stable random vector (not necessarily 
symmetric), with spectral measure Г, satisfying 


А |з1[Г”Г(ав) < oo = (5.1.10) 
ЕЯ 
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Q,5) 


a (2,4) 


~: min(a + v,2a + 1) 


0 а 


1 2 
Figure 5.1: The conditional moment of order p is finite in the 
shaded region. The picture is drawn with v = 2. 


for some v > 0. Then E(|X;|P|.X, = т) < oo for almost every x if 


€ 


p < min(a +v, 2a + 1}. (5.1.11) 


Moreover, if e > 1/2 and v > 2 — о, then E(X3|X = z) < co for almost every 
x, and if a > 3/2 and v > 4 — а, then E(X}|X, = т) < oo for almost every 5. ` 


The region where (5.1.11) holds is displayed in Figures 5.1 and 5.2. 


Remarks 


1. “For almost every т” means for all z in the support of the probability density 


& 


function of X;. тс 
2. Since Ss, I(ds) < оо, the case у = 0 reduces to the trivial result 
E(|X2|?|X = т) < oo for any p < o. im 


3. Applying the theorem with a < 1, we obtain E(|X2||X1 = х) < co a.e. if 
v»1-a. tes 
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с, 5) 


(2,2) 


0 


Figure 5.2: The shaded regions indicate where 
the conditional moment can be finite. Region А is 
for v — 0 (no improvement over the unconditional 

moment) and region A U B is for v > а + 1. 


4. Cioczek-Georges and Taqqu (1994a, 1994c) prove that the condition v > 
р «in Theorem 5.1.3 can be weakened to и > p — o not only for p = 2 
or 4 but for all а <р < 2a + 1. 


5. Cioczek-Georges and Taqqu (19945) show that if — fg, 1n |s; | (ds) < оо, 
then E[|X2|*| Xi = т] < оо for almost every 2. 


The proof of Theorem 5.1.3 is quite technical. To obtain the existence of higher 
moments one may have to deal with the second and even the fourth derivative 
of фхја(г). Formal computation of the derivatives can yield divergent terms, 
and hence special manipulations are needed. Moreover, one needs to bound the 
difference of derivatives (or the characteristic function itself) between points 0 
and т > 0 by an adequate power of r. 

То give a flavor of the proof and to demonstrate some of the basic techniques, 
we prove the theorem only in the two following special cases: 


О<а<1 ап l-a<v<l, 


1 <а<2 апі 0 <и < 2-а. 
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The first case ensures the existence of E(| X2|| X, = x) for almost every x and 
the second one (when v = 2 — a) covers also the existence of E[X2| X, = х] for 
almost every z when 1 « a « 2. Other cases are considered in Samorodnitsky 
and Taqqu (1991a) (0 Си € 1 — а for 0 < a « 1) and Cioczek-Georges and 
Taqqu (1994a, 1994c, 1994b). 

Before proving Theorem 5.1.3 in the special cases indicated above, we need 
to collect certain technical results. Suppose that (5.1.10) holds for some v > 0, 
and let C, « oo denote the corresponding value of the integral in (5.1.10). 


Lemma 5.1.4 (a) Let 0 < а < 1. For any real, non-zero т and t, 


(i) 


| ГА (јез + гаје — ә. (as) | s (So). (5.1.12) 
(ii) 
| / (из) ral — |°)г(дв)| 
С„2” (1 + airett, if 0<v<i-a, 
< (5.1.13) 
Ci-a2! 7° (1 + о) 1-0-9, f »z1-ao. 
(iii) 


| lits + гаје + [si — 7921 — 2|ts;l?|T (ds) 
S2 


= 


C2*"(a(1—o)- iret, f O< v < 2-2, 
(5.1.14) 


C3-42-79*(a(1 – a) + PEA, if v22-o. 
(b) Let 1 < а < 2. For any real, non-zero т and t, 
(i) 
n (ө real = ВРТ] отео +". бл) 
(ü) 
i lits + rs2|* + [tsi — rs3l? — 2из[°|Г(ав) 
2 


C,2!*"o((a — 1) + 3e-!y[rjet" |; 7", if 0«v«2-a, 
< (5.1.16) 


C; 42-7*a((a —1) + 327!) 979, if иг2-а. 
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PROOF: (a) Рап (i) does not involve v; it follows from |[£s; + тв›|® — [68 [5] < 
|г5; је < |г|®. (5.1.10) is not being used). For parts (ii) and (iii), decompose ће . 
whole integral into a sum of integrals J, and J} over ((31, 82) € 55 : [tsi| > 2|r|} 
and { (51,82) € 52 : |1] < 2|r|}, respectively. 

To obtain a bound for J; in part (ii), note that by the mean value theorem, 
thereisa0 «8 « 1 


ёзу + rs2]* — |Ёв1|®| = |rsala [tsi + 0rs2]?7! < |rla |tsi/2|27 , 


since [tsi] > 2|r| and |@rs2| < |r] imply [tsi + @rs2| 2 [tsi — |@rs2| > 
its;|/2. Hence Л < o2!-?|r||i- 09 Јели 18:17 07? T (ds) is bounded by 
C,o2" пие КО Си < 1 a and Ci 402'-?|r|[t|- 079 if v > 1— o. 
Moreover, Jz is bounded above by 


f еве (ds) < |г[° | lsi” lsi] "T (ds) < C2 |+” =”, 
|Ёз1]<2|г] јез | 22] 7] 


yielding the first inequality in (5.1.13). For the second inequality, take v = 1 — а 
For part (iii), in the estimate of Л, use the fact that there exist constants 
01,05, y € (0, 1) such that 


|Езу + rs2|* + |51 — т5 |“ — 2|tsil?| 
= ` e|rsa||(o — 1)( (0; + буг а |81 + ( 48, – (1 — rss]? 2| 
t 
< 2a(l are", 


and also use Љ < mm 2|rs;|^T (ds). 
(b) Part (i) follows from the mean value theorem and the proof of part (ii) is 
similar to the case0 Са < 1. BM 


PROOF OF THEOREM 5.1.3 (for 0 < а < 1, 1-а < v < 1 and for 
1«o«2,0«v»€2-—20) We first show that if the theorem holds 
for SaS random vectors, then it holds for a-stable vectors. Let (Xi, X2) 
be a-stable, let v and р be as in the theorem and let (У), Y2) be an inde- 
pendent copy of (Xi, X2). Then (Z1, Z;) = (X1, X2) – (Y, Y2) ва SaS 
vector with spectral measure Г, defined by Г(А) = Г(А) + Г(—А) for every 
Borel set A of 5. Since fg, [si|7"T(ds) = 2 fs, |81] "T(ds) < оо, we have 
E(E(|Zi[P|Xi, Yi, У2)]21) = Е(|2›|Р| 2) < оо a.s., since we are assuming the 
theorem holds for SaS random vectors. Consequently, E(|Z2|?|X1, Yi, Y2) < oo 
a.s. by Fubini's theorem. Since (Y,, Y2) is independent of (X1, X2), 


E(|Xa|]*] X1) E(X: - Y + Ү›|Р| X, Yi, Ya) 
2Р(Е(Х; — РХ, Y, Y2) + ЕОР Xi, Yi, Y2)) 
2Р(Е(|2›|Р| Xi, Y, Y2) + |У |) 


|| 


А 
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is a.s. finite, establishing the claim. 

We suppose from now on that (X1, X2) is a S&S random vector and assume 
either O Са € 1 withl-oa«cv«lorlcoc2wihO0«v£2-—ain 
the sequel. Observe firstly that (5.1.10) implies (5.1.3), so (5.1.9) holds. Then 
decompose the integral in (5.1.9) as follows: 


/ e “зе Ml*o? во (- / (Its + rs;|^ — |tsi|*)T'(as)} - ] dt 
—oo Sz 
= -f ett | "о [/ (lts + rs2|* — езе) (ds) | at 
-2 5; à 
* || аи и а ЕЕ || (51 + rs? — ]tsi[*)T (ds) 
—oo 5; 


+ sf- f (151 + rs2|* — [гв1[°)г(4в) ае 
2 
= _-h+h. (5.1.17) 


We are now going to estimate 7,. We have 


/ ~ posts e- е? | || toi er – лег) dt 


–оо 


ћ 


– if sin ёт e- Itl" e? n (131 + rs3]? — С) di 
5; 


—oQ 


= I — ilg. (5.1.18) 


Lemma 5.1.4 (Relations (5.1.13) and (5.1.15)) implies that for all 0 < |r| < 1 
(say), | Ла] < Clr]. Here and in the sequel, C denotes a positive constant, which 
may change from line to line. Moreover, |J,,| equals 


оо 
| costz e "7i || (lisi + rs2|* + |651 — тв; је — sra) а 
0 5 


со 
< | е7 | 118; + тзрје + [tsi — rs2|* — 2s iras) dt. 
0 5 
(5.1.19) 
Now use Lemma 5.1.4 to bound the inner integral in the right-hand side of 
(5.1.19). Specifically, use the first inequality of (5.1.14) for 0 < a < 1 (note: 
v <1 < 2 — a) and (5.1.16) for 1 < а < 2. We obtain for any 0 < |r| < 1, 


Haul < Cirt”. (5.1.20) 


We now tum to the term Г, in (5.1.17). Using the elementary inequalities, 
valid for any Ô < y € T, 
2 
y- 5 <l-e™” <y, 
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у Vor 
yxe'-lsytze, 


we conclude, using Relations (5.1.12) and (5.1.15) of Lemma 5.1.4, that || is 
bounded above by 


оо 2 
ој e Mer ега | (јез + rs2|* — E] dt 
-00 S; 


for 0 < o < 1, and by 
Es а а а a—! 2 
C / et^ e? gaT( SD rl? Inl) | / (|91 + тв је — sor dt 
—oo S; 


forl<a<2. 
In the case 1 < а € 2, we may show that for all 0 < |r| € 1 


I| < Ст? (5.1.21) 


by using (5.1.15). Consider, now, the case 0 < а < 1. If 1/2 < o < 1, then 
(5.1.13) implies that for all 0 < [r| < 1, 


< ce. (5.1.22) 


If œ < 1/2, then using both (5.1.12) and (5.1.13), we obtain, for 0 < |r| < 1, 


2 
wb s c(f +f [f фе + raul = tmr at 
lti<iri Iti» irl 5; 
< б Ife c | зире? 
IL ESLI it» 
< Cret. (5.1.23) 


If a = 1/2, then consider v’ = (1 — є)/2 < 1 — а with O < є < 1 and use the 
first inequality of (5.1.13) to obtain, for 0 < |r| < 1, 


|Ь| € Cirp. (5.1.24) 
We now gather the intermediate results. By (5.1.9), (5.1.17) and (5.1.18), 


1—Re Фху (7) 
= —(2nfx,(x))7! Re (-N + h) 
= (Qnfx(z)) (n — Re D) < (27 fx, (2)) (il + |]. 
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Hence, by (5.1.21), (5.1.22), (5.1.23), (5.1.24) and (5.1.20), 


C(fxí(z)"!||**", поса<1 1—а<и<1 
1-Re dx, (7) € orifl<a<2,0<v<2-a, 
C(fxi(2))^!|r^, ifl<a<2andv=2-a, 

(5.1.25) 
for all 0 € |r| < 1. 
Part (i) of Theorem 5.1.2 implies E(|X2|?| Xy = х) < co ae. for any 
p < а + и in the cases listed in the first inequality of (5.1.25). Moreover, for 
1 «a <2, it implies E(|X2|?|X, = х) < oo a.e. if v = 2 — o. This completes 
the proof. M 


Remark. Condition (5.1.10) involves the spectral measure Г of the vector 
(X1, X2). Often, however, (Жү, X2) is given by its integral representation 


(Xi, Xa) (f шм), | мам), (5.1.26) 


where M is an o-stable random measure on the measure space (Е, E) with control 
measure m and skewness intensity 8(-): E — [—1, 1]. Itis easy to see by a change 
of variables that 


s Il" COM 


where E, = {a € E: Ј (2) + Ј (2) # 0). (For а formal proof see Proposition 
5.2.10 below.) Hence, Condition (5.1.10) is equivalent to the finiteness of the 
right-hand side of (5.1.27). 

The following example shows that without additional assumptions. (namely, 
Xz = a Xy), it is not possible to obtain conditional moments of order p > 2a 1 · 
by merely supposing v > а + 1. 


|s;]^*" r(ds) = || VoIP" (ae), (5.1.27) 


Example 5.1.5 Let Y; and Y? be i.i.d. 50:5 random variables and set X, = у +0 
and X; = Y, — №. The spectral measure I of (X, X2) is concentrated on the four 
points (2!/2,2'/2), (—21/2, 21/2), (21/2, –2/2), (—2!/2, 21/2) of the unit circle 
Sp and hence, in this case, и“ = oo, where v* = sup(v > 0 : (5.1.10) holds]. 

On the other hand, let g(x) be the density of У or Y and let fx, (ж) be the 
density of X;. Since g(z) ~ C|z|-'-? as |z| — со, 


(= +2 а — 22 
E(|X3]P| X, = 21) xul. inal? 9( | 22:9 (273 Jana 


is infinite for p = 1 + 20 but is finite for all p < 1 + 2a. 
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The following proposition generalizes Example 5.1.5. It shows that one always 
has Е[| Х | 2+Х ] = оо for linearly independent 505 Ху, X», with a discrete 
spectral measure Г. 


Proposition 5.1.6 Let (X1, Хз) be an Sa S random vector, 0 < a < 2. Suppose 
that there are points 80) + +502) such that the spectral measure assigns a positive 
mass to both. Then 
E(|X2)?|X1) = со 

foralip >1+2a. 

PROOF: Assign the mass at the above two points with plus and minus signs to 
(Yi, Y2), all the rest to (Z1, Z2). Then (Yi, Y2) and (Zi, Z2) are independent 
(Proposition 2.3.7), and they sum to (X1, X2). By the argument of Example 


5.1.5, E(|Y;|?|Yi) = oo a.s. for p > 1 + 2a and, by independence, Е(| + 
Zj|P|Yi, Zi, Z2) = оо a.s., and so 


E(\|X2/?|X1) = E(E(|Ya + 7›|Р|Ү\, 21, Z2)| X1) = OO as. | 


Remark. It seems reasonable to conjecture that, even when Г is not concentrated 
on a finite number of points, E[| X» *!| X] = oo unless X, and X; are linearly 
dependent. Exercise 5.2 illustrates what can happen in the skewed case. 


5.2 Analytic representations of the non-linear 
regression functions 


Let (Ху, X2) be o-stable, 0 < a < 2, with spectral representation (Г, и), i.e., 
characteristic function as in Theorem 2.3.1. Then X, ~ 5, (c1, 81, p1), where 


ET (| lira) ^ (52.1) 


is the scale parameter of Х\, 
1 
В == | sr^?T(ds) € [-1,1] (5.2.2) 
91 JS 


is the skewness parameter of Х|, and 


m | ifo 1, 
ва = (5.2.3) 
i4 — 2 fs s1 1n |5 | Г(45) ifa = 1, 
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is the shift parameter of X, (see Example 2.3.4). In order to study the regression 
E(X3| X, = т), we must ensure that it is well defined. Clearly, 


а>1= Е|Х›| < oo 2 E(|X2||X, = 2) < oo for ae. =. 
When a < 1, we assume the following: 


Condition 5.2.1 If (Xi, X2) is o-stable with spectral measure Г and a < 1, then 
there is a number v > 1 — а such that 


Í Tds) ico. (5.2.4) 
5 2 


|1“ 
Theorem 5.1.3 ensures then E(|X;|| X, = т) < oo for a.e. т. Observe that the 
choice v > 0 is adequate when а = | and the choice v = 1 is adequate for all 
а < 1. 
Since we are interested in the regression Е(Х›| X, = т) as а function of т, 
we assume g) > 0, because оу = 0 implies that X, is degenerate and hence is 
E(X2|X1) = ЕХ». By virtue of (5.2.1), а! > 015 equivalent to 


Г(5з\{(0, 1) U (0, —1)}) > 0. (5.2.5) 


We also assume, without loss of generality, u° = (0, 9) = О, i.e., that 
(Xi, X2) has representation (Г, 0), because if u? 7.0, then setting X, = X; +p? 
and X; = X» + и yields 


E(X2|X, = х) = ЕС ==— и) + ub, 


with (Xi, X) having representation (T, 0). 
When и9 = 0, the density function of Ху, Јх (2) = з / еф, (t)dt, 
equals 


со 
fx (x) i e^? exp{—o2|t|* + iafiogt*?7? dt 
Шш —oo 
1 f? оца 
= 1 n e ?!* cos(tz — aot t^)dt (5.2.6) 
T Jo 


Ко Æ 1 (where а = tan(a7/2)), and 
1 


со . 2 . 
fx,(z) p" а е ехр{ о — 1810 та It + int dt 
pe t 2 
= = ud — – tint Jdt 5.2.7 
zi e cos (#(2 шу) + - а n ) ( ) 


if œ = 1, where ш = —2 Је, ву1п|зу]Г(@в). 
The following theorem provides an explicit formula for the regression in the 
case o Æ 1. 
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Theorem 5.2.2 (case о == 1). Let (Xi, X2) be a-stable, a = 1, with spectral 
representation (T,O). If 0 < a < 1, let (X1, X2) satisfy Condition 5.2.1. 
Then, for almost every т, 


_______ 9 - fis) 1 = zH(x) 
E(Xa|%1 = 1) = ке + КЕТЕ [> + be (5.2.8) 
where Ла 
A(z) = f e" 7?" gin (tz — аб, art’) dt, (5.2.9) 
0 
pen ale = fer TU (5.2.10) 
ai с] 
a-iT(d 
à= Је, эе Tes) === ( 5) (5.2.11) 
1 


and where a = tan F, and a, By and fx, are, respectively, the scale parameter 
(5.2.1), the skewness parameter (5.2.2) and the probability density function (5.2.6) 
of the random variable Х\. 


Ifa < 1 and fj = 1, Relation (5.2.8) is well defined only for x > 0, and if 
a < land fj = —1, it is well defined only for x < 0. 


PROOF: Since (5.2.5) holds, the characteristic function ¢x(t,r) of X = 


(Ху, X2) is absolutely integrable with respect to ¢ and therefore the conditional 
characteristic function x, |. (r) of X given Жү = х equals 


Фор) = 1+ сюр] er exten) — ex (Dat 


(See Section 5.1 and Relation (5.1.8).) Hence, for almost any z, 


E(X2|X, =) = — фу (0) 
i д [8 _y 
а не тш а | (5.2.12 
озо en 2m 
We start with the evaluation of @.фх (t,r)|-=0. For any t = 0, 
д . lféx(t.r) 
= = = — РА 
2 9х 6] = Фх(ьо) fim (Же —1), (52.13) 


where x(t, 7)/¢x(t, 0) = euer) with 


u(t,r) = [ [5] +rs2|* (1 — ia sign (tsı ++rs2)) — 165 [9 (1 — ia sign tsi)]T (ds). 
2 
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Since u(t,r) — О as r — 0, we have 


. 1 фх (ё, т) 
mn (acr Ж ) 


= lim exp{-ult,r)} - 1, u(tr) 


i cage. MN OR 
r0 T 
1 
= - [lim Ј (йш + твоје — |езује)Г(85) 
r—0 Js, T 


Ы) 
: —({Ly == iala]. 


То evaluate L2, we express the corresponding integral as a sum of two integrals 
Qi (t, r) and Q»(t, r), the first over 5 П (s : |ts,| > 2|r|} and the second over 
S; n (s : |tsi| < 2|г|}. The mean value theorem gives 


(ts, + 752)*9? — (£5,)**? = озот ut!” 


where и Є (|tsi| ^ [tsi + rsa], [61| V |ts; + r52]), and so, for any s, > 0, 
the integrand of Q, converges to sj|£s;|?7!. The integrand is dominated by an 
integrable function because |£s;| > 2|r| implies и € КЕ 24] and therefore 
ще! < [tsi/2]97! + |21|^7!. This is certainly integrable with respect to Г if 
a> 1. Ка < 1, оп $, 

lu?! < Cit? (аује sT + 1) < Сре“ Cli" + 1), 


which, by (5.2.4), is integrable with respect to Г. Therefore, by the dominated 
convergence theorem, 


lim Qut, = ойе"! / sls 7 Tas). 
Now consider 
Q2(t, 7) = йз < 2|r|)((tsi + rs2)<°? — (ёз)? )Г(аз). 
5 T 


Suppose firstly a < 1. When [55] < 2|г| and (51,52) € 52, the integrand is 
majorized by 


|г|7!С|гз›|° ке а |7” s || Cras" 


< 
€ Сат, 
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for, say, |r| < 1, ав œ +v — 1 > 0. Since this is integrable with respect to Г, we 

get tim, Q(t, r) = 0 by the dominated convergence theorem. The case a > 1 is 
T5 

similar. Therefore, by (5.2.11), 


In = ојје“! f s;lsi? "1T (ds) = асе Ме“. 
Я А 
Turning to Гл, we have 
Т = А 8286-12 T(ds) = ao каоз“!> 
2 
by (5.2.10). We conclude by (5.2.13), 


9ex(t, г) 


дт 


= eT MP байо: age (кұ<а—1> _ ду !). (5.2.14) 
т=0 


А similar argument applied to (5.2.12) yields 


E(X2|X, = 2) = TG a е С 


^ dt. (5.2.15) 


Substituting (5.2.14) in (5.2.15), we obtain 


E(X2|X) = 2) 
iac? | —iir ваја 159 > ор <а-1> ; = 
= oo e "Te ] e? кї = іа] )dt 
Fi, E) J- | us 
аср 
= І I AC. ‚2; 
=) [k(n + 12) + А E2)], (5.2.16) 
where 
29 аа 
Ш = f sin tz сов(а ба 248 )е 71 * 197 dt, 
0 
In = -f cos tz (аб сав је“ "1 ^ ta! gt, 
0 
Ја = | cos tz cos(af ја ће је“ 7 271, 
0 
УУ о рс 
In = Í sin tz (ада “је ?! ее. 
К А 


After integrating by parts, 


т 


со 
"y e7 71 ав sin(afıo ft") — cos(afiott?)] cos tx dt, 
0 


Ihn = 
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tA 
iv 


apy T ~ —o?t? а ја 5 | арау ot 

Тр = – + E €"! * [afi cos(aBio t^) + sin(a& ot t^)] sintz dt, 
0 

1 T ја -oft® B аза аруу с; 

Бу = K'E е” * [aß sin(aBiot t^) — соз(аб) 7117) sintz dt, 
0 
In = -7 e^? * [аб cos(apioft™) + sin(aßioft®)] cos tx dt, 
0 


where K = oct (1 + a282). Therefore, by (5.2.6) and (5.2.9), 
1 
ac? (1 + a?8? 


senos "ода f x (2) – z H(z)]. 


In +12 


798 + zr fx (z) + aByz H(z)), 
Ћ + Iz 


Substituting these expressions in (5.2.16) yields 


K +a 1A a(A — fik) 1 zH(X) 
EQ ==) = паре m p RU iA ә] 
= alà — Вік) 1— zH(z) 
= Kr die8 EY EE + "afr. Ta) | А 
Remarks 


1. To understand the reason for the last statement in the theorem, recall that 
when a < 1 and 8, = 1, the random variable X, is totally skewed to the 
right and when а < 1 and fj, = —1, X, is totally skewed to the left. The 
density function fx,(z) vanishes for = < 0 when 8; = 1 and it vanishes 
for z > 0 when fj = —1. Therefore, conditioning with respect to Х| = x 
makes no sense when x < 0 if 8, = 1 or when 2 > Q if = —1. When 
either a < 1, 6; # £1 or a > 1, the support of the density fx, (2) is the 
whole real line. 


2. The normalized covariation (X2, Xi] /o is called here к. If X is sym- 
metric o-stable, & Æ 1, we have Г symmetric, 6; = 0 and A = 0 and 
hence, 

Е(Ю\Х = x) = xz forae. г. 


We thus recover the statement of Theorem 4.1.2 in the case 1 « а < 2. 


3. Observe that D 
H(z)  hmfy ex, (t)dt 


"fx(z) Refy еф, (а 
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4. Ascaneasily be seen from the proof of the theorem, the following expression 
is equivalent to (5.2.8): 
Е(Х›|х, = х) 
Ју е9" te! cos(zt — 08176) 
ДБ. et cos(zt — абус?ї°)й 
(5.2.17) 


= кт+асра(Х— ix) 


5. The constants к and А in the theorem are finite when a < 1 because, by 


(5.2.4), 
ј sts !T(ds) Eu lsslle ју T(ds) «f T(ds) |. 
ri Ла У I 5; |з1|/ 


since |s;| € 1, |s2| < Landa — 1 +v > 0. 


6. If X, is (marginally) symmetric, then 8; = 0 and 


E(X2|X, = 2) = ка. (tan 77 A Ru 5 ( - jJ ene sn zat с 


We now turn to the case a = 1. 


Theorem 5.2.3 (case a = 1). Let (Xi, X2) be a-stable with а = 1 and spectral 
representation (Г, 0) ое Condition 5.2.1. Then, for almost every x, 


_ а = Х–—Ак|,__ „__ Уб) 
E(X2|X1 = z)= = ко + K(x ш) е fi £ [e p) с E 
(5.2.18) 
if By 5 0, and 
MNT BENE NI 
E(X2|X, = х) = ~ x ko + «(x — ш) т ттл (x) (5.2.19) 
if Өү = 0. Here, 
БЕУ 2 
U(x) = 1 e ?^' sin (к — ш) + убила t) dt, (5.2.20) 
0 
У(т) = I e 71 + In£)(cost(z — 1))dt, (5.2.21) 
0 
ko = =, 82 1п |si|F (ds), 
Њу == E = z f. sso? T (ds) = =f $2 sign (51) Г(аз), 


1 
А = 5 f orem 
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and 2 
Шш = -: | 81 In |si|F (ds). (5.2.22) 
T JS; 


PROOF: We have, as in (5.2.13), 


аб]. _ фу (ет) 
E cxt и - (жр = ) 


=: —éx(t0) Ё + БА | (5.2.23) 


1=0 


where 
А 1 
L = dm Jf, ө trsa - teram, 


А 1 
In = lim MICI + rs2) In |ts; + rs5| — ts; In |ts; [|T (ds). 
Sz 


r—0 
Clearly, 
L = im: f s sign (51) (ds) = airt. (5.2.24) 
ЕЯ 


As in ће case о Æ 1, to evaluate L2, we write 15 = lim(Qi(t,r) + Q2(t,r)) 
where Q involves integration over 5; N {s : |tsi| > 2|r|} апа Qz over 5: (s : 
61| < 2|r|}, and we apply the dominated convergence theorem. 

We je details only for Q2. Let f : (0,00) — [0, со) be defined by f(r) = 
r|Inr|, f(0) = 0. For |r| small enough (0 < |r| < е“!), f is monotone 
increasing and therefore, when |ts;| < 2|r| and 0 < |r| < (3e) ^, one has 
rl" Css + rsa) + fts) < (Эг) + FID) < Ari FGI) 
< 6|1n 3|r|| < 6 In 1/(3|és1|)| < 6(|In(3]¢|)| + |s1|7”/2), which is integrable by 
(5.2.4). Applying the dominated convergence theorem, we have lim Q(t, r) = 
Therefore, 


L, = lim (т) + lim От) 
т— r= 


- / з2(1 +10 |#в1|)Г(#в) 


5» 
= (+inf) / syT (ds) + / s» In ја (аз) 
S; 5; 
= gA(1-4 In[t|) + ско. (5.2.25) 
Substituting (5.2.24) and (5.2.25) in (5.2.23) yields 


дФх(%т) 
дт 


= —éx(t,0)oi |е +<% + i + In 4) + 2). 


т=0 
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The dominated convergence jede applied to (5.2. i with py as in (5.2.22), 


gives 
IE 
т=0 


oo 
27 fx (z) E(X3]X| = =) = -i f eit (Seien 
4 © = (аи) 42010101 || „—а [6] <0> ‚2 ‚2 
= ici е ett e [ + + In|el) +i=ko| dt 


s дт 


с 
== : |. (а) = ET +2) + = kon fx, (2), (5.2.26) 
where 
eo 2 
hy = | е cost(z — ш)(1 + Int) сов (= 81911 t) dt, 
D T 
e —o;t a; H 2 k 
In = -f e^? sint(z — ша) (1 Inf) зт( аё) at. 
0 т 


(i) Case В! == 0: After integrating by parts, 
NIS Eos 2 
bh = — -?!! cos t(z — in{ = 
21 x | e cos т ш)зїп( 8191202) 
ды (= — ТЕ јап (28 tint Jdt 
23101 p А Ил z от ) : 


т f” 2 
Т m. ees ait oi t = = 
22 = [| e sint(z in) eos (vost Int) at 


T Е at 2 
738,0. e-m) | e cos t(z — а) сов( = А суп ва, 
so that Е 
In + Г = -Ijo 4 — ш)тіх, (x) +5 TALO] 
Substituting this expression in (5.2.26) and rearranging terms, we obtain 
E(X2|Xi = х) 
20 О (= ) 
= Em + – A- 
0 ac in) – rst Вік к) ж) 
E ES C = U(z) 
No ko + &(x — pi) + = [e -)-« EIC 


(ii) Case fj = 0: After integrating by parts, 


Hin) 


U(x) = || e" sint(z — ш) = 
0 
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Since РА 
In + Iz = f e ?'! cost(z — ш)(1 +Int)dt = У (2), 
0 
Relation (5.2.26) becomes 
E(X2|X; = 1) 
_ дү Thx (2), _ 2 2 
тх (а) |+ Ра (=-= m) z Ve) qnx e) 
_ 20 + _ 201, V(z) 
== ko + &(z — ш) = or E 
Remarks 


1. The shift parameter и also appears in expression (5.2.7) of fx, (2). 


2. The constants « and A are defined as in Theorem 5.2.2. When « = 1, the 
constant А is proportional to the skewness parameter of X». 


3. ЕВ, £0, 
U(x) _ Im 52 еф (t)dt 
mfx,(z) Ве Jo” еф (ба 


The following corollary shows that the regression is linear when X, is totally 
skewed to the right (£j = 1) or when it is totally skewed to the left (8, = —1). 


Corollary 5.2.4 (case 8) = £1). Suppose that the conditions of Theorems 5.2.2 
or 5.2.3 hold. If 8, = +1, then, for almost every z, 


KT, ifa #1, 
E(X3|Xi = т) = (5.2.27) 
— 221 Ку — кш + кт, ја=1. 


In the case а < 1, this relation is well defined only for т > 0 when fj = 1, and 
for x < 0 when В; = —1. 


PROOF: fj = 1 implies s, > 0, Г-ае., by (5.2.1) and (5.2.2) and therefore 
А = к by (5.2.10) and (5.2.11). Similarly, 8, = —1 implies s, < 0, Г-а.е. and 
k = —A. In both cases, А — Вук = 0, and the corollary follows from Theorems 
5.2.2 and 5.2.3. M 


The next result shows that the regression E( X2|X, = х) is typically asymp- 
totically linear as т — оо. We know from Corollary 5.2.4 that the regression 15 
linear when f; = +1. For other values of |, one has: 
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Corollary 5.2.5 (Asymptotic relations). Let (X1, Хз) be o-stable, 0 < a < 2, 
with spectral representation (T, 0) and suppose that Condition 5.2.1 holds if 
0<a <1. Then, for 8; £ +1, 


A 
E(X2|X, = х) ~ Ей" ‚ 2 — 00, (5.2.28) 

апа n 
ЕСОЈХ = 2)  —— gr f e. (5.2.29) 

— р 
PROOF: It is sufficient to consider the case т — oo. Indeed, consider the vector 
(—Х\, Хз) whose parameters are 0 = ~fi, R = —& and A = А. Since 


E(X2|X, = z) = E(X2| — Ху = —z), one can obtain the asymptotic behavior 
of E(X;|X, = х) as x — —oo from that of E(X2|X; = х) as x — оо by 
replacing £j by — 81, & by —«, and z by —z = |z|. Suppose £ # +1. 
We study first the cases with о 5 1 and then those with a = 1. 
(а) case a # 1, т — oo: To obtain the asymptotic behavior of E(Xo|X, = х), 
we use its expression in terms of Ij, i,j = 1,2, as given in (5.2.16). By 
(Titchrnarsh 1986, Theorem 126), as z — oo, 
I~ Г(о) (ѕіп a 12 = o(z-?), i 
(5.2.30) 
Ii ды Г(а)(сов c) ^, In = olse), 
when 0 < а < 1 and also when 1 < a < 2. (If 1 < а < 2, use integration by 
parts to transform the terms {®—! in J;;, i, j = 1,2, into £?7?.) Moreover, 


fx) ~ =(1 + A) (sin 22) ота + 02777! 
(зох & Linnik 1971, Theorem 2.4.2). Substituting in (5.2.16) and using 
a = tan 57, we obtain 
"e in 7%) ,-2 TO) a 
E[X2|X, = x] C («I (a) (sin 7 је + aAI(o) (соз 5 E ) 


КЪА, 
1-57 


where xi 
с с 
«оү "I 


т (1- £i) (sin 32 )ofT(1 + o): 


(b) case а = 1, By #0, = — oo: Since x — ш ~ z as т — oo, we may assume 
ш = 0. Then, 


99 2 
U(z) = f ent sin(tz + 2810122) а = (с) + (т), 
0 
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= agit з 2 
(х=) = e sin(—A,oit Int) cos tz dt, 
0 


U2(z) 


oo 
2 
J РТ cos(A,oit int) sintz dt. 
А т 


After integrating by parts, 


U(r) = ~- ie ето oy sin( iiti t) 


T 


2 2 | 
+016 (1 + Int) eos (Ze pit In t)| sin tzdt, 


%(2) = – + 1 ү e [а cos (=o1fit int) 


| 
zc 
2 2 
от + Int) за (Сада) cos tx dt. 
Since the factors of sintz and costz are integrable, we see that (7 (2) = 


о(27!) апа U;(z) ~ 27! as x — оо by the Riemann-Lebesgue lemma (Titch- 
marsh (1986), Theorem 1). Therefore, 


U(z) ~ =. (5.2.31) 
Since, as is well known, 


fx, (a) ~ TELA а, 


(5.2.32) 
T 
we obtain 
(т) 1 " 
хјх (2) о(1+) , 
which, substituted in (5.2.18), gives 
A— Bik т K+A 
ЕСОЈХ = 2) ~ B = T. 
оваа Ay | zx] 1+8 
This is the same result as in the case а = 1. 
(c) case а = 1, В = 0, x — oo: If Y is a 505 random variable with 


а = 1 and scale parameter o, then by the inversion formula (Lukacs (1970), 
Theorem 3.2.1), P(0 < Y < хт) = 1 јр e ^t^'sintz dt. On the other 
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hand, because of the symmetry, limz_... P(0 < Y < oo) = 1/2. Therefore, 
т fy e ^'t-!sintz dt = 5 and hence 


V(z) = | e" (14 Int) cos zz dt 
o 


21 d 1 Ре 
= — e^? (1-FIn£)sintz dt ~ JI e7?'*t7! sintz dt 
x Jo T Jo 
Lo 
‚о-ы (5.2.33) 


since the first integral is o(1) by the Riemann-Lebesgue lemma. Substituting 
(5.2.33) and (5.2.32) in (5.2.19) yields E(X;|Xi = 2) ~ (к + А), i.e., (5.2.28) 
with ГЕД = 0. 

This completes the proof of the corollary. B 


Remark. If « + A # 0, then the regression is asymptotically linear. If either 
к+А = Оогк ~ А = 0, then the respective tail of the зш does not grow 
in absolute value as fast as |=. 

The following corollary gives a necessary and sufficient condition for Une iy 
of the regression. 


Corollary 5.2.6 (Linearity). Let (X1, X2) be o-stable, 0 < a < 2, with spectral 
representation (Г, 0) and suppose that Condition 5.2.1 holds if 0 < œ € 1. Then 
the regression E(X5|.X, = т) is linear if and only if 


А = Вк. (5.2.34) 
If A = Вук, then E(X2| Х | = т) is given by (5.2.27) for а.е. x. 


PROOF: If A = fik, then E(X2| X, = =) = кл for a.e. т by Theorem 5.2.2 
when a # 1, and E(X2|X; = х) = — 721 ko + x(x — ш) for a.e. т by Theorem 
5.2.3 whena = 1. 

Suppose, now, Е(Х| Ху = т) = Ат + B for a.e. т and also, to the contrary, 
that А > Вк. In view of Corollary 5.2.4, this contradicts either (5.2.8) or (5.2.18) 
if В, = £1. If @; A +1, then, by linearity, 


js ај а 


2-09 2 r--—00 


ЕХ, = 2). 
rI 


In view of (5.2.28) and (5.2.29), this implies 
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and hence А = 3, к, a contradiction. M 


In particular, in ће SaS case, we obtain the following extension of Theorem 
4.1.2: 


Corollary 5.2.7 If (X1, X2) is 505,0 < а € 2, with spectral measure Г and if 
Condition 5.2.1 holds when 0 < а < 1, then 


E(X2|X, = х) = kg for ae. т. 


Example 5.2.8 The regression can be linear even though (Х|, X2) is not sym- 
metric. For example, suppose œ > | and let X = (Ху, X2) have spectral measure 


p 5((® z) *s(C7 VE -5)) +40, = 


where ó((z1, z2)) denotes a unit mass at the point (21,22). The vector X is not 
symmetric because Г is not symmetric. However, J| = 0 (X, is SaS) and А = 0. 
Since (5.2.34) is satisfied in this case, the regression is linear. The slope is к = 1 
because both of and the covariation / 555^ 7 l'(ds) equal 2055)". 


Example 5.2.9 The regression may be non-linear even though both components 
X, and X; are SaS. For example, let a > 1 and X = (Xi, X2) have spectral 
measure 


T = 6((1,0)) + &((0, 1)) + 2985 ((-- —) 


In this case, X is not symmetric, X, and X; are 5а5, and the regression is not 
linear because f, = 0 but ср А = Је, з| 5) |“ T (ds) = euet #0. 


Integral Representation 


In applications, (Х|, X2) is often given by its integral representation 


(Xi, X) Ê :( ЈЕ Р(а)М(а2), a POT (е), (5.2.35) 


where M is ап o-stable random measure on the measure space (Е, &) with 
control measure m and skewness intensity B(-) : E — [—1,1]. The following 
proposition expresses Condition (5.2.4) and the constants of the regression in 
terms of А, fa, 8(-) and m(dz). 


Proposition 52.10 
T(ds) |s;|**" TOL 
ј ај ipi А har ms em 


(5.2.36) 


250 
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where E, = {1 € E: Р(х) + Р(х) 7 0). Moreover, 


ор 
д, 


Ш 


ko 


| 


PROOF: 
characteristic function of (X1, X2) is 


sevi: f fjM(dz)) 
esf Ela eros) nan] 


Ја ІЛ (2) | m(dz), 
5 "E (()*°> B(z)m(d2), 

2 ET _ | 
т А i к Дш) + Б 7) omen (case а = 1), 


_ 14 тутп ase а = 
7 be, КӨК тап) еа, 
кок еле та) 


1 "E 
= [А AGI DI" (2). 


Suppose firstly о # 1, and set а = tan 7# and |f| = y Р + П. The 


2 


ev]. Hx в а (5360) 7] +2 emda) 


j=l 


2 2 <a> = 
ОА)» TPT +i «(3 8 ) |) 


j=l 


= * <а> 
ew( f. HÈ 27 + “(у 6js;) |г(в)} 


by making the change of variables 


T:E,— S4, Т:тн (81,82) = Ea О 


and setting l'(ds) = Г, (88) + Г. (—ds), with 


raas) = LP (seas) — 
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Hence, in order to transform an integral involving 51, s? and Г into one involving 
fi, Љ and т, one expresses it as a sum of two нш. the first is obtained 
by replacing s; by 5€) E. j = 1,2, and T (ds) by 1(1 + &(z))|f(z)|*m(dz), 
and the second is obtained by replacing s; by p j = 1,2, and T (ds) by 
i(1— B(z))If(z)|*m(dz). (The same rule applies when œ = 1.) For example, 
when а = 1, 


ko = | 51 In [s;|T (ds) 
S Li à TC if) L+ Al) ав) 
JE a = L- PO) лд) 
| [n EE 
- f E (= $ ) акта . 
Similarly, 
ЕАБЫ 
ТА |: |“ T(ds) 


- f. (BY (Ey (ER . S82 неа 


atv 
- f. x m(dz). M 


5.3 Examples 


Here, we apply the results proved in the preceding sections to various important 
classes of a-stable laws, namely those of moving averages, sub-Gaussian and 
harmonizable vectors. 


Example 5.3.1 Moving averages 

Often, (X1, X2) = (X(t,), X(t2)) where tı € tz and {X(t),t € T] is 
some a-stable stochastic process. If the process X(t) has a representation of 
the type X(t) = Ј“ ~ F(t — z)M(dz) and M has Lebesgue control measure, 
then there is no v > 0 satisfying Condition (5.1.27) and, clearly, if 0 < o < 1, 
E(|X(t2)||X(t1) = zx) = co. This is the case, for example, if X(t) = hM (dz) 
(a-stable Lévy motion) or if X(t) = j^ B —А#—) M (dz) with А > 0 (Ornstein- 
Uhlenbeck process). 
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Relation (5.2.36) however, can be satisfied by two-sided moving aver- 
ages. Consider, for example, the two-sided a-stable Ormstein-Uhlenbeck process 
X(t) = fA, e~*!*-2|M (dz) where M has Lebesgue control measure. Then any 
v > O satisfies (5.1.27) and, therefore, 

(i) E(|X (t2)|?|X(t1) = х) < oo ae. for any p < 2a + 1. 
In particular, E( X?(1;)| X (4) = т) < co ae. ifa > 1/2. 
(ii) If X is SaS, | 
E(X (t2)|X(ti) = 2) 


= | ехр{—А([% ~ u| + (а — [à — ul)}au) T а.е. 


Example 5.3.2 Sub-Gaussian vectors 

Let 0 < а < 2, let С, С be zero mean jointly normal random vari- 
ables and let A be a positive a/2-stable random variable, independent of 
(Gi, С») with Laplace transform Бе“74 = ev. y > 0. Then(Xi, X2) = 
(АМС, AV? Gy) is а sub-Gaussian SaS random vector with underlying Gaus- 
sian vector G = (61, G2) (see Sections 2.5 and 3.7). 


Corollary 5.3.3 Let X = (Xi, X2) be a sub-Gaussian a-stable random vector 
with underlying Gaussian vector (Су, G2). Then 


(i) E([Xo|P|] Xy = z) < œ a.e. for any p < а + 1. 
In particular, E(X2|X| = x) < ooae,if 1«o < 2. 
(i) If X is SaS, 


E(X2|X, = 2) = UR z ae. (5.3.1) 


The proof uses the following lemma which will also be useful in the sequel. 


Lemma 5.3.4 Let X = (Ху, X2) be а sub-Gaussian So S random vector with 
underlying Gaussian vector G having covariance matrix 


(s 1). іта, 
r i 


Let V, denote the spectral measure of the sub-Gaussian SaS vector X. Then for 
any 0 < v < 1, there is a finite positive constant K independent ој r such that 


| јеку 


—Г,(45) < K. (532) 
s 181] 
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PROOF: By Proposition 3.7.1, 


(6,X)) £0 ( [croma [ седма), — 62» 


where (О, F, P) is the probability space on which the Gaussian vector (С, G2) 
is defined, M is а SaS random measure оп (Q, >) with control measure P and 
C — C(a) is a finite positive constant. Using (5.1.27), we obtain 

| 32 jate 


s isl” 


E) 
T,(ds) = C(a)E р 5.3.4 
g (o) ( IG, |” pom 
Since (G1, G2) = (Gi, "G1 + (1— 72) 26) where eis an N (0, 1) random variable 
independent of Сп, we have 

(Gaet |С + (1 – r?) eet 


EGR = x 2°" (BIG, |% + Elett ЕСІ |"), 
Ici Ici" (2101 lel 111°) 


proving ће lemma. Йй 


PROOF OF COROLLARY 5.3.3: We assume, without loss of generality, that EG? = 
EG% = 1 and use the notation of the preceding lemma. That lemma, Relation 
(5.2.36) and Theorem 5.1.3 prove part (i). Corollary 5.2.7 shows that E( X;| X1 = 
х) = кт a.e. To identify к, we use the representation (5.3.3) to obtain 


|| | зет. (ds) = С° / IG) P(du) = СЕС" (535) 
S а 


and 


|) s;s c^ T, (ds) се i 6,00) (uw) *97 1? P( dw) 
$; Q 


= C°EG,GS 

= C*E(rG + V1— r'e)Ggo-!? 

= СЕ ССр? 

= С°тЕ|С\|°, (5.3.6) 
which gives the covariation . Hence, к = r when а? := ЕС and a2 := ЕС аге 
both equal to 1. In the general case, 


Xa Xi T 2 ат - Cov (Gi, G2) Е 

E(X3|Xi = z) = ak (2 — — = i = Var G, т а.е. 
Statement (i) in Corollary 5.3.3 can be verified directly as follows. Let p < 
а + 1 with 0 < o < 2 and write С» = e + aG, where e is Gaussian, EeG, = 0 


and a is a constant. Then 


E(|A 7 G;e| A? G, ==) = E(|A' ^e az|?|4'?G, —z)«oo 


а а 
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because a simple computation shows that the conditional density g(y|z) of А!/?є 
given A! G, = = satisfies g(y|z) ~ C(x)y ?-* as y — oo, C(x) > 0. (Use 
Exercise 5.1.) 


Example 5.3.5 Real harmonizable vectors 
Let M be a (complex-valued) rotationally invariant 50:5 random measure on 
(Е, B) with a finite control measure m, let £,, tz be real numbers and let 


oo 
Ху=ве f ei? M(dz), j = 1,2. 
—oo 


Then (.X;, X2) is a real harmonizable 50:5 random vector. (See Example 3.6.7.) 


Corollary 5.3.6 Let X = (X, Хз) be a real harmonizable SaS random vector 
as above. Then 


(i) Е(|\Х›|Р|Х = 2) < ооа.е. for any p < о + 1. 
In particular, E(X2|X| = £) < ae. ifi« o €2. 


(ii) If X is SaS, 


Б(Х|Х = т) = ` md) (| сока = та) = ае. 


PROOF: . Ву (3.6.6), the joint characteristic function фх (61, 62) of ће SaS ran- 
dom vector X = (Ху, Хз) has the form 


E exp i(£) X1 +02X2) = exp{-bi(a) J l0 +02 -- 20,6; cos Ay|*/*m(dy) |, 
—oo 


(5.3.7) 
where bi (a) is a finite positive constant and А = tz — tı. By Proposition 2.5.2, 
forany y € R, 


l8 + 02 + 20,6; cos Ay|^? = ђу(а) | 10151 + O252|"Tcosay(ds), (5.3.8) 
5; 


where b; (ог) is a finite positive constant and where we use the same notation as in 
Lemma 5.3.4. Therefore 


Фу (01,082) == ехр{ —bi(a)ba(a) | 10,51 + 6; 5 8. f Feosay(ds)m(dy) |. 


Comparing this expression with фх (81,62) = exp{— fg, |0151 + 6252|^T(ds)) 
and using the uniqueness of the spectral measure, we conclude that the spec- 
tral measure Г of the real harmonizable SaS random vector (X4, X2) can be 
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represented in the form 


T(A) = 6i(a)b2(a) [ У ал (ЖД) (5.3.9) 


for any Borel set A on S;. 
For any 0 < v « 1, we have, using Lemma 5.3.4, 


aty 
ү 153] T(ds) 
в, lal" 


Js 


һе) | | In aas (de) m(dy) 


IA 


(ajal) / КДЙ Сөс: 


Theorem 5.1.3 implies now that for almost every с, E(|X;|P| X = т) < oo for 
any p < а + 1. To prove (ii), we use Corollary 5.2.7 and (5.3.9). Computing the 
covariation , we obtain 


Í 8282 7—!> Г(ав) 
5 


oo 


b(e)bio) f 


— со 


| || m) mid) 
5; 


поь (a) c" Eje |“ созду m(ay) 


–оо 


by (5.3.6). Moreover, 


oo 


] (silat (ав) = (а)ба) en Elo / m(dy), 
S; 


оо 


by (5.3.5). This establishes (ii). Ш 


5.4 Graphical representations 


In this section, we present graphical representations of the regression functions 
given analytically in Theorems 5.2.2 and 5.2.3. They were obtained by using 
the software package for computing bivariate regressions and probability density 
function of a-stable random variables given in Hardin, Samorodnitsky and Taqqu 
(19915). That paper includes a description of the package and the listing of the 
Source code, written in the C language. 

In the case а 52 1, the five parameters a, 81, к, А, and v, given in Proposition 
5.2.10 are required to describe the regression function completely. In the case 
а = 1, these five parameters, together with Ко and д, are required to describe 
the regression function completely. Thus, there is a myriad of possible choices 
for these parameters which are consistent with their definitions, giving rise to an 
unmanageably large family of regression functions. In producing the plots that 
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follow, we have chosen to restrict the parameter space considerably, but in a way 
which we hope will give the reader some feeling for the general character of these 
functions. 

To accomplish this, we use the stochastic integral representation (5.2.35) for 
(Xi, Хо). Here, the random measure M is taken to be totally right-skewed (i.e. , 
B(-) = 1), with domain E = [0,1] and Lebesgue control measure т. The 
functions f;, illustrated in Figure 5.3, are restricted to those of the form 


ЊЕ) = 1p, () — Це (0, 


where l4 is the indicator function of the set А. With these restrictions, all 
scale parameters equal unity and the three parameters a, cy and су determine the 
regression function. 


Figure 5.3: The function f;(t). 


Regressions for (Жу, X2) in this class may be interpreted as regressions involving 
three independent stable variables as follows. Define cq, = ти(с), c2) and 
Стах = тах(ст, c2), and let 21, 22, and 23 be independent identically distributed 
totally right-skewed (8 = 1) a-stable random variables with unit scale parameter. 
Then (X1, X2) is distributed as (Y; , Y2), where | 


Y; = cá 2) + (-1)* (Cmax — enin) ^ 2; — (1 — eaux) / 23 


5.4 GRAPHICAL REPRESENTATIONS 257 


and the upper sign holds if Cmax = сү, and the lower sign prevails otherwise. For 
example, if c, = 0.5 and c; = 1, then the regression of X2 on X; is the regression 
of k(Z; + 25) on k(Z, — 22) for the appropriate constant k. 

From Proposition 5.2.10, the parameters defining the regressions in Theorem 
. 5.2.3 are 


оү = 1, 
fi = 2c, — 1. 
2 
Шш = = щ(\2)й\, 
ko = —In(v2)A, 
к = 1-26 – о], 
апі 
А = 20 ~ 1. 


We shall refer to the skewness parameter for Xz as /%. For the present class of 
distributions, £z is equal to A. 

The asymptotic results of Corollary 5.2.5 are illustrated in the graphs and 
translate to the present parametrization as follows: 


tim EC =) _[ 1 Коза, 
т--+оо x B 2(c2/ c1) -1 ife, >с) 
апа 
lim E(X;Xi—z) f 1—2(6›—с,)/(1—с) ifo >с, 
r—-—oo т - 1 if cy > 0). 


The limits here do not depend on the value of a. Moreover, by Corollary 5.2.6, 
the regression is linear when c, = c» (here, this corresponds to X; = Хо). 

The regression functions are computed by making use of Theorems 5.2.2 and 
5.2.3. Unfortunately, the functions Н (x), U(x), V(x), and the density function 
fx, (az) do not in general have representations in terms of elementary functions, and 
thus their values must be computed by means of numerical integration. Although 
the general problem of computing the integrals is straightforward in principle, the 
specific task is fraught with difficulties. The next section discusses the numerical 
techniques in detail. 

In the graphs that follow, two of the parameters œ, су and с; are held constant 
while the third varies. Although not all possible variations are illustrated, much of 
the behavior for parameter choices not illustrated can be inferred from the graphs. 

Figure 5.4 corresponds to с; = 0.5 and c; = 1 and, hence, to 8, = 0 and 
B) = А = 1. It shows the regression of a totally right-skewed variable X; 
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x) 


E (X| X 


Figure 5.4: Regression functions for 8, = 0, 62 = 1, a varying. 


upon a symmetric variable X, for selected а, or, equivalently, the regression of 
k(Z + Z2) on k(Z, — 25) as mentioned above. When a + 1, the value of these 
regression functions at the origin has the same sign as a = tan 52 and hence is 
positive for œ < 1 and negative fora > 1. 

Figure 5.5 corresponds to с) = 0.5 and various values of с). It represents 
a regression of a symmetric variable X- upon variables X; with skewness 1 
varying from 0 to 1, for the case o = 1.9. The value c; = 0.5 corresponds to Xi 
symmetric, in which case X, = X» and the regression is linear. When c, = 1, Ху 
is totally right-skewed and the regression is linear at zero. 

In Figure 5.6, X? of varying skewness is regressed on a symmetric X; for the 
value а = 1.5. Here, су = 0.5. When c? = 0.5, the regression is linear since 
X = Ху. The curious non-zero intersection of the regression lines occurs for all 
fixed values of а > 1 at an z value depending on a but does not occur for values 
of a « 1 (see Figure 5.12). Figure 5.7 corresponds also to a = 1.5, but in this 
case it is X» that is symmetric (B5 = 0). 

In Figures 5.8 and 5.9, œ equals 1.1. Figure 5.8 should be compared to Figure 
5.7 because they both illustrate the regression of a symmetric random variable X3 
upon random variables X; of varying skewness. Figure 5.9 shows the regression 
of a totally right-skewed Хэ upon X, of varying skewness. Here c2 = 1, and 
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Figure 5.5: Regression functions for a = 1.9, 81 = 2c, — 1 and % = 0. 


hence % = А = 1. As the skewness of X, approaches that of X», the regression 
function approaches the identity, yet the left asymptote always has slope —1. 


In Figure 5.10, а = 1. The parameter c, is chosen to be 0.9, so that X, has 
skewness 0.8. The skewness of X? varies from —0.8 to 1. (For X» of skewness 
—1, the regression is the negative of that for X2 of skewness 1.) The value 
c2 = 0.9 corresponds to Хэ = ХІ, in which case the regression is linear. This 
graph shows that a small change in skewness can result in a large change in the 
global shape of the regression function. 


Figure 5.11 represents the regressions of variables of varying skewness upon 
a symmetric variable for the value а = 0.9. The value c; = 0.5 corresponds to 
Xz = Xj, in which case the regression is linear. This plot should be compared 
with the case о = 1.5 illustrated in Figure 5.6. 


Figures 5.12 and 5.13 both correspond to a = 0.5, but £, = 0 in Figure 5.12, 
whereas £ = 0 in Figure 5.13. Observe that Figures 5.6 and 5.12 where 31 = 0 
have roughly the same shape. So do Figures 5.7, 5.8 and 5.13, where % = 0. In 
Figure 5.13 the regression for Jj = 1 (ci = 1) is defined only for z > 0, because 
the density of X, has support on [0, co]. It is linear with slope к = 0. 
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E (X;| X, =x) 


Figure 5.6: Regression functions for а = 1.5, 8, = 0 and 8 = 2c; — 1. 


5.5 Numerical techniques 


We shall work with the integral representation since it is the one which is the most 
commonly used in practice. For convenience, we start by summarizing the main 
results of Sections 5.1 and 5.2. 


The regression formulas 
Let 
(хох) = (f sees, | hMi) 650 


be a-stable, 0 < а < 2. A sufficient condition for the regression E(X2|.X1 = х) 
to be defined when 0 < а € 1 is 


боје 
J a cm 


for some v > 1 — o, where E, = (с € E: f(x) + Р(х) # 0). 
The following quantities enter in the expression of the regression: 


J cima), 
E 
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Figure 5.7: Regression functions for a = 1.5, Bi = 2с — 1 and fh = 0. 


res >= | fil)<°? Ота), 
k = аа ADAE) mto, 


à = a). fa) (2) Аг) т(а 2), 


= 26 T ИТ СНА z ke aoe 
585 TAL Xt Faso)” )m(dz) (свео = 1), 


= ЕЗ T __ ој _ = 
mee ТА в CICER пора) (case a = 1). 


сі is the scale parameter of X,, 8; is the skewness parameter of Xj, к is the 
normalized covariation of X? on Х], A is the normalized skewed covariation of 
X on Х|, and д and Ко are shift parameters that appear in the case a = 1. When 
B(-) = 0, the regression is linear E(X2| X, = т) = xz with slope equal to к, 
the normalized covariation. When £(-) = 0, the formulas for the regression are 
different in the cases a # 1 and a = 1. In the case а > 1, 


ЕСОЈХ = з) = KT + o (tan >) (A – Вк) eee” (5.5.2) 
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10 су = 0.5 
с. = 0.6 
m~ 5 c, 20.7 
м с = 0.8 
К c = 0.9 
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Figure 5.8: Regression functions for a = 1.1, 81 = 2c; — 1 and % = 
where 
zi A а—1 та а 
r(x) = ert cos (zt - (tan =) Bit Jat, (5.5.3) 
0 2 
3(z) = | е“ св (2 – (tan =) Bt”) dt. (5.5.4) 
0 2 


(See (5.2.17).) The density function of X equals = (=). 
When с = 1 and 4) > 0, 


AS U 
(5.5.5) 
where 
U(z) = | Е (= – ш) + 2 он) dt, (5.5.6) 
0 
со Жет 2 
W(z) = f e ?! eos(t(z = ил) + у Ви tat. (5.5.7) 
0 
When а = 1 and f, = 0, 
E(XjXi = 2) = D ig (а = ш) – TA V2) (5.5.8) 


AWE 
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Figure 5.9: Regression functions for а = 1.1, А, = 2c; — 1 and ff) = 1. 


where d 
У (2) =f e^?! (1 + Int)(cost(a — y))dt, (5.5.9) 
0 


and W (2) is as above. When о = 1, the density of X, equals tW (2). 

Suppose 0 < а < 2. The regression is linear when {2 = +1, and more 
generally, when А = 81к. Itis then equal to xz if œ Æ 1 and to Kx — (22 ko -- кр) 
ifo = 1. 

The regression is typically asymptotically linear. When 8, Z £1, 


к+ А 
E(X2|X, = 2) ~ pras аде 

and у 
E(X2|X, = т) ~ = T, Ф — —00. 

1— py 


Integrand characteristics 


In the given form, the integrals defining r(z), s(z), U(x), V (x) and У (2) 
are improper integrals, and all have integrands which decay exponentially while 
oscillating, in many cases increasingly rapidly, about zero. The integrand of V 
and the integrand of r in the case a « 1 have singularities at zero; otherwise the 
integrands are reasonably well behaved. 
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10 


Figure 5.10: Regression functions for а = 1.0, 8, = 0.8 and & = 2c; — 1. 


It might be expected that with the exponential decay of the integrands, the im- 
proper integrals could be truncated at some adequately high cutoff and subjected 
to any one of the standard integration techniques, with acceptable results. One 
problem with this is, of course, the singularities. Another problem is that as the 
parameter z gets large, the sinusoidal oscillations become more rapid, and each 
integral decays to zero, imposing more stringent requirements on the accuracies 
of the individual integrals to ensure accuracy of the quotient. For example, the 
integral r(x) decays as x~% and s(x) decays as z~(*+1), (See the proof of Corol- 
lary 5.2.5.) For larger z, then, both more iterations and higher truncation levels 
may be required. The parameter с also affects the requirements for truncation 
due to the slower decay of the integrand for lower o. To illustrate some of the 
behavior mentioned above, Figure 5.14 shows a graph of the integrand for r(x) 
for а = 0.5 and a = 1.5 when 2 = 8. 

One can make the integrals more amenable to numerical techniques by making 
changes of variables in the integrands. For example, the change of variables s = t^ 
converts r(z) to 


r(x) = — Г e? сов (га /а – (tan = )йлз дз. (5.5.10) 


а 


This eliminates the singularity in the integrand in (5.5.3) when а « 1. The 
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Figure 5.11: Regression functions for a = 0.9, 8, = 0 and /% = 2c; — 1. 


same change of variables in the denominator integral s(x), however, introduces 
a singularity at zero for values of o greater than one. То eliminate the need for 
truncation, the change of variables s = e ^*^ represents r(x), after some fortuitous 
cancellations, as 


r(z) = if cos(z(— n s)/e + (tan a Ins) ds. (5.5.11) 


The same change of variables in the integrand for s(z) introduces a singularity at 
zero for а < 1, and at one for а > 1. Although representation (5.5.11) results 
in a bounded integrand, the integrand oscillates increasingly rapidly about zero. 
Even though the contribution of the integrand from zero to є is bounded by «, 
the oscillations for s slightly greater than є may be rapid enough to require an 
unacceptably small step size in the numerical procedure in order to obtain the 
necessary accuracy. 


In the case a = 1, the logarithms in the integrands do not cause singularities or 
discontinuities except in V(z). That singularity may be removed at the expense of 
introducing an additional improper integral with the change of variables £ = e~* 
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Figure 5.12: Regression functions for œ = 0.5, 6; = 0 and f; = 2c? — 1. 


fo0«tzl 
1 со zi 
|| e ^ (1--Int) cos(£(z—1))dt =f e ?* -*(1—s)cos(e"?(z—p1))ds. 
0 0 
(5.5.12) 
Numerical procedures 


Because of the variation of integrand characteristics over the range of param- 
eters considered, regardless of the representation of the integral, it is important 
for the integration scheme to allow truncation (if used) and step size to vary as 
the parameters vary. Bounding arguments can be applied to whatever form of the 
integrand one chooses in order to find a cutoff point for which the truncation error 
is small. Step size is somewhat more difficult to pick, as the usual error formulas 
involve derivatives which may be difficult to evaluate, or may have extremely 
high values not indicative of the actual errors. 

A standard way of solving the step size selection process is to use one of the 
(by now standard) versions of the classical midpoint and trapezoidal integration 
formulas which allow the step size to be iteratively decreased. The integration 
sample point mesh is successively refined, and the corresponding numerical ap- 
proximation is successively refined by updating the previous computations. When 
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Figure 5.13: Regression functions for a = 0.5, 6; = 2c, — 1 and f = 0. 


successive approximations differ by some small prespecified amount, the itera- 
tions are terminated. Approaches such as these seem suited to the problem at 
hand since different parameter choices have different requirements. Unfortu- 
nately, these methods are slow to converge for our problem and tend to require 
more computation than other methods. This problem is not alleviated by any 
of the changes of variables mentioned. In fact, for some representations, the 
approximations did not converge. 

Another promising possibility is to use a variable step size formula, since for 
all of the representations considered, the integrand varies much more rapidly in 
one part of the domain than in other parts. The bulk of the computation could 
take place in the regions of greatest change, enabling faster convergence and 
more control over the accuracy. Unfortunately, as for the iterative methods, this 
seemingly good idea fails the test of a practical implementation. 

In the choice of integrand representation and integration technique one must 
consider computational expense, trade-offs involving number of iterations, num- 
ber and complexity of function evaluations, and numerical accuracy. For example, 
in the case о # 1, the integrands r(x) and s(z) in (5.5.3) and (5.5.4) are identical 
except for the factor t^. It is tempting to try an integration scheme which reuses 
the function evaluation for s in computing r in order to decrease the computational 
overhead. The savings realized in doing this, however, do not outweigh the costs 
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Figure 5.14: Integrand in (5.5.3) for z = 8. 


incurred, compared with other methods, due to a larger number of iterations. 

Many combinations of integration technique and integrand representation were 
tried. The combination that met with the most success was the version of Simp- 
son's rule known as the “one-third” rule, coupled with the representation (5.5.10) 
for the function r(x), the representation (5.5.4) for the function s(x), the represen- 
tations (5.5.6) and (5.5.7) for U(x) and W (x), and the representation for У (с), 
obtained by writing the integral in (5.5.9) as the sum of two integrals, one from 0 
to 1 and the other from 1 to оо, and using the representation (5.5.12) for the first 
of these. The remainder of this section describes this approach in more detail. 

То choose the step sizes, the following approach is taken. Require a certain 
minimum step size, but allow it to be chosen smaller, based on the frequency of 
the sinusoidal term. This frequency is, of course, not well defined since no unique 
frequency exists. An attempt is made, however, to approximate the frequency as 
effected by the regressor value, z, and to force the number of sample points per 
"period" to be bounded below by an input parameter. А parameter declaring the 
maximum number of samples is also provided which prevents the algorithm from 
taking the step size guidance to extremes. 

Since all of the integrals are represented as improper integrals, they must be 
truncated. An input parameter, e, specifies the greatest absolute truncation error 
to be suffered in either integral being computed. Analytically determined cutoff 
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points, M, are then determined for each integral. By bounding the sinusoidal 
terms by unity, M is determined as follows. Solving 


s k 
є = ke“ = ~e 0M (5.5.13) 
M с 
for M results in : 
сє 
M=——In (2) (5.5.14) 


for positive с and k. This implies that the truncation error is no greater than є 
when the integral is truncated at М, where 


e M = – Іп(оє) for r(z) 
e M = – i (оце) for U(x) and У (2). 
The cutoffs for s(x) and V (z) require the following lemma. 


Lemma 5.5.1 For p > 0 and x > max(0, 4p(In(4p) — 1)), e772? < e7?/?. 


PROOF: The result follows if it is shown that for such 2, Ing < LE Since 
lng € z — 1 for all т > 0, we have In(cz) < ст — 1 for all z,c > 0, in turn 
implying that Inz < cz — 1 — Inc for such т and c. Now, for 0 « c « 1/(2p), 
we have cz — 1 — Inc < z/(2p) if and only if z > (—1 — Inc)/(1/(2p) – с). 
Choosing с = 1/(4p) gives the result. Ш 


We consider firstly the cutoff for s(x). Make the change of variables u = 1^ 
and apply the lemma to obtain 


оо ~ 1 со 
| e^t dt = | en tyler! du 
M а JMe 


1 | јен e “du, а> М> 1, 


< == 
| pee du а<1, Ме >В, 


where В = 4(1 — 1) In[4(4 — 1) — 1]. Consequently, 
le-M^, а> М>1, 


оо a 
| et dt < 
M -Men 
2e M А 


This shows that truncating the integral defining s(z) at M, where 


а «1, M » Be. 


(-In(ac))7* v 1, а> 1, 


{—211(0/2)}/% v BV*, а<1 
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results in truncation error not greater than e... 
We now turn to the cutoff for V(x). Use the lemma to write for M > 


4a; (In4 — 1) ~ 1.545071, 
oo 
| ет а 
M 


1 oo 
— egi 


Ot JM 
= 2 q-nMn 
5 . 
oy 


I^ 


|| e? (14-Int)dt 
M 


Thus, defining M = max(4o; ! (In4— 1), —2c, ! In(c2e/2)), ће truncation error 
incurred by truncating the integral defining V(x) at M is no greater than e. 


5.6 Exercises 


Exercise 5.1 Let С and G2 be i.i.d. N (0, 1) and let A ~ S, (1, 1,0) indepen- 
dent of Су and G2. Let X = AV?G, and Y = A!/?G>. Prove that the joint 
probability density function f(x y (z, y) of (X, У) satisfies 


Кхујау) ~ С(т)у >“ as y — oo, 


Hint: Use 
oo 
= ЕРА 
faces) = const. f exp{ 5 iyu) fa (2) au 


and 
© oul 1 1-2 
J e У fa(—)du ~ const. 8^7? as 0 — оо. 
0 u u 
Exercise 5.2 Suppose in Example 5.1.5 that Y; and У; are 1.1.1. 5, (а, 1,0) with 
а < 1. Their probability density function is supported on the positive real line. 
Show that E(|X5]P[X, = 21) < oo а.в. for all p > 0. 


Chapter 6 


Complex stable stochastic 
integrals and harmonizable 
processes 


А (real) harmonizable o-stable process is a stochastic process of the form 


oo 
X(t) = ве | e? M(dz), —oo < t < оо, 
–оо 

where M is a complex-valued a-stable random measure on Borel subsets of the 
real line with a finite control measure m. A reader familiar with the spectral theory 
of stationary Gaussian processes will recall that every stationary Gaussian pro- 
cess, continuous in probability, can be so represented and hence is harmonizable. 
This is not true, however, for stationary a-stable processes with index a € (0, 2). 
Nevertheless, the class of stationary harmonizable o-stable processes is of impor- 
tance and it deserves a careful study. Because the definition involves the complex 
integral f^^. е* M (dz), we need to introduce complex stable random measures 
M and complex-valued integrals 


n= [^ лома, 


which are of interest in their own right. For simplicity of notation and to make our 
formulas as short as possible, we restrict our discussion to ће SaS case, although 
generalization to the skewed case should be possible by using similar arguments. 

In Section 6.1 we introduce complex-valued 505 random measures and the 
related notions of “circular control measure” and "control measure.” Integrals 
with respect to complex-valued 50:5 random measures are constructed in Section 
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6.2. In Section 6.3 we treat the important special case where M is a complex 
isotropic SaS random measure. In that case, I(f) is a complex isotropic 805 
random variable. Such random variables were first studied in Section 2.6. Their 
real and imaginary parts are identically distributed but, in general, not independent. 
They are independent if а = 2. 

Complex measures M and integrals I( f) have also a series representation 
which is given in Section 6.4. In Section 6.5 we consider harmonizable processes, 
not only the real harmonizable process Re [°° e! M (dz) but also its complex 
counterpart f^^. е''* М(ат). The main theorem in the section gives necessary 
and sufficient conditions for these processes to be stationary. In Section 6.6 we 
consider stationary real harmonizable processes. Although these processes share 
properties with stationary sub-Gaussian processes, it is shown that the two classes 
are "almost" disjoint. 


61 Complex-valued SaS random measures 


Complex-valued SaS random measures are analogous to the real random mea- 
sures defined in Section 3.3, but they are, naturally, a little more complicated. 

Let (О, F, P) be the underlying probability space, and let L°(Q) and £°(Q) 
be, respectively, the sets of all real and complex random variables defined on 
(О, F, P). Every element of L2(Q) is of the form X +iY, where X, Y є L°(Q). 
Let (E, £) be а measurable space, and let (52, B2) be the unit circle in R? equipped 
with the Borel c-algebra. Let k be a measure on the product space ( E x 55, E x Bz) 
satisfying the following condition: 


Condition 6.1.1 For every А € E such that k(A x S2) < оо, k(Ax-) is a (finite) 
symmetric measure оп (S2, B2). 


We skall consider 
С = (A€£: КА x S3) < оо}. (6.1.1) 


Definition 6.1.2 A complex-valued SaS random measure оп (Е, E) with circular 
control measure К is an independently scattered c-additive complex-valued set 
function 

М: & — 12(0) 
such that, for every А € Eo, M(U(A) = Re М(А) and M® (A) = Im М(А) are 
jointly 505 with spectral measure k(A x - ). 


The meaning of “independently scattered" and "'g-additive" is the same as in 
Section 3.1, but the reader should: note that this time these notions are applied 
to complex-valued random variables, i.e., to the vectors formed by their real and 


6.1 COMPLEX-VALUED Sa S RANDOM MEASURES 273 


imaginary parts. Hence, independence of the complex-valued random variables 
M(A1), M(A3),..., M(A&) means independence of the random vectors 


MOX(A:) MOX(A;) МА) 
MO(A) J? \ MOM) JV MO(A J^ 
One can apply Kolmogorov's existence theorem to show that the complex-valued 


SaS random measure M in Definition 6.1.2 exists, with finite-dimensional dis- 
tributions 


d 
Eexp[i 3-08. (45) + oP MOA} 


J= 


d 
= exp[ - f / 7091009 + э,#®)1 л, (z)|*k(de, ds) } (6.1.2) 


Ci j=l 


where Aj, Аз,..., Аа € & and (&(9, 6), (6) 0), ides (0, a) are pairs 
of real numbers (Exercise 6.1). 


Notation. k(dz, ds) and k(dx x ds) are equivalent notations. 


Remarks 


1. We will often express the left-hand side of (6.1.2) as 
d 
Eexp[i Re Уа МА), (6.1.3) 
j=l 


where zj = Dti, апі2; = go -ig denotes the complex conjugate 
of 2). 


2. А complex-valued SaS random measure is characterized by a circular 
control measure k defined on the product space E x S», whereas a real- 
valued 505 random measure is characterized by a control measure m 
defined only on E. 


3. To understand the need for k, think of M (dz) as а SaS random variable 
measuring the "size" of a small set around point т € E. Then, in the 
real-valued case, the distribution of ће 505 random variable M (dz) can 
be specified by a single number — its scale parameter m(dz). Thus, іп the 
real-valued case, M is defined by specifying m on E. In the complex- 
valued case, the distribution of the (complex-valued) S&S random variable 
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M (dz) is specified by the spectral measure of its real and imaginary part, 
that is, by k(dx, ds) where x € E and where the argument s belongs to 
the unit circle S2. Hence, in the complex-valued case, M is defined by 
specifying k on E x 5). 


4. The measure k is called "circular control measure" and not “control mea- 
sure" because the latter term is reserved for the measure k(- x S5) = 
Ss, k(-,ds) on E. 


Definition 6.1.3 The measure on (E, E) defined by m(A) = k(A x S2) is called 
the control measure of complex-valued SaS random measure M. 


Although, in the complex-valued case, the control measure m does not, in 
general, determine uniquely the (finite-dimensional distributions of) random mea- 
sure M, itis a useful object because it is simpler than the circular control measure 
k and because there are properties of complex-valued S&S random measures M 
that can be conveniently stated in terms of m. 


Example 6.1.4 The subset & = (A € Е: КА x 55) < oo) of € introduced in 
(6.1.1) can be written & = {A € E : m(A) < oo). 


Example 6.1.5 Ifthe circular control measure k is concentrated on the two “lines” 
E x ((1,0)) and E x ((—1,0)), then the complex-valued 505 random measure 
M is, actually, real, and its control measure m (given, in this case, by m(A) = 
2k(A x {1,0}) does determine uniquely the random measure M. 


Example 6.1.6 Suppose that the circular control measure k is a product measure 
of the form k = my, where m is the control measure of the random measure M 
and y is the uniform probability measure on the unit circle S5. Then the random 
measure M has the property 


ei M = M, foranyreal ф (6.1.4) 


(see Section 2.6), where, as usual, 2. denotes equality of the finite-dimensional 
distributions. We call such a measure isotropic (or rotationally invariant). Con- 
versely, any complex-valued SaS random measure satisfying (6.1.4) must have 
a circular control measure of the form k = my (see Exercise 6.2.) Note that 
"y must be a probability measure because the relations k( A x S2) = m(A) and 
k(A x 85) = m(A)7(S2) imply 4(S2) = 1. 

Of course, the finite-dimensional distributions of an isotropic SaS random 
measure M are determined uniquely by its control measure тп. 
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It is obviously possible to view a complex-valued SaS random measure M 
as a pair of two dependent real SaS random measures М!) and МО), whose 
control measures т!) and m are given by 


т®(А) = Í | КА x ds), = 1,2. (6.1.5) 
5; 


(See Exercise 6.3.) This perspective, however, is often not useful because the de- 
pendence between the random measures МС) and МО) can be very complicated. 


Example 6.1.7 A complex-valued SaS random measure M has independent real 
and imaginary parts if and only if the circular control measure k is concentrated 
on the four “lines” E x (0,1), E x (0, 51), E x {1,0} and E x (—1,0). (See 
Exercise 6.4.) Unlike the Gaussian case a = 2, an isotropic measure M cannot, 
therefore, have independent real and imaginary parts, unless M is identically zero. 
(See Exercise 6.5.) 


6.2 Integrals with respect to complex-valued 505 
random measures 


Having defined a complex-valued SaS random measure M, we shall now define 
the integral 


Kf) = |: f(z)M (dz) (6.2.1) 


of a non-random complex-valued function f with respect to M. 

Let f = РО c if) : E — C be a measurable function. Since we already 
know how to integrate real-valued functions against real-valued 50:5 random 
measures, it is tempting to write | }4М = f(f + if@)d(M + iM 9) and 
hence to define the integral in (6.2.1) by 


] (own = ( маз) - |, С) 


i (MO Q (MO | 22 
+ (ја (z)M + | f (z)M (а) (6.2.2) 


This relation should, of course, hold for any reasonable definition of the integral, 
but it is inconvenient to define the integral (6.2.1) by (6.2.2) because the nature 
of the dependence between the various integrals on the right-hand side of (6.2.2) 
is not readily apparent. A more convenient approach, it turns out, is to use one 
of the possible constructions, developed in Chapter 3, for the real-valued case. 
We choose the constructive definition discussed in Section 3.4 because it best 
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demonstrates the Wiener-type nature of the integral. Throughout this section, 
unless explicitly stated otherwise, all SaS random measures M are complex- 
valued. 

Let M be a Sas random measure on (Е, £) with a circular control measure 
К. For a simple function of the form f(z) = iet cjla; (£) where the c; are 
complex numbers and the Ajs are disjoint sets in £y, we define 


ig) | гедм(аг) = MA). (62.3) 
j=l 


It is trivial to check that for simple functions, I(f) is linear in f and satisfies 
(6.2.2) a.s. The real and imaginary parts of 7( f), denoted henceforth I? (f) and 
I)(f) respectively, are jointly SaS with joint characteristic function 


Еехр(і(6,10)(7) + I (1) 
= Bexp{i(a,| | fO(z) MO (d) – A JO (rM (а) 
+6[] IPEM) | rco] ) 
= Eex[i[ f (6.96 619 (2)) M (dz) 
+ [ (969) ем (мека) 
=ef- | јела) - erm» 


6i fn) + за О (2) | (ds, ds) ), (624) 
by Relation (6.1.2). Note also that 


E exp(i(0 I (f) + 6,19 (f))) 


= exp{— f, f Ke + аза) + (s16 — it COPS, de) 


(6.2.5) 

Having defined the integral for simple functions, we are ready to apply the 

“approximate-and-use-convergence-in-probability” argument. We will see below 

(Proposition 6.2.2) that, as in the real-valued case, the class of functions f for 
which the integral Z( f) can be defined is 


Dtm) = {/: BC: f IHE) mdz) < оо}, 
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where m is the control measure of М and |f| denotes the modulus of f. 
Formally, for any f = f(0 + if) є Ге(т), choose a sequence of simple 
functions {fn }°2, such that 


fa (x) — f(z) for almost every z € E, (6.2.6) 
|fn{x)| < 6(z) for any n, т and some 0 є L^ (m). (6.2.7) 
Such a sequence always exists as we can take, for example, ј, (2) = puc )+ 


i if (a) with 


а са | И 
= if £< M(x) < #1, 4=0,1,...,n7-1, 
(2) = 4 -i if с fO(z) < -1,1=0,1,...,n?-1, 


0  if|f?(z)| 2 п, 


for j = 1,2,..., in which case 0 = |f|. The sequence of integrals I(f,), n = 
1,2,..., is well defined by (6.2.3). Note that by (6.2.4), for any n, m, IS) (fa) — 
ION, fm) ды Salot 0, 0), where 


(o јаје = f |. 18.0700 (ж) — JA (a) - 82( f(a) - fe (ту) |°к( (dz, ds). 


Relations (6.2.6) and (6.2.7) imply c | — 0 as n,m — со and hence the 
sequence (I(0(f,))99., converges in probability. The sequence (1?(f,))?9.. 
converges in probability as well. Therefore, the sequence of integrals (1( po 
converges in probability and we define 


I(f) = plim, „о (fn), 


and write (f) = / РАМ. Arguing as in Section 3.4, the integral I(f) does not 
depend on a particular choice of approximating sequence {fn )22.,. We summarize 
its properties in 


Proposition 6.2.1 (i) For any f € Ге(т), the integral I(f) is a complex- 
valued S&S random variable satisfying (6.2.2), with characteristic function given 
by Relation (6.2.4). 


(ii) For any f,g € L^ (m), a,b complex constants, 
I(af + bg) = al(f) + bI(g) a.s. 


(ii) For any fi, fa... fa € L*(m) and for any pairs of real numbers 
T 
(907,002), (6, 83°), ... (01), 00), 


d 
= In Бекр y ePID) + e 10 fy} (6.2.8) 


=I 
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p^ 


d 
= [уон storie + (ord — 20i P E| kaz, as). 


j=l 


d 
У 180908170702) ва А (a) +0? (ss 1f Gr) so О (а) ECAS 
j=l 


PROOF: (i) I(f)isobviously a 50:5 random variable, being a limit in probability 
of a sequence of SaS random variables. The characteristic function of I(f) is 
given by (6.2.4) because the characteristic functions of the (fn) have this form, 
and convergence in probability implies convergence in distribution and, thus, 
pointwise convergence of characteristic functions. Finally, (6.2.2) holds for the 
I(fn), and every one of the five integrals involved converges in probability to the 
corresponding integral of f. Therefore (6.2.2) holds for I(f). 

(ii) The argument is identical to the one in the real-valued case and is left to 
the reader. 

(iii) For 7 = 1,2,...,d define 


Q) 4 002) ON 
uut LO -8 
j 22 Чу М 27 


‚ аз = из +%). 


Ву part (ii) of this proposition, 


d d 
19 (57251) = 35100) = yD), 
j=l j=l 


d d 
1% (У a; ;) => (ил) о (f). 
је! 


је! 


Therefore, 


d 
Есхр{і У IOF) + e re 0] 


оо (1 (Qa) +2 9» iih) 
- af- f f| [s Re э a;f;()) — s Im Qo) 


t g Im (У af;(z)) + з; Re (5 a;f;(2))| |а, as)}, 
је! 


j=l 


~ 
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by (6.2.4). Rearranging terms yields (6.2.8). Ш 


In the real-valued case, the form of the characteristic function of the stable 
integral (see Proposition 3.4.1) makes it apparent that the integral can only be 
defined for functions іп L%(m). In the complex-valued case, the form of char- 
acteristic function (see (6.2.4)) is more complicated, but it is still true that the 
integral cannot be extended outside of L^ (m). Indeed, 


Proposition 6.2.2 Ler f : E — C be a measurable function such that there is a 
sequence (ја 29. of measurable simple functions satisfying (6.2.6) and such that 
the sequence of integrals {I(fn)}92_, defined by (6.2.3) converges in distribution. 
Then f € L^ (m). 

PROOF: By (6.2.4), ID (fn) ~ Sa(on,0,0), where o2 = fy, Ss, ls fA (x) – 


sof (x)\*k(dzx, ds). Since {I\")(f,)}22., converges in distribution, conclude 


that limn—oo of exists and is finite. By Fatou’s lemma, 
/ [ |з1/ (a) — spf (ујка, ds) 
EJS, 


< lim || f lo £O (2) — s ГО (ге k(dz,ds) < со. (6.2.9) 
E JS: ' 


п—оо 


Similarly, (190 ( ў.) )2? , converges in distribution and, hence, 


y / ја f(x) + з2])(т)|®К(ах, ds) < оо. (6.2.10) 
EJS 


Now by (6.2.9) and (6.2.10), and Fubini's theorem, 
Јата) = | | ay + ryan, as) 
E EJS; 
= ff terse) - satay? + ef) esf GS] de) 
Е JS 
< f, [lef = sf DP + а) of GOD d) 
EJS 


which is bounded. M 


Many properties of stable integrals in the real-valued case have counterparts in 
the complex-valued case. The following result, for example, should be compared 
to Proposition 3.5.1 which gives the corresponding result in the real-valued case. 


Proposition 6.2.3 Let X; = f,f;(x)M(dz), j = 1,2,..., and X = 
Ј Ха) M (dz), where М is a SaS random measure with circular control mea- 
sure К and control measure m, and f, fj, j = 1,2,..., are in L*(m). Then 


plim Xj - X, 


у—оо 
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if and only if 
lim f ке) — f(x) m(dz) = 0. (6.2.11) 
j—o Jg x 
PROOF: Note that plim; ,,,X; = X is equivalent to plim; „(Ху — X) = 0, 
which is equivalent to plim; _„„ Re (X;— X) = Oandplim; „т (X;—X) = 0. 


This, in turn, is equivalent to Re (X; — X) 4 0 and Im (Xj – X) 4 0, where 
S denotes convergence in distribution. By (6.2.4), Re(X; — X) ~ Sa (c), 0,0) 
and Im(X; — X) ~ Ss (cf?,0, 0) where 


(oj = |; / | Is1(f$ (x) – P (x) — sa( 4P (ж) — F? (а) је k(dz, ds), 


efr = | | ln GP) — F(a) + эз(/ (ж) — FO (2) д, de). 


Therefore plim; ,,,X; = X is equivalent to 


Jim cj?" = lim 00) = 0. (6.2.12) 
Trivially, (6.2.11) implies (6.2.12). 


On the other hand, 
[ien - геј таг) 
= |) - roc aen - rotis ds) 
= [ Ји? - f? ()) = (ff? (z) - F(a)? 


+(в\( (в) – f(x) + 52¢f$ (a) – £09 ())y!] P k(dz, ds) 
< (o$)2 2n (of), 
so that (6.2.12) implies (6.2.11) as well. || 


Let M be а SaS random measure on (E, 2) with circular control measure k, 
and let f € L?(m). Since this book deals mainly with real-valued stable laws, 
we will encounter JU) (f) = Re I(f) more frequently than I(f). Of course, the 
properties of I) ( f) can be deduced from those of I ( f). For future reference, we 
collect some useful facts about 70)( f). 


Proposition 6.2.4 (i) I“) (f) ~ S, (27, 0,0), where 
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(ii) For any f, g € L* (m) and any real constants a, b, 
IU (af + bg) = al (f) + bIU (g) a.s. 


Example 6.2.5 The (real) harmonizable SaS process is defined as 


oo 
X(t) = Re J ей M(dz), —oo < t < oo, (6.2.13) 

—оо 
where M isa S&S random measure on (R, B) with a finite circular control measure 
k (equivalently, with a finite control measure т). Proposition 6.2.4 and Theorem 


2.1.5 show that it is a 50:5 process. We shall investigate some of its properties in 
Sections 6.5 and 6.6. 


6.3 The complex isotropic 505 case 


We treat in this section the important special case where the complex random 
measure M is not only 505 but also isotropic, that is, its circular control measure 
is of the form у 

Е = ту, 


where ¥ is the uniform probability measure on the unit circle S? and where m, the 
control measure of M , is a measure on (Е, £). 
Let f be complex-valued with 


|| Кај таш) < со 
E 


and consider the complex-valued integral 


I(f) = L f(x) M (dz), 


where M is a complex isotropic 505 random measure with control measure 
m. Let I? (f) and I (f) denote, respectively, the real and imaginary parts 
of I(f). These are real-valued random variables. The following theorem gives 
the characteristic function of the complex-valued random variable I( f), i.e., the 
characteristic function of the vector (I) (f), I@(f)). 


Theorem 6.3.1 Let M be complex isotropic SaS, 0 < а < 2 with control 
measure m. Then for any complex number z = 9; + i65, 


E exp(i(04 I (f) + 0.1 (f))} = Eexp(i RezI(f)) = Eexp(i Re I(zf)) 
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= exp[- Ice | сој та), (63.1) 
where 


a= > f |cos ój*dó. 


PROOF: Using Relation (6.2.4) and k(dz, ds) = m(dz)y(ds), we have 
~ In Eexp(i(811O (f) + 410 (f))) 


- f ЈА l& iss fO (2) — sa f 9 (2) + (si fO (ж) + ва f (2) таз) (ав) 


= Ef (st, 52) (8 fP (1)+ f? (a), —6, fO (1)+0 f (x))|°m(dz)y(ds). 


Setting g = 4% + 42), g) = 0, fO (2) + 6; fO (z) and g® = —8; f(x) + 
0,70 (2), we obtain 


Eexp(i(fi IOF) + 6410 (5))) 
= ex(- f (f. Ing + coim] mm) 
= exp{—cv1(S2) f Ia(e)I*m(az)} 


as in the proof of Corollary 2.6.5. But 7(52) = 1 and |g}? = (9(1)> + (99)? 
equals 


FO)? + FO) + 26,6, fO fO) + gi (fy? + (FO)? — 291070970), 


i.e., |g|? = (02 + 62)| f ?. Therefore 


Eexp(i (8.0 (5) + BIOS) = exp[- (61 + беба, | ата) 


= ера | MG mz). m 


Remark. We normalized y by 7(52) = 1. Had we normalized it by (52) = су', 
the constant су would not appear in (6.3.1). 


Isotropic SaS random variables were introduced in Section 2.6. Comparing 
the statements of Theorem 6.3.1 and Corollary 2.6.5, we note that if M is isotropic 
5а5, then the random variable I(f) is isotropic 505 as well. 


63 THE COMPLEX ISOTROPIC 505 CASE 283 


One advantage of dealing with isotropic 50:5 random measures or integrals is 
that we can ignore the circular control measure Ё and use exclusively the control 
measure m. Moreover, form (6.3.1) of the characteristic function is very similar to 
that of characteristic functions of real-valued SaS integrals. The only difference 
is the presence of the constant со and that of |z|* = (02 + 63)%/? which appears 
in the exponent instead of |6|*. By analogy to the real case, we will sometimes 
express the characteristic function of (f) = fy f (z) M (dz) as 


E exp(i(0, I0 (f) + 02.7 (f))} = Bet Pe 165) = у“ Пе TAME | 
where z = 6, + 102. Relation (6.3.1) then becomes 
[Re Па 5 = | | co J |f (z)|* m(dz) = [z|* coll fila, (6.3.2) 
Theorem 6.3.1 provides also information on the real and imaginary parts of 


I(f). 
Corollary 6.3.2 For any real 0, 


Еехр{:91%(})} = Eexp{i6 Re J f(z)M(dz)) 


= exp{ — соја“ /, Ifi таз) } (6.3.3) 


and, moreover, 


IO) = IA). 


Proof: In Theorem 6.3.1, set first Өү = @ and 0; = 0 and then set 0; = 0 and 
06—0. M 


The real and imaginary parts of I( f) are identically distributed but they are, 
in general, not independent when 0 < а « 2. This follows from Section 2.6 
because Ј(Ј) is a complex isotropic SaS random variable. But it can also be 
directly observed here. Indeed, for z = 6) + 26; # 0 and || f||a # 0, 


E exp(i(& I (f) + 102 (f))) # (Еехрз IO (f))(Bexp idl (f)), 


because 
(02 + 63)°/7coll FI 3 је "сој Fle + [0] coll £a. 
There is equality, however, in the Gaussian case a = 2, and in that case, the real 
and imaginary parts of I (f) are independent. 
The next corollary shows that a linear combination of the real and imaginary 


parts of 7( f) has, up to a multiplicative constant, the same distribution as the real 
part of 7( f). 
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Corollary 6.3.3 Let А and B be real. Then 
AIO(f) + BIO) = (A? + Bh X), 


PROOF: For any real 0, 


Eexp(i&(AIO (f) + ВІО (Л) = | exp{—co(6?A? + 8 BP" | fgg) 
ехр(– соја“ | LA? + B?)'/? уд} 


by Theorem 6.3.1. Use now Relation (6.3.3). M 


The following theorem is an extension of Theorem 6.3.1 to stochastic pro- 
cesses. А 


Theorem 6.3.4 Let (I(fi) = fp fi(z)M(dz), t € T) be a complex-valued 
stochastic process where M is an isotropic SaS random measure with control 
measure т, and let IU) and ГО) denote, respectively, the real and imaginary parts 
of I. Fixty,...,ta € T. Then for arbitrary complex numbers z; = ef? + 1002), 
j=1,...,4, 


Bexe{i(S PIO) +01 (4,))} = gel: > RelGsh,)} 
j=l 


~ 


а 
= opf- Í 192) fe,(2)|?m(dz)}. (6.3.4) 
j=l 
PROOF: Apply Theorem 6.3.1 with 0j = 1, 6 = 0 and f = p» Zf WM 


Remark. Theorem 6.3.4 is often expressed as follows: 


B exp; Re Sieh je - exp{—|[Re IN. » 


j=l 


where 


|| Re 3-165) 
j=l 


a d 4 a 
= a [1245 (z)|*m(dz) = со Easo 


(6.3.5) 
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Corollary 6.3.5 Let (I(f;), t € T} be defined as in Theorem 6.3.4. The joint 
characteristic function of Re I(f;), t € T is 


d d 
Eexp{i S 8; Re к} = ехр{ —co |; | Y 6f, (3) m(dz) | (6.3.6) 
j=! j=l 


and 


{Im I(f,), £e T) S {Re I(f:), te T]. 


Remark. The major difference between the joint characteristic functions of the 
complex-valued process {I(f:), t € Т} and those of the real-valued process 
[Re I( ft), t € T} is the presence of the complex numbers 2; instead of 6; in the 
characteristic functions. 


Example 6.3.6 Let МЇ be an isotropic SaS random measure on R with control 
measure m and consider the complex-valued process 


H(t) = i е M(dz), t € В. 
Assume 


[a le**|*m(dz) = m(R) < oo 


in order to ensure that the process H is well defined. Its joint characteristic 
function is 


d 
E exp[i o HO (5) + Оне) (6.3.7) 

j=! 
where H(t) and H@)(t) are, respectively, the теа! and imaginary 
prats of H(t). Ву Theorem 6.3.4, that characteristic function equals 


exp(—co fr IET 2,6 = ет (ах )) where zj = o? 3 i00, j=1,...,4 
Now, 


g 2 
уэ 
j=l 

d 
- D. А ) costjz DX) + [Soda yy costa] 


I к=1 


~ 


ј= 
i 2 
= X > (8 (0907 + ea (cos £jz cos {рт + sint;x sin t,x) 
j=l k=l 


THONE) = Ке f ace eit* M (dx) was considered in Example 6.2.5, but we did not suppose that 
the random measure M is isotropic, as we do here. 
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d а ў 
+2 у У; (9:000) cos tjt sin tkt — een sint;z cos t,x) 
j=l k=l 


d d 
= Y^ V (60080) + oo) cos(ty — t5) 


j=! k=! 


d d 
2S ^ У 00900 sin(t, – 15). 
j=l k=l 


Therefore the finite-dimensional characteristic function (6.3.7) of {H(t), t € R} 
equals 


d d 
exp {-ә f | (009009 + 602002) ) cos(te —tj)x 


= k=l 


+2 У Ув 0000) sin(t, — t; x[" "m(ds)) (6.3.8) 


j=l k=l 


The process Н is the complex-valued harmonizable process and we will encounter 
it again in the sequel. | 

Setting am = 0; and e = 0, we obtain the finite-dimensional characteristic 
function of (Re H(t), t € R}: 


Eexpfi ЭЙ Ве 8) 


= ехр (а | [32 3266 ett; ај" m(ds)]- (6.3.9) 


j=l k=1 


6.4 Series representation of complex-valued SaS 
random measures and integrals 


The series representation of real 505 random measures and stable stochastic 
integrals developed in Chapter 3 is extended here to the complex-valued 505 
case. 

Let M be s comes valued SaS random measure on (Е, E) with finite circular 
control measure k and control measure m. Then m(E) = k(E x 53) is finite 
and is both the total mass of К and the total mass of m. Thus Ё = k/m(E) isa 
probability measure on (E x 5, E x B5). Let (T4, L2, ...} be a sequence of arrival 
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times of a Poisson process with unit arrival rate and let (61, єз,...} bea sequence 
of Rademacher random variables. Finally, let (Vi, V2, ...} be a sequence of i.i.d. 
(Е x S3)-valued random variables with common law k. All three sequences, 
(F5 I2,.. -}, {€1,€2,.-.} and (Vi, V5,. ..), are assumed to be independent. We 
write V; = (Z; (SD), $29), j = 1,2,..., with Zj є E, (50,50) є 5. 
We have the following: 


Theorem 6.4.1 
(M(A), A € £) 


E: {(СетщЕ))'/© У ет; "^1; e A(SP) +15®), де zh (6.4.1) 
j=l 


where Са is given in (1.2.9). 


We will not prove this theorem, as it can be regarded as a particular case 
of Corollary 6.4.3 below, involving series representation for stochastic integrals 
with respect to complex-valued SaS random measures. We stated Theorem 
6.4.1 because we feel it is the structure of a random measure which determines 
the structure of an integral with respect to that measure. But, in fact, a statement 
about a random measure follows from the corresponding statement about integrals 
with respect to that measure. 


Theorem 6.4.2 Let f : E — C belong to L^ (m). Then 


oo 
J (Mtm É (C mE) у er; rapi +459), (642) 
E je 
where Ca is given іл (1.2.9). The series in the right-hand side of (6.4.2) converges 
a.s. 


PROOF: The a.s. convergence of the series on the right-hand side of (6.4.2) is 
equivalent to a.s. convergence of its real and imaginary parts. We shall verify only 
the convergence of the real part of the series as the argument for the imaginary 
part is identical. Let Uj = Re(f(Z; (SP + isf?)), j = 1,2,.... Then 
IU < I/CZ;XS? + isP) = |f(Z;)l. so that E[U;|^ < oo. Applying 
Theorem 1.4.2, we conclude that the real part of the series on the right-hand side 
of (6.4.2) converges a.s. 

Let 00) and 02) be arbitrary real numbers. From Proposition 6.2.1 we con- 
clude 


0 Re / FG) M (dz) + 62 Im ја fG)M (dz) ~ 8,(0,0,0), 
E 
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where c? equals 


^ | 10 (si f(x) — sof (2)) + 0 (а (с) + вз fO (x) (dr, ds). 


(6.4.3) 
To prove (6.4.2) we need to show that the series 
(C(o)m(E))* Y^ gr; 1/9 [е0 Re(f(Z; (ST) + {5®)) 
j=l 
+ 9 шц/(®,)(5 +15} ))] (64.4) 


has the same distribution. Note that 


90) Re (f(Z,) (5 + 4500) + 09 Im (F(Z (sf? +45) 
9080) £9 (2,) — SP) Ко (2,)) + 0 (SM gaz; + 5 у О (ду), 
and thus, applying Theorem 1.4.2, we conclude that the series in (6.4.4) has also 
a 5; (c, 0, 0) distribution with с given by (6.4.3). This proves (6.4.2). M 
Because both the integral on the left-hand side of (6.4.2) and the series on 


its right-hand side are linear in f, we can, as in the real-valued case, extend 
immediately the result to 505 random vectors and to SaS random processes. 


Corollary 6.4.3 Let (fi, t € T} be a family of functions from E into C such that 
А € L? (m) for every t € T. Then 


ü fe(a)M(dz), te T) 


| 


{(Cam(E))!/* Yer; ZASP +15), te T).64.5 
j=l 


PROOF: Use Theorem 6.4.2 and the linearity to show that every linear combina- 
tion of finitely many of random variables on the left-hand side of (6.4.5) is equal 
in distribution to the corresponding linear combination of random variables on the 
right-hand side of (6.4.5). M 

We now turn to a series representation for stochastic 505 integrals with respect 
to an isotropic complex-valued 505 random measure. The importance of this 
particular.case will become evident in the next section in the context of SaS 
harmonizable processes. 

Let M be an isotropic 505 random measure on (E, £) with a finite control 
measure m. We remind the reader that the circular control measure of M is then 
given by k = my, where 7 is the uniform probability measure on $5. Let f : E — 
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C belong to Ге (тп). Theorem 6.4.2 of course applies. Note, however, that in this 
particular case the sequence of S5-valued random variables (6809,80), j= 
1,2,...} is a sequence of i.i.d. random variables with common distribution y and 
is independent of the sequence of E-valued i.i.d. random variables (Zj, j = 
1,2,...} with common law m/m(E). Let (66), j = 1,2,...), i = 1,2, be two 
independent sequences of i.i.d. standard normal random variables. Then for each 
ў= 1,2,..., 


Gg) ce 
| C. onm йа cm ET 12, sP) 
(Су + e" (GDP + oy 


(see Exercise 6.11). If we also assume that these normal sequences are independent 
of the sequences {Г}, I5, . ..) and (21, Z2,...}, then, by Theorem 6.4.2, 


(0) (2) 
с; +1G; 


4 Ма S poe лу) tiO 
J тема) # (eomm) туа emi ај 


(6.4.6) 
Note that the Rademacher sequence {є1,є2,...} has been absorbed in the 
(symmetric) normal sequences 169 202; i — 1,2, since eG ig 


if є and G are independent. How can one now eliminate the denomina- 
tors Wj = (су * (Gy The sequence {W;, j = 1,2,...} is 
independent of the sequences (Uj, j = 1,2,..-},{2;, j = 1,2,...) and 
(GP + (GPJP, 69), j = 1,2,...) (Exercise 6.11). More- 
over, if ba = EW?, then И; p & has a moment equal to 1 and, therefore, by 
Theorem 1.4.2, 


Gj 4 iG 


J f(z)M(dz) = (Ca gs yr; Te шу лай 


j=! 


oo 
= - AC 
= (Сат) у гу!/° fU (G9 +2057). 
j=! 
(W; has a Rayleigh distribution. Its density function is se~? "Py > 0) and 


therefore ba = EW? is finite. It is easy to verify that ba = 29"? T(1 + $).) This 
establishes 


Proposition 6.4.4 Let M be an isotropic $05 random measure on (E, E) witha 
finite control measure m. Let (c, j = 1,2,...}, i = 1,2, be two sequences 
of i.i.d. standard normal random variables, (Vj, j = 1,2,...) be a sequence of 
arrival times of a unit rate Poisson process and (Zi, 23...) ђе i.i.d. E-valued 
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random variables with the common law m/m(E). These four sequences are 
assumed independent. Let f : E — C belong to L^ (m). Then 


© лама) О (вал) 
Е 
= (Cab m(E)) ^ Yr; ^ (Z(G + 1G), 
j=l 
(ii) ве | f(r)M(dz) (6.4.8) 
E ч 


= (Cat m)» ту ^g u$? + f$), 


j=l 


where ba = 29"? T(1-- 2) and C, is given in (1.2.9). 


Remarks 


1. Sincethe series representations of the integrals in Proposition 6.4.4 are linear 
in the integrand f, they extend immediately to 505 processes represented as 
integrals with respect to an isotropic SaS random measure. See Corollary 
6.4.3. 


2. Itseems at first glance that one could easily simplify the series representation 
(6.4.8) by observing that for any j = 1,2,..., 


F(Z) + FOGR = quy + raya, 
and thus 


Re | f(z)M(ds) 


oo 
= (Оља M(E) у "rj "^ ep (asy + go yn 
ј=! 
Indisputably, this series representation requires only one sequence of i.i.d. 
standard normal random variables as compared to the two sequences re- 
quired in the representation (6.4.8). But, unfortunately, it is not linear in the 
integrand f and therefore may not be directly extended to 505 processes 
that are represented as integrals with respect to an isotropic SaS random 
measure. Thus, in general, 


[ne | f(z)M (dz), t € T) 
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d 99 5 

* (С mu 3r; epa usy + Py", ce T). 
j=l 

This is why we use the representation (6.4.8) instead. 


6.5 Harmonizable process 


The (real) SaS harmonizable process (6.2.13) has been defined in Example 6.2.5. 
Because of its importance in the theory of stationary SaS processes, we shall study 
its properties in more detail. It is convenient to work simultaneously with the real 
harmonizable process X defined in (6.2.13) and with its complex counterpart 


Z(t)— Г, ей M(dz), —oo < t < оо. (6.5.1) 


= го 
We want to obtain conditions for stationarity. А real stochastic process 


(X(t), t € R) is called (strictly) stationary if its finite-dimensional distribu- 
tions are invariant under shift, i.e., for any tı, t2,...,ta € R and any h > 0, 


(X (à), X (ta), ---,X(ta)) = (X (ti +A), X(t2 +h), ..., X (ta + h)). 


*- Similarly, a complex-valued stochastic process (Z(t), t є R} is (strictly) sta- 
tionary if all finite-dimensional distributions are invariant under shift, i.e., for any 
бо ба Є R and any h > 0 


(Re Z(t;), Im Z (55), j = 1,...,0 = (Re 2 (5 +ћ) Im Z(t;+h), j = 1,...,d). 


Obviously, if two harmonizable SaS processes, one real-valued, the other 
complex-valued, are defined through the same random measure M, then the 
real-valued process is stationary if the complex-valued process is stationary, but 
the converse is not necessarily true. 

The goal of this section is to obtain conditions for the stationarity of the 
real- and complex-valued harmonizable SaS processes. Let us start with some 
heuristics and try to guess these conditions. Clearly, they must be expressed in 
terms of the circular control measure k of the random measure M. We begin with 
a simple observation: the behavior of the circular control measure k on {0} x 5; 
is of no importance as far as stationarity of either the real- or complex-valued 
harmonizable SaS processes is concerned. Indeed, let M, and М,» ђе two SaS 
random measures оп R, with circular control measures kj = (1 — 1(oj x s;)k and 
Ку = Црух ак, respectively. Mı and М» are independent because their supports 
are disjoint. Let 


200 | еї M;(dz), —oo < t < oo, j = 1,2. 
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Then Z, and 2» are independent complex-valued SaS harmonizable processes 
such that (Zi(t) + Z2(t), ^oo < t < oo) E {Z(t), ^oo < t < co}. But 2, 
is a constant SaS process (see Exercise 6.9). Therefore, Z is stationary if and 
only if 21 is stationary, and Re 2 is stationary if and only if Re Z; is stationary. 
Thus, we should not be concerned with the form of the circular control measure 
k on {0} x S2, and we may, and, indeed, shall assume throughout the rest of this 
section that the control measure m of the SaS random measure M in (6.2.13) ог 
in (6.5.1) has no atom at the origin. 

In the Gaussian case o — 2 the (complex-valued) harmonizable process (6.5.1) 
is stationary if and only if the two components МО) and M? of the complex- 
valued Gaussian random measure M are independent and identically distributed. 
We may be tempted to guess that the same is true in the case 0 < o < 2, but this 
turns out to be false. This does not mean that we should not try to extrapolate from 
the Gaussian case; it only means that we considered the wrong property. In the 
Gaussian case, a complex-valued random measure has independent and identically 
distributed components if and only if it is isotropic in the sense of (6.1.4). It is 
the property of isotropy that should be carried over to the case 0 < а « 2. We 
know from Example 6.1.6 that а SaS random measure M with 0 < a < 2 is 
isotropic if and only if k = my, where y is the uniform probability measure on 5». 
This explains heuristically the conditions for stationarity of the complex-valued 
harmonizable Sas process that appear in the following theorem. 

It should come as no surprise that M does not have to be fully isotropic in order 
for the real harmonizable 50:5 process to be stationary. То express the conditions 
for stationarity in the real case, we need to introduce some new notation. 

Given a measure k on (R x 55, B x B2), define the conjugate measure k by 


E(A x U) = k((-A) x U*), (6.5.2) 


A € B, U € B; and U* = {(s;,82) € S2 : (81, —2) € U}. In other words, Ё ` 
is the image of k under the measurable map h : R x 5; — R x 5; defined by 
A((z, 51, 52)) = (—2,31, —52). Similarly, for a measure m on (К, B), we define 

. the measure 77 as Т(А) = m(-A), А € B. We are now ready to state the main 
theorem. 


Theorem 6.5.1 Let M bea SaS random measure on (R, B) with a finite circular 
control measure k and a control measure m, and suppose that m has no atom at 
the origin. Then the complex-valued harmonizable SaS process Z in (6.5.1) is 
stationary if and only if the SaS random measure M is isotropic (rotationally 
invariant), i.e., if and only if it satisfies 


Е = ту, (6.5.3) 
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where y is the uniform probability measure on So. 
The real harmonizable SaS process X in (6.2.13) is stationary if and only if 
the SaS random measure M satisfies the weaker condition 


k +k = (m + m)y. (6.5.4) 


PROOF: Let ks = k + k and let Ms be a Sag random measure on (R, B) with 
kg as circular control measure. Then the control measure mg of Ms satisfies 
Ms = т + т. Define 


со 
Y (t) = Re 1 є'* М<(ах), —oo < t < oo. (6.5.5) 
—oo 


It is trivial to check using Proposition 6.2.4 that 
(Y (t), —oo < t < oo) = (277 X(t), –оо < t < со). (6.5.6) 


Therefore, X is stationary if and only if Y is stationary. 


Proof of the necessity part of Theorem 6.5.1: . We use two steps. 


Step 1. We assume thatthe process Y (respectively, the process Z) is stationary, 
and we prove that the 505 random measure M, defined by 


М.А) = | e? Ms(dz), AEB 
A 


(respectively, defined by M,(A) = f, e'"* M(dz), А € B) has the same distri- 
bution as Ms (respectively, М) for every real т. 


Step 2. We assume that M, has the same distribution as M, for every real T, 
and prove that ће SaS random measure M is isotropic. 


These two steps imply the necessity part of the theorem. Indeed, if the process 
Z is stationary, then Step J and Step 2 imply that ће Sa.S random measure M is 
isotropic, and then (6.5.3) follows from Example 6.2.5. Similarly, if X (and thus, 
Y) is stationary, then the same argument applies to Ms, and (6.5.4) follows. We 
start with the 


Proof of Step 1. It is well known from Weierstrass’ trigonometric approximation 
theorem that for any real continuous periodic function f with period 27 and for any 
€ > 0, there is a trigonometric polynomial of the form T(z) = 575 о(а) cos j£ + 
b; sin ја) such that | /(z) — T'(z)| < e for every real т. It follows immediately that 
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if f is a continuous periodic function with period К, then there is a trigonometric 
polynomial of the form 


T(z)- Ys cos (= jz) +; (27) (6.5.7) 


such that |f (x) — T (z)| < є for every real x. Obviously, if f is even (respectively, 
odd), then we may always choose b; = 0, j = 1,...,n (respectively, a; = 
0, j =1,...,n) in (6.5.7). 

Let now g bea complex-valued function of the form g = g (0 --igO?, where g() 
(respectively, g?) is an even (respectively, odd) continuous periodic function with 
period R, and let є > 0. It follows from the preceding remarks that there are two 
trigonometric polynomials T()(x) = 572, a; cos((2z/R)jz) and TO (z) = 
Уто b sin((2a/R) јх) such that [T9 (z) — g?(z)| € $ for any x € R, 
Е = 1,2. Choosing є = 2^", m = 1,2,..., we conclude that there is a 
sequence of functions of the form 


Tm 
ду (2) = У lof (eren mse + e?r Rz) 4. ib) (ейт 032 — ei@xR)iz)) 
j-0 
(6.5.8) 
with real-valued coefficients (af, К", j —0,1,...,n,,) such that for every 
m = 1,2,... and for every real z we have |g(z) — gm(x)| € 27". For any 
function g and its approximating sequence { 9. ) 22.) as above we define | 


Y= re f g(z)Ms(dz), Yn = re f^ 9m(z)Ms(dz), m = 1,2,.... 


Assume, now, that the real harmonizable SaS process Y (-) defined in (6.5.5) 
is stationary, and let т be a real number. For М, given by M,(A) = 
Јл е 7 Ms(dz), A € B, define 


oo oo 
Y, = Re f g(z)M; (dz), Yrm = Re f да (2) М, (dz), m = 1,2,.... 


Ву the stationarity of У (-), we have 


{Yü} -œ < # сој = (Y(t4 7), –оо «t < oo] 
(ве Г ettr)? Ма(ат), =œ «t < co} 


—90 


(e [^ e** M.(dz), -co < < сој, 
-œ 


Пе. 
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where Exercise 6.7 has been used in the last equality. Hence, by Proposition 6.2.4, 
Үл = Y, а. Proposition 6.2.3 implies plim,, , = У, plim,,_,ooYrm = Y. 
Therefore, 


Re / E 9g(z)Ms(dz) = Re / Е g(z) M. (dz) (6.5.9) 


for any function g : IR — C whose real and imaginary parts are, respectively, even 
and odd continuous periodic functions. 

Our next goal is to extend the class of functions g for which (6.5.9) holds. 
Let g be a continuous function with bounded support whose real and imaginary 
parts are, respectively, even and odd. Choose К large enough so that (К, К) 
contains the support of д. Extend g periodically, with period 2K, from (—K, K] 
to the whole real line by setting 4(к)(2) = g(a -2K j) if x € (2Kj — К, 2Kj+ 
K], j = +1,+2,.... Since gix) i$ a continuous periodic function whose real 
and imaginary parts are, respectively, even and odd, 


Re ЈГ 9ucy (x) М 5 (42) ве T guo (x) М, (dz). (6.5.10) 


Since g is bounded, 
oo 
[is - suola) mlas) 
—со 


+оо 
= | 109) ~ sun DP caa C) mde) = 0 
as К — oo by the bounded convergence theorem. Applying Proposition 6.2.3, 
we see that 


Re J g(z) Ms(dz) = plimo Re [| guo (a) Ms (dz), 


Re Г g(z) M, (dz) = plimg ,,, Re E 9к)(=) М, (dz). 


—oo 
From (6.5.10), we conclude that (6.5.9) holds for any continuous g with bounded 
support whose real and imaginary parts are, respectively, even and odd. 

Let А be а Borel subset of the real line. We want to show that 


ks(A x ds) = КА x ds), (6.5.11) 


where k+ is the circular control measure of the Sag random measure Му. If 
(6.5.11) holds, then we will be able to conclude Ms = 2 M,. 

Note that it is enough to prove (6.5.11) for A of the kind А = (а, 5), 0 < a < b 
or a « b « 0. Indeed, suppose (6.5.11) holds for every set A as above. Then, by 
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the monotone class theorem (6.5.11) holds for every Borel set А such that either 
Ас (0, оо) or А С (–оо,0) and hence (6.5.11) follows from the decomposition 
А = (An(-oo,0))u(An (0) u(An(0, оо)) and the assumption that m((0)) = 
0. We will establish 


ks((a, b) x ds) = k,((a,b) x ds) (6.5.12) 


for every 0 « a « b (the case а< b « 015 identical). 
Let 0) and 6; be arbitrary real numbers. Define 


r(x) = bi (lap) (x) + Қ -ay(2)) + i&o(1 8 Lo) (T) — 1a, ()). 


Let {А} be a sequence of continuous real functions vanishing outside the 
interval (а, b) such that ћ, (2) 1 1 for every = € (a, b). Let 


таг) = би (ha (z) + ћа(—2)) + 102(hn(—2) — ha (z)), п = 1,2,.... 


Clearly, each rn is a continuous function with bounded support whose real and 
imaginary parts are, respectively, even and odd. Applying (6.5.9), we have 


oc 


oo 
Re | Ta (z)Ms(dz) E Re f ra (z)M, (dz), n = 1,2,.... 
—oo -oc 

Moreover, Re f^ r(z)Ms(dz) = plim, ,,, Re a Tn(z)Mg(dx) and 
Ref r(z)M, (dz) = plim, ,,, Re (^5 та(2)М, (42) , by Proposition 6.2.3. 
Hence, 


Re T 7 r(z)Ms(dz) & Re n ИМ а). 


60 = 
But this last equation states that two (real) SaS random variables have the same 
distribution. Applying Proposition 6.2.4, we have 


J, 1518, ntfs + Fs)((a,b) x as) 


oo 


= || 15101 + 8202]? 145,5 (x) ks (42, ds) 
—co J 5; 
со 
+/ / [$181 — 528›|®1(—_ь,—)(ж)Е5 (dx, ds) 
-o 48; 
= / J [51 Re r(x) — sz Imr(z)|*kg(dz,ds) (definition of r(z)) 
—oo Ј 5; 
оо 
= | ] [з Re r(x) — 5; Imr(z)|*k-(dz,ds) (Proposition 6.2.4) 
—eo 483 


om [Ite e EY.) х de) 
5; 
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We can now appeal to Theorem 2.3.1 (uniqueness of the spectral measure of a 
Sas random vector) and conclude 


(ks + ks)((a,b) x ds) = (kr + k-)((a,b) x ds). (6.5.13) 


Courage, tired reader! We are very close to the end of the proof (of Step 1)! 
Relation (6.5.13) is very similar to Relation (6.5.12) which we want to establish. 
Since 


ks = (k+k) = k- (K) = E k = ks, 
the left-hand sides of (6.5.13) and (6.5.12) are, in fact, identical. Thus, to establish 
(6.5.12), it is sufficient to show that Бу = k,. 
Using the definition of k,, we obtain for any real 6), 6 and any Borel set А 


[Ies x a) 
5; 
-J 1018) — #›з›|®Е-((— А) x ds) 
= / / | (sı cos rz — sz sin rz) — 0›(5| sin TT + s2 cosa) "ks(dz, ds) 
-AJS - 
= J |] Je (s cos (72) — (—s) 5їпт(—х)) 
AJS 
—02(51 sin r(—zr) + (—s2) cos r(—z)) "Es (dz, ds) 
E | || [ДЕ соз тт — 52 sin Tz) + (sı sin TE + 8; cos TT) " ks(dz, ds) 
AJS: 
= l 10151 + бек (A х ds), 
S; 


where the second equality follows from Exercise 6.8, the fifth equality follows 
because ks — ks, and the last equality follows once again from Exercise 6.8. 
Applying Theorem 2.3.1 once more, we have Ка (А x ds) = k.(A x ds). This 
proves (6.5.12) and, therefore, completes the proof of Step 1 for the real-valued 
harmonizable 505 process. 

The argument for the complex-valued harmonizable process Z defined by 
(6.5.1) is stationary is very similar and, in fact, simpler. The details are left to the 
reader (see Exercise 6.13). This completes the proof of Step 1. 


Proof of Step 2. We must prove that if M, 4 M for every real 7, then 
M & ем for every real ф. In other words, we have to show that the circular 
control measures of M and е M coincide. Let k(? denote the circular control 
measure of еі M. We must then prove that for every Borel set А, we have 
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КА x ds) = k(A x ds). By the monotone class theorem it is enough to prove 
that for any real a < b, КС (а, b] x ds) = k((a, b] x ds). Since m((a)) = 0, it 
is sufficient to consider the case 0 < a « b. That is, we will prove 


e? M((a,b]) = M((a, b]) (6.5.14) 


for any 0 < a < b. Let A = b—a > 0, and forann > 1, set c, (n) = a+ EA, k= 
0, 1,...,n. Thus со(т) = a, c. (n) = b. Let 


Jk(n) - | eiéz/ex-i(9) Ма), k — 1,...,n, 
(ск—1(®),ск{т)] 
and J(n) = Улу Je(n). The key observation is that for each k = 1,...,n, 
(п) = Маје (п) ((ex (0), ex (0)]) = М ((сь-1(п), сь(л)]). 
Hence, 


Да) = Улп) = V M ((ск-(п), ex (0)]) = М((а,5), 
k=1 k=1 


where the equality in distribution is between two sums of independent random 
variables whose corresponding terms are equal in distribution. Therefore, for each 
n=1,2,..., the distribution of J (n) coincides with that of M ((а, b]). In order 
to establish Relation (6.5.14), it is now sufficient to prove 


plim,_,..J(n) = e'*M((a, b]). (6.5.15) 
Note that 
s(n) = f f? (z)M(dz), n =1,2,..., 
(a,} 
where 


fala) = е1 0 if сь (n) < 2 € ex(n), k= Mo... n. 


By the Bounded Convergence Theorem, Јан || (2) — e^|?m(dz) — 0 as 
n — oo and, hence, Proposition 6.2.3 yields Relation (6.5.15). This completes 
the proof of Step 2 and also the proof of the necessity part of the theorem. 


Proof of the sufficiency part of Theorem 6.5.1: Observe that (6.5.4) is equivalent 
to | 
kg = msy. (6.5.16) 
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To prove sufficiency, we assume (6.5.16) and prove that the complex-valued 
harmonizable process 


оо 
W(t) = | git Ме (ат), —оо < 4 < оо (6.5.17) 
~ 
is stationary. This will establish the sufficiency part of the theorem for both the 


real- and complex-valued cases. 


Take any ti, t2,..., ta € R and u > 0. By Proposition 6.2.1, for any real 
numbers (80) ,00)), (Ө), a), ..., (Ө), g(2). 


d 
E exp(i Y (6f? Re W(t; + и) +002 Im W(t; + u))} 
j=l 


co d 
= epf- f. О + s28) cos(z(t; +u)) 


2 је! 


+ (2100) — 22009) sin(x(t; + ш) [к(а ds)]} 


co d : 
=ехр{- | ms(dz) A |a > If cos(s t; + а) + of? sin(z(t5 + u))) 
—со 2 j=l 


d 
si 10 cos(a(t; + ш)) — 6? sin(z(t; +) (ds) } 
j=l 


E d 
= exp{- f ms(dx) | |s: Re (У Rje6i lituz) 
—со 5; j= 


d 
+ 52 im (У RjeGs – (ву #и)2)) 
j=! 


О) (6.5.18) 


where Rei; = gu + ie, j = 1,2,...,d. We now apply Proposition 2.5.5 to 
conclude that the integral f. 5, depends only on the magnitude 


D 


d 
e Pm > Бје“ “9 -tjz) 
j=l 


d d 
ЊЕ Вјен ва - (je) Y uel 
j=l je 


i.e., the characteristic function in (6.5.18) does not depend on v. This proves the 
stationarity of the process W defined in (6.5.17), and thus the proof of the theorem 
iscomplete. B 
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Example 6.5.2. The complex-valued harmonizable process considered in Exam- 
ple 6.3.6, {H(t) = f°, е M(dz), t € R}, is stationary because the complex 
random measure M in that example is isotropic. 


Remark. In the proof of Theorem 6.5.1, we encountered a uniqueness prob- 
lem. Setting Xi(t) = f° e#*M(dz), -œ < t co, and X2(t) = 
Jo, et? M, (dz), —oo < t < oo, we inquired whether X, = = x, implies that M 
and M. have the same circular control measure. To solve this problem, we used 
a technique analogous to a standard one in the theory of characteristic functions 
of probability laws, namely that two laws with identical characteristic functions 
must coincide. (In our context, the "law" is the random measure M.) It is possi- 
ble, however, to use the analog of another standard technique for establishing the 
uniqueness of characteristic functions of probability laws, that of inverse Fourier 
transforms. We will see in Section 11.6 that there is an "inversion formula" for 
harmonizable 525 processes, but we cannot use it at this point because it in- 
volves integrating the sample paths of a-stable processes. This technique will be 
developed in Chapter 11. 


Proposition 6.5.3 A harmonizable SaS process is continuous in probability. 


PROOF: Since f°, је“= — e'**|"m(dz) — O as s — t, we conclude from 
Proposition 6.2.3 that plim, ,,X(s) = X(t). W 


6.6 Stationary real harmonizable processes 


We consider in this section some consequences of Theorem 6.5.1 conceming 
stationary real harmonizable processes. 

Let M be a complex random measure with circular control measure k. If 
(Z(t) = Је M(dz), t € R} is stationary, then its real part X = Re 2 is 
also stationary. The converse is not necessarily true. However, given a stationary 
real harmonizable process X,there always exists some stationary complex-valued 
harmonizable process Z suchthat X = Re Z. The proof of Theorem 6.5.1 shows 
that this special Z can be chosen as 27 !/* [°° ei" Ms(dz) where Ms is isotropic 
with circular control measure kg = k+k, where k is the conjugate measure defined 
in (6.5.2). Indeed, X = Re Z stationary => kg = (т + myy => 2 stationary. Ву 
(6.5.6), X Е Re 2. Therefore, 


Proposition 6.6.1 A real haimonBablé Sag process X is stationary if and only if 
there is some complex-valued harmonizable SaS process Z such that X £ReZ. 
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Example 6.6.2 Fix ug > 0 andletm = 6(.,,)-FÓ(,,) be the control measure of a 
complex-valued SaS random measure M. To define the circular control measure 
k of М, we must specify k{{—uo} x -} and k((uo) x -}. Setk((—uo) x ·) = 
k{{ug} x -) = 7'3, where y? is the uniform probability measure concentrated on 
the first and third quadrant of the circle 55. Then (6.5.3) does not hold because y"? 
is not the uniform probability measure on the whole of S2. Therefore the process 
(12 el M(dz), —oo < t < оо} is not stationary. 

Now let 74 be the uniform probability measure concentrated on the second 
and fourth quadrant of S2. Since k((—uo) x -) = k{{uo} x -} = 77, we obtain 
Е+Е = (m+) (513 4-72“) /2 where y = (49-475) /2 is the uniform probability 
measure оп $3. Since (6.5.4) is satisfied, X (t) = Re [°° e'** M (dz) is stationary 
with control measure т+т = 2m. Moreover, X (t) can be represented as X (t) E 
Re I ех Ms(dz), where Ms has circular control measure ks = (m + Tz). 
The measure Ms is isotropic and the process {/ e" Ms(dz), t € R} is 
stationary. 


Proposition 6.6.3 A stationary real harmonizable process (X(t), —oo « t < 
co) has finite-dimensional characteristic function 


Eexp(i(di X (t) +--+ + 0aX(ta))} 
- ехр{ =c Г, KE 8; cos м) + (5° 6j sinje) | m(dz)) (6.6.1) 
729 ш j=l 


со, d d an 
= exp[-oo Јоле cos((t; — ta)a)| таг) |, (6.6.2) 


j=l kzl 


where as 
a= = | (совфугаф (663) 


and m is a finite measure. The measure m is the control measure of the isotropic 
S H oo i 
complex-valued measure М in the representation X(t) = Ке Је“ М (ах). 


PROOF: See Relation (6,3.9). WM 


Let (Х (6), — о < t < co} be а stationary real 50,5 harmonizable process. 
Like any other 50:5 process which is continuous in probability, it is, conditionally, 
a centered Gaussian process (Proposition 3.11.3). It is natural to ask whether it 
is, conditionally, a stationary centered Gaussian process. This question is both 
important and non-trivial. It is important because the structure of stationary 
Gaussian processes has been thoroughly studied and if a stationary real 505 
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harmonizable process is conditionally stationary Gaussian, it can have a number 
of important properties. The question is nontrivial because not every stationary 
505 process is conditionally stationary Gaussian. We know from Corollary 
2.5.4 that every stationary sub-Gaussian SaS process is conditionally stationary 
Gaussian but we will see later (Example 10.3.4) that there are stationary 505 
processes that are not, conditionally, stationary Gaussian. 


Proposition 6.6.4 Let (X(t), —oo < t < оо} be a stationary real SaS har- 
monizable process. Then X is conditionally stationary centered Gaussian. In 
fact, 


(X(t), —oo < t < oc) = ((Саћ; m(E)) V^ G(t), -oo < t < oo) 


where 


eo 
G(t) = У T5 V^ (GU? costZ; + GÜ sintZ;), –оо « t « oo, . (6.6.4) 
j=l 


and ba and {T}, Z;) are defined in Proposition 6.4.4. The process G is, condi- 
tionally on the T js and Zjs, a stationary centered Gaussian process with autocó- 
variance function 


EG(t)G(s) = > yt cos Z;(t — s). (6.6.5) 


ј=1 
PROOF: Тһе series representation follows from (6.4.8). Conditionally on the ';s 
and 235, С is a centered Gaussian process with autocovariance function 


oc 
=~ EG(t)G(s) = "Sor" (cos tZ; cos $Z; + sintZ; sin sZ;) 
j=l 


oo 
p» p cos Z;(t — s). 


=! 


Thus, С is stationary. W 


We have discussed in some detail two classes of stationary 50:5 processes: the 
sub-Gaussian processes and the real harmonizable processes. These two classes 
have certain similarities. For example, they are both conditionally stationary 
Gaussian. Are these classes really different? If so, are they disjoint? It turns out 
that they are different and “almost” disjoint. More precisely, 
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Theorem 6.6.5 The only stationary SaS process which is both sub-Gaussian and 
harmonizable is 


X(t) = cA" (Gi cosut + Сз sinut), —eo < t < оо, (6.6.6) 


where c > 0 is a real constant, A ~ S, j;((cos ке}?/о, 1,0), и > 0, and С) and 
С» are 11.4. standard normal random variables independent of A. 


PROOF: Note that the S&S process given in (6.6.6) is stationary sub-Gaussian 
because it is of the form : 


X(t) = A? G(t), -œ < t < oo, (6.6.7) 


where (G(t) = c(G, cos ut + G2 sin ut), —oo < t < oo) is a stationary centered 
Gaussian process with autocovariance function c? cos ut. This implies 


d d 
у у 0:03, cos(t; e tk)u 


j=l k=1 


E expli » 6x ()) - exp[-27*^4q* 


“| 


(6.6.8) 


(see Proposition 2.5.2.) 


On the other hand, (X(t), —oo < Ё < oo) is also stationary harmonizable 
because it can be represented as 


oo 
X(t) $ Re / е M(dz), co < t < оо, (6.6.9) 
—со 
where M is an isotropic 505 random measure with control measure т = 
2-9 ge cr 15,, where co is the constant in (6.6.3) and 6, is ће unit mass at 
и. (Compare (6.6.8) with (6.6.2).) 

This shows that the SaS process given in (6.6.6) is both sub-Gaussian and 
harmonizable. 

To prove the converse, suppose that a stationary SaS process X can be 
represented (in distribution) both by (6.6.7), with a stationary centered Gaussian 
process С and autocovariance function R, and by (6.6.9), with an isotropic 505 
random measure M with control measure m. Choose any tı < tz, and let 
A = tz — ё. Then 


(4'°б(), A? G()) & (Re |. 7? һә M(dz), Re || 7 eie м(а)). 


—oo —oo 

(6.6.10) 
Proposition 2.5.2 and Proposition 6.6.3 give the characteristic functions of the - 
SaS random vectors in the left- and right-hand sides of (6.6.10). Equating these 
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characteristic functions, we see that, for any real 0, and 6, 
1 an 
(3 (ROA + 2R()6,6, + R(0)63)) 
oo 
E J |02 + 20,0. cos Az + 63|°/?m(dz). 
–оо 


Setting m, = (29/2 R(0)7 9"? co)m, we obtain 


+оо 
(82 + 20010, + 02)^7? = / (61 + 2016; cos Az + @2)®/?т(ат), (6.6.11) 
—oo 
where р = R(A)/ R(0). Setting 0j = 1 and 6; = 0 shows that m; is a probability 
measure. Suppose 6; and 6; are not both zero and let и = 2016; /(02 + 02). Then 
и takes values in [—1, 1], and thus, for every и in this interval, 


(1+ up)??? = T (1 + ucosAx)*/*m, (dz). (6.6.12) 


Note that (6.6.12) equates two functions of u defined on [—1,1]. It is easy 
to check (see Exercise 6.14) that these functions are infinitely differentiable on 
(—1, 1); after successive differentiation, we obtain, for k — 0,1,2,.... 


со 
0*(1 + ир)'®/?—® = || (cos А)“ (1 + и cos Az) 9/2 * m, (dz). 
E 
Substituting и = 0 yields 


oo 
pt = || (cos Az)*m (dz), k = 0,1,2,.... (6.6.13) 
“COO 

Note that (6.6.13) represents equality of all moments of two random variables: 
one is the constant p, the other is cos AX where X is a random variable with 
distribution mı. It is well known that if two bounded random variables have 
identical moments, then they must have identical distributions (Exercise 6.15.) 
Therefore cos A.X — p with probability 1. This implies that the probability 
measure m, and, therefore, the control measure m are concentrated on the set 


Va = {z € (оо, +00) : cos Az = p), (6.6.14) 


where p = R(A)/ R(0). Recall that the points t, and tz were chosen arbitrarily, so 
the control measure m must be concentrated on the set V for any A > 0. Choosing, 
for example, А = 1, VŽ and \/3 shows that the measure m is concentrated on a set 
(—u, u} with u > 0, i.e., m = аб, + 66_, for some a, b > 0 (see Exercise 6.16). 
From (6.6.11), we conclude p = cos Ли for every А and hence Ao = cos Au. 
This proves that the process Х must be representable in the form (6.6.6). The 


proof of the theorem is complete. M 
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6.7 The codifference for stationary real harmonizable 
processes 


The codifference r(t) was defined in Section 4.7 (see also Section 2.10). For a 
real 50:5 harmonizable process X, it equals 


r(t) 


21Х(0 а — 1X6) – X0) 
co{2m(R) - / i2 – 2 cos гаје m(dz)) 


бо, раа 
— x 1 — 
co{ 2m(R) 2 J | 2 | m(dz)}. 
Although it may not converge as # — oo, its Cesaro mean ж i Fa T(t)dt converges 
as T — co. 
Proposition 6.7.1 For a real harmonizable SaS process 
cool yf xl aaa 
lim T T(t)dt = co 4 2m(R) — | 2 = (sin и)%аи | m(R\{0}) >. 
0 0 


T= 
(6.7.1) 
This limit is positive for 0 < а < 2. 


PROOF: Let K(x) denote the integer рап of 2/(2л) and observe that 
limpioo K(T)/T = 1/2m: 


2 чв = nao = f a f le [wen]. 
0 -00 


Now 


K(Tz) 


| T оо, је 1 | . зје 
= = ;) = = > =| ds+o(1 
if a [in = m(dz) та 22 MELLE 8 + o(1) 
1 27 ‚ зла 
= тамој а | (sin >) ds 


= m(RMO))- f "(sin sy*ds 


as T' — co, proving (6.7.1). 
ко < а < 2, by Jensen's inequality, 


E LE 1 PE n 1 ems ur. fixer 
=} (sins)ds = = f (sin* s)* ds < (— A sin sds) =(5) , 
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so that 


lim Е рш > co{2m(R) - 2%/?m(R\{0})} 
0 


Т-+со 


= co{2m({0}) +(2-2°/7)m(R\{0})} »0 Ж 


Now, lim 4 B т(#)а > 0 implies that 7(t) cannot converge to zero. Since 
т@) converges to zero for moving average processes (Theorem 4.7.3), we obtain 


Theorem 6.7.2. Stationary SaS moving average processes are different from real. 
harmonizable SaS processes for any 0 < a « 2. 


This theorem should be contrasted with the Gaussian case а = 2. In that case, 
a stationary process may have both a moving average and a real harmonizable 
representation. 


Remark. When а = 2, the right-hand side of (6.7.1) equals 2c9m((0]). Е 
r(t) = Cov (X(t), X(0)) — 0, then m({0}) = 0. 


6.8 Exercises 


Exercise 6.1 Use Kolmogorov's existence theorem to show that there is a stochas- 
tic process ((М (А), M? (A)), A є £o) such that for every A1, 4»,..., Aa 
in £o and pairs of real numbers (0), a), (08), a), МР (00, eQ. one has 


d 
У ОМА) + 6 MO(A;) ~ $,(500) (68.1) 


j=l 
where 
d 
= / / У 705109 + 500 ут „(те (dz, аз). 
EJS 321 
Show that this process is independently scattered and o-additive, and that for any 
A € £y, М()(А) and M ( A) are jointly SaS with spectral measure k(A x -). 
Hint: To prove (6.8.1), express A; U---U Ag (and, hence, each А;) as a union of 
disjoint sets. 


Exercise 6.2 Prove that a complex-valued random measure M satisfies (6.1.4) if 
and only if its circular control measure has the form k = my, where m is the 
control measure of M, and y is the uniform probability measure on 52. 
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Exercise 6.3 Show that МС) and МО) are real-valued 50:5 random measures 
with control measures given by (6.1.5). 


Exercise 6.4 Show that a complex-valued SaS random measure M has inde- 
pendent real and imaginary parts if and only its circular control measure k is 
concentrated on the four “lines” E x (0,1), E x (0, —1), E x (1,0) and 
E x (-1,0). 


Exercise 6.5 Prove that the only isotropic complex-valued SaS, 0 < а < 2, 
random measure М which has independent real and imaginary parts is the trivial 
measure М = 0. 


Exercise 6.6 Let M be a complex-valued 505 random measure on (£,€) with 
control measure m, and let f, g € L° (E, 5, т). Show that fẹ f(z)M (dz) and 
Sn g(z) M (dz) are independent iff fg = 0, m-a.e. 


Exercise 6.7 Let M be a complex-valued 505 random measure on (£,£) with 
а control measure m and let $ : E — C be a measurable function. Let £o y = 
{А є&: fAlv(z)|?m(dz) < oo). Show that the stochastic process My (A) = 
Ј, v (x) М(ат), A € бор, is a complex-valued SaS random measure on (E, £). 
What is the control measure of Mẹ? Prove that for any measurable function 
f: Е— Csuch that f o € L°(E, E, m) the integral Је f(z)My(dz) is well 
defined and equal in distribution to fẹ f(z)p(2)M (dz). 


Exercise 6.8 Under the assumptions of Exercise 6.7, show that the circular control 
measure ky, of ће SaS random measure My, where ф = v (9 + 1002) and 
M,(A) = |, (2) M(dz), is 


D, 19151 + да “Ку (A х ds) 
$i 


- | li (а у (2) — 5399 (2)) + balsi (2) + sa) (0) |^ k (da, аз) 
A48; 


for any А € £o, and real 0), 6. 
Hint: Use (6.1.2) and (6.2.4). The intermediate equality is then 
~ In Бехр( (4 MA (A) + MY (A). 


Exercise 6.9 Let M ђе а (complex-valued) $05 random measure on R whose 
control measure т is concentrated at the origin. Let f : IR — C. Show that the 
process 


х@ = Í У f(zt) M(dz), -00 < t < oo, 


is a constant 50:5 process, i.e., P( X (ti) = X(t2)) = 1 for every 1,5 € К. 
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Exercise 6.10 Suppose that f and M in Theorem 6.4.2 are real-valued. What are 
the choices for (5, 26 that reduce (6.4.2) to the real-valued series represen- 
tation given in Corollary 3.10.4. 


Exercise 6.11 Let Gi, Gz be independent standard normal random variables. 
Then ( (e Tapa (а Оту л) has the vector uniform distribution over the unit 
circle S; and is independent of С? + G3. 


Exercise 6.12 Prove (6.5.6). 


Exercise 6.13 Give a proof of step 1 of the necessity part of Theorem 6.5.1 for 
the case when the complex-valued harmonizable process Z defined by (6.5.1) is 
stationary. 

Hint: Apply the approximating procedure used in the text to the process Z instead 
of the process У. Conclude that the following counterpart of (6.5.9) holds: 


| ° gia)M (dz) & f ssa 


for every continuous periodic function g : R — С. Deduce that k(A x ds) = 
k, (A х ds) for any Borel subset А of the real line. 


Exercise 6.14 Show that the functions in the left- and right-hand sides of (6.6.12) 
have infinitely many derivatives at every point of (—1, 1). Show that the functions 
in the right-hand side may be repeatedly differentiated inside the integral. 


Exercise 6.15 Suppose that a sequence of real numbers mz, k = 1,2,..., are 
moments of a bounded random variable with distribution Е. Then there is no 
other distribution that has тк, k = 1,2,...,as moments. 


Hint: If |X| < C, then |ть| < С“. Use Carleman’s condition (Feller (1971), VII 
(3.14)). 


Exercise 6.16 Show that the intersection of the sets Vi; Vz and У, 5, defined in 
(6.6.14), is either empty, or of the type (—7,2), 2 > 0. 


Chapter 7 


Self-similar processes 


Self-similar processes are invariant in distribution under judicious scaling of time 
and space. They are important in probability because of their connection to limit 
theorems (e.g., Lamperti (1962)) and they are of great interest in modeling. Some 
aspects of self-similarity appear in geophysics, hydrology, turbulence, economics, 
communications and in relation to “1/f noises." Self-similar processes are also 
considered in physics, particularly in connection to the so-called “renormalization 
group theory" and "critical phenomena." Taqqu (1986) provides a bibliographical 
guide to many applications. 

The scaling coefficient or index of self-similarity is a non-negative number 
denoted H. А process X = (X(t), t € R) is self-similar with index H if, for 
any a > 0, the finite-dimensional distributions of {X (at), t € R} are the same as 
those of (а! X (t), + Є R}. The process is H-sssi if it is self-similar with index 
H and has stationary increments. 

Brownian motion, for example, is 1/2-sssi. Although the increments of Brown- 
ian motion are independent, those of other H -sssi processes can display long-range 
dependence or long memory. ЇЇ the process is Gaussian, long-range dependence 
manifests itself by the presence of cycles of any order and, ultimately, by a spec- 
tral density that diverges at the origin like a power function. Equivalently, the 
covariances decay very slowly to zero, also like a power function. Mandelbrot 
and Wallis (1968) refer to this phenomenon as the Joseph effect, an allusion to 
the biblical figure Joseph who was faced with long periods of plenty followed by 
long periods of famine. 

Although Gaussian processes can display long-range dependence, their 
marginal distributions, being normal, concentrate their mass around the mean. 
a-stable distributions with 0 < o < 2, on the other hand, allow for much greater 
variability. Mandelbrot refers to the variability of stable random variables as the 
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Noah effect, an allusion, we may recall, to the biblical figure Noah who lived 
through an exceptionally heavy flood. By considering in this chapter o-stable 
self-similar processes with 0 < а « 2, we are, in fact, dealing with models that 
can exhibit both the Joseph and the Noah effects. : 

In Section 7.1, we introduce general Н-5551 processes [not necessarily Gaus- 
sian or a-stable) and describe some of their basic properties. We show that the 
existence of moments limits the possible values of Н and, consequently, if an Н- 
5551 process is a-stable, 0 < a < 2, then its self-similarity index H is restricted 
to the interval (0, 1/а) if œ < 1 and to the interval (0, 1] if > 1. 

The Gaussian case, because it is a paradigm, merits a separate section. For 
a given Н € (0, 1), there is basically a single Gaussian H-sssi process, namely 
fractional Brownian motion. We provide two equivalent representations for that 
process, a “moving average” representation and a “harmonizable” one. The incre- 
ments of fractional Brownian motion are called fractional Gaussian noise. They 
are stationary and if 1/2 < Н < 1, they exhibit long-range dependence; that is, 
their autocovariance function decreases slowly at large lags, like a power function, 
and their spectral density increases like a power function at low frequencies and : 
explodes at the origin. 

In Section 7.3, we describe the basic properties of a-stable H-sssi processes ` 
with 0 « o < 2. Whereas fractional Brownian motion is the only H-sssi 
Gaussian process with 0 < Н < 1, there аге many different H-sssi processes 
‘when 0 < а < 2. The most common one is the linear fractional stable motion 
considered in Section 7.4. Its self-similarity index Н belongs to the interval (0, 1) 
and excludes the value 1/o. The o-stable Lévy motion introduced in Section 
7.5, on the other hand, has self-similarity index Н = а. It has independent 
increments and is the stable counterpart to Brownian motion. It is the unique 1/a- 
sssi process, if Ó < о < 1, but there exist others if 1 < а < 2. For example, if X 
is a 1-stable random variable, then X(t) = tX is a 1-sssi process. If 1 < a < 2, 
then the log-fractional stable motion investigated in Section 7.6 is also 1/a-sssi. 

The real harmonizable fractional stable motion considered in Section 7.7 is yet 
another H -sssi process. The kernel in its integral representation has the same form 
as the kernel of the harmonizable representation of fractional Brownian motion. 
Its properties, however, are quite different from those of the linear fractional stable 
motion. The complex harmonizable fractional stable motion defined in Section 7.8 
is a complex-valued a-stable, Н-5551 process. Finally in Section 7.9 we describe 
a large class of H-sssi processes that are subordinated to other processes, for 
example, sub-Gaussian or sub-stable processes. 

In modeling, it is the increments of H-sssi processes that are of interest. Any 
H-sssi process (X (t), t € R} induces a stationary sequence (Y; = X(j + 1) – 
X(j) j € Z). The sequence (Y;) corresponding to a linear fractional stable 
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motion is of particular interest because it displays both the “Joseph” and “Noah” 
effects of Mandelbrot. It is called linear fractional stable noise and is studied 
in Section 7.10. We analyze its asymptotic dependence structure by using the 
codifference 7(j). For most, but not all, values of a and Н, т(ј) decreases 
as j*/— for large j. This is analogous to the behavior of the autocovariance 
function in the Gaussian case а = 2. Simulations of Gaussian and stable fractional 
noises and motions are presented in Section 7.11. 

In Section 7.12, we discuss autoregressive-moving average (ARMA) se- 
quences with stable innovations, and in Section 7.13, we extend to the stable 
case the family of models known as fractional ARIMA. A fractional ARIMA 
can also display long-range dependence, and because its definition involves more 
parameters than the linear fractional stable noise, it allows for greater modeling 
flexibility. 


7. Self-similarity 


Let T be either R, Ry = (t: t > 0} or {t: t > 0}. 


Definition 7.1.1 The real-valued process (X(t), t € T) is self-similar with 
index Н > 0 (H-ss) if for all a > 0, the finite-dimensional distribu- 
tions of (X(at),t € T} are identical to the finite-dimensional distributions of 
(ан X(t), t € T}; ie; if for any d > 1, ti,t,...,t¢ € T and any a > 0, 
(X(ati), Х(аљ), seg X (at4)) = (а! X (t), a" X(t), se ,aP X (t4). 
(7.1.1) 
The complex-valued process (Х (t), t € T) is self-similar with index Н if for all 


a > 0, ће finite-dimensional distributions of (Re X (at), Im X (at), t € T} are 
identical to those of {a Re X(t), a Im X(t), t € T]. 


We shall always suppose H > 0. 


Notation. Relation (7.1.1) will be expressed succinctly as follows: 
{X(at), te T) € {a X(t), te T), (7.12) 


А а 
Sometimes, however, when we consider a fixed Є Т, we write X(at) = a? X (t) 
to mean that the random variables X(at) and а X(t) have identical (one- 
dimensional) distributions. 


Example 7.1.2 Brownian motion (X(t), t € IR) is a Gaussian process with 
mean 0 and autocovariance function EX (1) X (6) = min(ti, tz). It is H-ss with 
Н = 1/2 because for all a > 0, —co < tı, t; < co, 


EX (ati) X(at2) = min(at,, at?) = amin(t), t2) = Е(а > X(t) (a? X (t2)). 
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Example 7.1.3 The 505 Lévy motion, 0 < а < 2 is H-ss with Н = 1/о € 
(1/2, oo). This process was defined in Example 3.6.1 for Т = [0, co). (To define 
it, for Т = R, set X(t) = X(t) fort > 0 and X(t) = X;(—t) for t < 0, 
where (Х 1 (1), t > 0) and {X2(t), t > 0) are independent copies of a SaS Lévy 
motion). Itis easy to verify that ће SaS Lévy motion X = {X (t), t € T} is self- 
similar with Н = 1/a. Indeed, since X has independent increments, it is enough 
to show that for all a > 0 and ё, 5 € T, X (at) — X (as) E a Ve (X(t) — X(s)). 
But this follows from X(t) — X(s) ~ Salit — s|V,0, 0). 


Remarks 


1. Relation (7.1.1) states that a change of the time scale is equivalent to a change 
in the state space scale. Note, however, that it is the finite-dimensional 
distributions (the *odds") that are invariant under the transformation, not 
necessarily the sample paths. Lamperti (1962) uses the term semi-stability 
to describe the transformation in (7.1.1). The term self-similarity, coined 
by Mandelbrot, is now standard. That term is also used in the context of the 
scaling of non-random objects, such as fractals (Mandelbrot 1982). 


2. ЕТ = R, then for each fixed 5 0, 


t# X(1) if t > 0, 
X(t) = | 8 X (sign t) = 
jt}? X(-1) ift <0. 


This useful relation does not typically hold in the sense of the finite- 
dimensional distributions. 


3. If (X(t), t € T) is H-ss, and 0 € T, then for each a > 0, X(0) = 
X(a0) = a? X (0) and hence 
X(0) =0 as. (7.1.3) 


A non-degenerate H-ss process cannot be stationary because if it were, we 
would have for any a > 0 and t > 0, Х (2) = X(at) = a X (t) and we would 
obtain a contradiction because a" X (t) — oo as a — oo. There is, nevertheless, 
an important correspondence between self-similar and stationary processes. 


Proposition 7.1.4 If (X(t), 0 < t < oo) is H-ss, then 
Y(t) = е7: Х(е'), –оо «t < oo, 
is stationary. Conversely, if (Y (t), —oo < t < co) is stationary, then 
X(t) = iFY (Int), 0« t « oo, 


is H-ss. 
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PROOF: Let6j,...,04 be real numbers. If (X(£), 0 < t < oo) is H-ss, then 
for any t;,...,t4 ЄВ! and h > 0, 


d d 
у 0; Y(t; +h) = У бе tHe hH x (eheti) 


j=l j=l 


d 
У бе“ и! x (es) 


а 
= Y(t), 
ј=1 


Пе. 


proving that (Y (t), —oo < t < оо} is stationary. 
Conversely, if (Y (t), –оо < t < co) is stationary, then for any t;,...,tg > 0 
and a > 0, 


d d 
3.56;X(at;) = У 6;a t У (Ina + In 5) 
j=l j=l 
d 
£ У Ojat t Y (In 5) 
j=! 
d 
= J bja X(t), 
j=l 


proving that (X (t), 0 < t < oo) is H-ss. Ш 


Example 7.1.5 Let {X (t), t > 0) be Brownian motion. It is thus Gaussian, has 
zero mean and is H-ss with H = 1/2. Therefore, (У (t) = e-*? X (et), —oo < 
t < co) is a stationary Gaussian process with mean zero and autocovariance 
function 


e (att) BX (eh) x (eh) 
e ien) min(e", её) 


1 
—1|t-ti 
е-е, 


EY (t)Y (t2) 


i.e., (Y (t), –оо < t < co} is an Ornstein-Uhlenbeck process. 


Proposition 7.1.4 shows that there are many different self-similar processes. 
We shall consider here those that have stationary increments. They are of great 
interest in applications because they give rise to stationary sequences with remark- 
able features. 
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_ Definition 7.1.6 A real-valued process {X(t), t € T} has stationary increments 
if 


{X(t-+h) - X(h), te T) {Х(0) — X(0), t € T), forall h € T. 


A complex-valued process {X(t), t € T} has stationary increments if, for all 
heT, 


(Re (X(t +h) – X(h)), Im (X(t +h) - X(h)), te T) 
2 {Re (X(t) – X(0)), Im (X(t) - X(0), t €T). 


Definition 7.1.7 The process (X(t), t € T) is H-sssi if it is self-similar with 
index Н and has stationary increments. 


Example 7.1.8 Brownian motion is H-sssi with Н = 1/2. From the discussion 
in Example 7.1.3, we conclude that a Sa.S Lévy motion is H-sssi with H = 1/a. 


Remark. The following is a simple but useful fact: if ( X(t), t € R} is H-sssi,. 
then for fixed t, 


X(-t) € -x(t) (7.14) 
since Х(0) = 0 and X(—t) = X(-t) – X(0) = X(0) – X(t) = -X (¢). 


The next proposition shows that the existence of moments limits the possible 
values of Н. It uses the following technical lemma: 


Lemma 7.1.9 Let (X(t), t € R} be H-sssi. Then for any s # 0 and t #0, 
P(X(s) =0, X(t) 20) = P(X(1) =0) 


and 
P(X(s) #0, X(t) #0) = P(X(1) #0). 


PROOF: Let p= P(X(1) = 0). By self-similarity, for any s # 0, we have 
P(X(s) = 0) = P(X(signs) = 0) =p (7.1.5) 
and, by the stationarity of the increments, for any s # t, 


P(X(s) = X(t)) = P(X(s—t) = 0) = p- (7.1.6) 
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Moreover, for any ¢ and и and any M > 0, 

P(X(t) = X(u) # 0) 

P(|X(é)| > M, |X(u) > М) + P(0 < |X(t)) < M, 0 < |X(u)| < M) 
P(X) > M) + P(0 < jX(u)]| < M) 

РХ] > М) + P(0 < |X()) < Мат), 


HW dA IA 


which is arbitrarily small for M and u sufficiently large. Thus, 
Jim P(X(t) = X(u) # 0) =0. (7.1.7) 
Since, moreover, 
P(X(s) = X(u)) 
= P(X(s) = X(u) #0) + P(X(s) =0, X(u) = 0) 
= P(X(s) = X(u) £0) + P(X(s) = 0) – P(X(s) = 0, X(u) 40), 
we have by (7.1.5) and (7.1.6), 
P(X(s) = 0, X(u) #0) = P(X(s) = X(u) z 0). (7.1.8) 
Considering now s, t and u, we have 
P(X(s) = 0, X(t) #0) 
€ P(X(s) = 0, X(u) # 0) + P(X(u) = 0, X(t) 7 0) 
= P(X(s) = X(u) # 0) + Р(Х(и) = X(t) #0) 
by (7.1.8). We now use (7.1.7) to conclude that, for any s and t, 
P(X(s) 2 0, X(t) #0) = 0. (7.1.9) 
Therefore, for any non-zero s and any t, 


P(X(s) = X(t) = 0) 


P(X(s) = 0) - P(X(s) = 0, X(t) # 0) 
= р 
= Р(Х(1) =0), 


by (7.1.5) and (7.1.9). This proves the first part of ће lemma. From (7.1.5) and 
(7.1.9), we see for any non-zero s and t, 


P(X(s) #0, X()z0) = Р(Х(з) #0)— P(X(s) # 0, X(t) = 0) 
1—р 
= P(X(1) #0). 


This proves the second part of the lemma. W 
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Proposition 7.1.10 7f (X(t), t € R} is H-sssi and 


P(X(1) # 0) > 0, | (7.1.10) 
then the relation 
E|X(0)* < oo 
implies 
О<Н<1/у if O<y<1, 
and it implies 


0<Н<1 ff y21. 


PROOF: Suppose firstO < y < 1. Then (a +b)” < a? +67 foranya > 0,ђ > 0 
and (a+ b)? < a7 + 57 ifa > 0,0 > 0. Thus, |X(2)|7 < IXQ) — Х(1) + 
|X(1)|", and this inequality is strict on the set А = (X(1) #0, X(2) - X(1) z 
0}. Since Lemma 7.1.9 and Relation (7.1.10) imply P(A) > 0, we have 


E\X(2)|" < E|X(2) - XQ) + EXP. (7.1.11) 


But X(2) - X(1) 4 X(1) - X(0) E X (1) by the stationarity of the increments 
and self-similarity. Hence (7.1.11) reduces to E|X(2)]* < 2E|X(1)|7. On the 
other hand, by self-similarity, E|X (2)|* = 287 E|X(1)|*. Therefore, 287 < 2, 
ie, Н < 1/7. 

If y > 1, then E|X(1)|? < co for any p < 1 and hence 0 < Н < 1/p for any 
p«Limplyingü0cHci. Ш 


Remark. Condition (7.1.10) is very weak. It is clearly satisfied if (X (t), t € R} 
is an a-stable process 0 < а < 2 (not identically equal to zero). | 


Figure 7.1 displays the region of permissable values for (o, H). Since a- 
stable processes, a « 2, have finite moments of order lower than a and Gaussian 
processes have finite moments of any order, we have 


Corollary 7.1.11 Let (X (t), t € R} be a non-degenerate a-stable, 0 < а < 2, 
Н-5551 process. Then 


а<1=> 0<Н < а, 


а>1= 0<Н<1. 
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0 а 


1 2 
Figure 7.1: If the process is. non-degenerate, 
a-stable and Н-5551, then а and Н must lie in 
the shaded region. 


The corollary is consistent with Example 7.1.3 where we noted that ће 505 
Lévy motion is H-ss with Н = |/a. We will see in Section 12.4 that there is an 
a-stable H-sssi process for each permissible value of the pair (Н, a). 

Are there “different” a-stable H-sssi processes with a given a and Н? In 
order to eliminate trivial answers, we adopt the following convention: 


Convention. Stochastic processes that differ only by a multiplicative constant are 
identified, Hence, we say that X, = (Х (t), t € T) and X; = (Xo(0, t € T] 
are different if there is no constant С such that X, and C X» have identical finite- 
dimensional distributions. 


We will see later that for fixed а € (0, 2) and H, there are often many different 
a-stable H-sssi processes. In the Gaussian case a = 2, however, there is a unique 
Н-5551 process, called fractional Brownian motion. Fractional Brownian motion is 
important not only because it is the unique H-sssi Gaussian process or because the 
various a-stable H-sssi processes reduce to it when setting о = 2 but also because 
it has been widely applied, particularly in the context of long-range dependence. 
We shall now define it and study its properties. 
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7.2 Fractional Brownian motion 


A mean zero Gaussian random variable X has characteristic function Eei^* = 
ехр{—0202} = exp(—10$20"), i.e., scale parameter с > 0 and standard devi- 
ation оо = У2о. The finite-dimensional distributions of a Gaussian process 
(X (t), t € R) satisfy 


ке loses Ху) _ екр{—» >; У Alt; 1x)050; + У и], 


је! k=l j=l 


IV 


06,,...,04 ER, m 1, where y(t), t € R, is a real-valued function 
and {A(ti,t2), ti,t2 € R} is non-negative definite; i.e., for any integer 
m, t1,---ybm ER, ц,...,чъ ER, 


т т 
DD У Alti Lj)u;u; > 0. 


i=] j=l 


Conversely, to each yz and A corresponds a Gaussian process: p is its mean value 
function and A is its autocovariance function. 

Fix now 0 < H < 1. Since the function (|t 7 4- |; 7 — |t; — t7, t, t € 
R} is non-negative definite (see Lemma 2.10.8), there exists a Gaussian process 
(X(t), t € R) with mean zero and autocovariance function 


Ry(ti, t2) <= Cov (X(t), X(t2)) 
1 
= „(бр + ари – ја epi) var ХО). 02.) 
It is easy to check that this process is H-sssi. It is called fractional Brownian 
motion.” 


Are there other Gaussian H-sssi processes? The following lemma implies that 
the answer is negative when H < 1. 


Lemma 7.2.1 Suppose that {X(t), t € R} is a (non-degenerate) H-sssi finite 
variance process. Then 
0О<Н<1, 


X(0) =0 a.s., 


‘There is an inconsistency in the literature between the definitions of the scale parameter for the 
Gaussian distribution (а = 2) and for the stable non-Gaussian ones, 0 < а < 2. If X ~ 5а5 
with 0 < а < 2, then the scale parameter of X is defined as the coefficient с іп Eexp(i8X) = 
exp{—a“]6|*}. If X is Gaussian, however, then its scale parameter is usually chosen to be the 
standard deviation со. In order to be consistent, we define the scale parameter as the factor с in 
Eexp{i6X} = exp(—c?]|0|9 ) in all cases 0 < а < 2 and hence distinguish between c and the 
standard deviation со = \/2е in the case а = 2. 

2The formal definition of fractional Brownian motion is given below. 
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and 


Cov (X (6), X(13)) = 5 (аге + bor? – | – eph) Var X(1). 
Moreover, for allt € R, 
(i) inthe case0 < H < 1: 
EX(t) = 0; 
(ii) in the case Н = 1: 
X(t) =+Х (1) as. 


PROOF: By the stationarity of the increments and self-similarity, 


EX(t)X(b) = 5{BX*(t) + EX? (t) - BX) - ХО?) 
= 5 {EX*(h) + БХ) - B(X(t - t) - XO} 


Dhu ceu 
= (ЊЕ te-a ELN 022 


since X(0) = 0 by (7.1.3), X(1) = —X(-1) by (7.1.4) and X(t) = 
|| X (sign t) for fixed t. Corollary 7.1.11 and Lemma 2.10.8 yield 0 < Н < 1. 

Suppose, now, 0 < H < 1. Since EX (1) = Е(Х(2)—Х(1)) = 27 EX(1)- 
EX(1) = (27 — 1)EX(t), we obtain EX(1) = 0 and hence EX(t) = 0, 
because EX(—1) = —EX(1) and EX(t) = | EX (siga t). Form (7.2.1) of 
the autocovariance function follows from (7.2.2). 

Suppose now Н = 1. Then (7.2.2) yields EX (t) X (t2) = tito E X?(1) and 
thus 


Ш 


E(X(t) —tX(1))? EX?(t) - МЕХ(ОХ(1) + PEX? (1) 
(È — 2t -t + 2)ЕХ?(1) 


= 0, 


that is, X(t) = tX (1) a.s. for all t. Form (7.2.1) of the autocovariance function 
now follows. M 


Lemma 7.2.1 implies that all H-sssi Gaussian processes have the autocovari- 
ance function (7.2.1). For a given H, these processes only differ by a multiplica- 
tive constant (and by their mean, if H = 1). It is convenient, therefore, to define 
fractional Brownian motion as follows: 
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Definition 7.2.2 А Gaussian H-sssi process, 0 < Н < 1, is called fractional 
Brownian motion (FBM) and is denoted {By(t), t € R). It is called standard 
fractional Brownian motion if сё = Var X(1) = 1. i 


There are also non-Gaussian finite variance Н-5551 processes (see Example 
7.9.6; see also Taqqu (1981, 1988) and Major (1981)) but, here, we consider 


only the Gaussian ones. The following corollary is an immediate consequence of 
Definition 7.2.2 and Lemma 7.2.1. 


Corollary 7.2.3 Fix 0 < Н < 1 and og = ЕХ?(1). The following statements 
are equivalent: 


(0 (X(t), t € T) is Gaussian and Н -sssi. 
(ii) (X(t), t € T) is fractional Brownian motion with self-similarity index Н. 


(iit) (X(t), t € T) is Gaussian, has mean zero (if H < 1) and autocovariance 
function (7.2.1). : 


Example 7.2.4 When Н = 1/2, fractional Brownian motion {Вн (t), t € R} is 
Brownian motion because (7.2.1) reduces to 


ogmin(t),t2) ift, and tz have the same signs, 
EB, р(1)8,/2(%) = 
0 if t£; and tz have opposite signs. 


Example 7.2.5 For Н = 1, we have B,(t) = t(Z + и) by Lemma 7.2.1, where 
и € R and 2 is a mean zero normal random variable. 


Because the case Н = 1 is degenerate, we shall suppose in the sequel that 
о<Н<1. 

Defining a process through its finite-dimensional distributions does not always 
give a clear picture of its underlying structure. An integral representation is 
often more helpful. The following subsections present the most common integral 
representations of fractional Brownian motion. The increment process, called 
fractional Gaussian noise, is introduced in the final subsection. 


7.21 “Moving average" representations of fractional Brown- 
ian motion 


We want to obtain integral representations for fractional Brownian motion of the 
form [>> fi(z)M (dz). 

Let (E,£,m) be a measure space and M а 5а5 random measure, 0 < 
а < 2, with control measure m. The definition of the stable integrals I(f;) = 
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fg f(x) M (dz), t Є T, given in Section 3.4 applies to any 0 < а < 2. When 
а = 2, I( fe) is well defined if f. | f;(z)|^m(dz) < co and one has 


ЕТА) Ц) = Cov (Ifa), Та) =2 J: fa (2) fa (2) (de) 


by (3.5.4). In particular, EM?(A) = 2m(A) for any А € £ with finite measure 


Th. 
Fix a — 2 and let 
(E,£,m) T (R, В, | E |/2), 


where B is the Borel c-field and | | is Lebesgue measure оп R. Then EM?(A) = 
|A| for any A € B with a finite Lebesgue measure and 


EIS) = | ла (7.2.3) 


The following proposition gives a first integral representation for fractional Brow- 
nian motion. We shall use the function 


u іи 0, 
иф = 
0 іа < 0, 
and adopt the convention 0° = 0, 


Proposition 7.2.6 Let 0 < Н < 1. Then standard fractional Brownian motion 
{By(t), t € R} has the integral representation 


za; | „(б ((t — 1) ) 772 – (724) 7) M(dz), teR, (724) 


where 


eo 2 1 12 
= H-1/2 _ „H—1/2 En ш 725 
ean - Cf (12) т Vidz + =} (7.2.5) 
When Н = 1/2, Ci(1/2) = 1 and the representation (7.2.4) is to be ìn- 
terpreted as ЈЕ M(dz) if t > 0 and — Р M(dz) if t < 0, i.e., as an integral 
representation of Brownian motion. 


PROOF: Let X(t) denote the integral in (7.2.4) and let f;(z) denote its integrand. 
In order to verify that X (£) is well defined, we show firstly that Јо Геја» < 


oo. This relation is obvious when Н = 1/2, because Jos fi(z)dz = |: ldz < 


oo. Suppose now 0 < H < 1, Н # 1/2. Then as z — —oo, fi(z) ~ (H — 


H- 
1/2)(—x)#-3/2 whose square is integrable around —oo, fi(z) ~ (t — ©) + 1/2 
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as x — t whose square is integrable around т = 1, and similarly for х = 0 and 
т = co. Hence f 75, f?(2)dz < oo and (7.2.4) is well defined. 

We now verify that (.X (t), t € IR) has the autocovariance function (7.2.1) 
with VarX(1) = 1. Notice that Х(0) = 0 a.s. and, for every t > 0, EX?(t) 
equals 


eu |. ((£ — ту: 17 — (tz) HP ydg 
= cm pH па (а ун E (zu) Py 
H 0 : 
= OG 2н L/ ((1— u) #7 – (уд + | (= шн 1а] 


-00 


| 1 2H 14 н-1/2 _ „H-1/2⁄2 1] pH 
= сну“ | (1 +2) T ува + уу] =! " 


and similarly EX?(t) = |t|?¥ fort < 0. Further, for any t, s Є В, 


Е(Х(ї) - X(s))? cum [ У (t — x87 (s 7 Pde 


= aum]. («2177 - ај туш 


= jt- s?” 


by the previous calculation and hence (7.2.1) follows. [| 


The kernel 
Ја) = (t - 2),)77*? – ((-2),)? 1? (7.2.6) 
is plotted in Figures 7.2 and 7.3 for several values of і and several values of 
а= Н ~ 1/2. 


The representation (7.2.4) is far from unique. In fact, let 
0 Кир 0, 
и. = 
—u ifu<0. 


Then for any real a and b numbers, 


Г [te-ai 0а) 


=> 


+ (t 2)27 7 – (-2 н pu (az), teR, (7.2.7) 
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(6 – 2)$ - (-2)d 
2 


~10 -5 0 5 10 


-a)i - C234 


Figure 7.2: Kernel (7.2.6) of fractional Brownian motion (d = Н — 1/2) and kernel 
(7.4.2) of linear fractional stable motion (d = Н — 1/а, а = 1, b = 0), with d = 0.2 
and d = —0.2, plotted for several values of t. 
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(1—2) —(—т)% 


-5 -4 -3 -2 -1 0 1 2 


(1 -2)$ - (7-2 
3 


-3 


Figure 7.3: Kemel (7.2.6) of fractional Brownian motion (d = Н — 1/2) and kernel 
(7.4.2) of linear fractional stable motion (d = Н — 1/a, a = 1, b = 0), with t = 1, 
| plotted for several values of d. 
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is also (up to a multiplicative constant) a representation of fractional Brownian 
motion (Exercise 7.2). 

The representation of fractional Brownian motion given in Proposition 7.2.6 
corresponds to а = 1/C;(H) and b = 0. That representation is “non-anticipative” 
because it involves only integration on z € (—oo, t]. Whena = b = 1, then (7.2.7) 
yields the “well-balanced” representation 


oo 
/ (|t — z| £71? — |5812) M (dz). 


7.2.2 *Harmonizable" representations of fractional Brownian 
motion 


We now tum to representations of the “harmonizable” type, i.e., of the form 

И) = у f(x) M (dz) where f, is complex and M is a complex isotropic 
random measure. Integrals ot his type were defined in Section 6.3 for the a-stable 
case, 0 < а < 2, but these definitions apply to the Gaussian case as well. 3 If 
we adopt this approach, i: hi (z)M (dz) will be, in general, complex and we 
will have to consider Re f% ка f (х)М (da), for example, if we want a real-valued 
process. 

Here, we present an alternative definition, one which has been traditionally 
followed in the context of Gaussian self-similar processes. In this approach, the 
real and imaginary components MU? and MO? of M are independent but they are 
not independently scattered, i.e., MU? (А) may not be independent of М (в) 
even for disjoint sets А and B. This second approach allows us to choose the 
complex f, and M in such a way that the integral f RG)M (ах) is always 
real-valued. T zi 

Firstly, some heuristics. We would like to view the complex-valued } and M, 
as “Fourier transforms" of real-valued f; and М. We want theni to be defined in 
such a way that a Parseval-type relation (^5. fi(z)M(dz) = zoe ГА (z)M (dz) M (dz) 
holds. Since f; and M are real, ГА and M, should satisfy fx) = = МЕ =) 
and М (А) = M(- А), where a bar denotes a complex conjugate." The relation 


M(A) = M(— A) implies that М(А) and M (— А) are dependent even for disjoint 
sets A and — А; hence, the complex-valued random measure M will not be 
independently scattered on all Borel subsets of R. 


ЗА special feature of the Gaussian case is that the real and imaginary parts of M are independent. 

‘The reader who prefers this approach will find it in Section 7.7 where we define the real harmo- 
nizable fractional stable motion for 0 < a < 2. It is an harmonizable representation for fractional 
Brownian motion when a = 2. 
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The following definitions of the random measure M and the integral 
I (f) = [% f(z)M(dz) are motivated by the preceding heuristics. Define 
firstly М = МО +iM® where МО) and МО) are independent Gaussian 
random measures, independently scattered on R} and satisfying М()(4) = 
M()(—A), MO(A) = —M()(—A) for any Borel set A of finite Lebesgue 
measure. Then М(А) = M(—A). Suppose also that M(? and M C have control 
measure (1/4)| - | so that on Ry, E(MO(A)? = E(M®(A))* = 1|AJ. Then 
the variance of M(A) equals 


for any Borel set A € R+. Since M is complex, the quantity E(M(A))? has no 
special significance. In fact, 


E(M(A))? = E(M((A))? — E(MO (A)y = 0. 


We now describe the integrands. Let f = f() +if@ where f( and f) are 
real-valued functions that satisfy fU (x) = f(-x), D(z) = —/®(—т) and 
SZ (SO (z))!dz < оо. Thus, f belongs to the set 


oo 


F = {Р Теа) = TC) and Д |F(«)Pde < оо}. 


For any f € F, the integral 
A= | Rosa» 


is defined as 


I(f) 


| 


0 _ TD со _ ИЕ 
ј fiim + | тука) 
—оо 0 
= [| FOE - iG) Qd de) -iMP (an) 


«f У UO (2) + if 9 (2) M (da) + iM (da) 


2( f “ом (dx) – | á fO(z)MÜ(dz)), (7.2.8) 


іе., 


0 = [7 fastus) - J T fO)MO (ds). 
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{1 (Р, f є F} isa Gaussian system in which each 1( 7) is a real-valued Gaussian 
random variable with mean zero and variance 


вона) = 4 amore | из) 


2 [Г f(x) dz = ү lf(z)fdz < oo. 


-00 


Moreover, the covariance of (Љу and 1(%), fi, f» € F, equals 
Еу = | Ae. (1.2.9) 
—oo 
With the preceding definitions, we can now start with a set of integrands 
> 2 
Fo = (5 / |fe(£)| dr < oo, f, real-valued, t € T), 


and define for each f, Є Fo its L? Fourier transform f which we denote (with 
some abuse of notation) by 


со 


fi(z) = x] ei?" f (u)du. 


We shall now try to relate the Gaussian processes {I(f,) = T Rh(z)M(dx),te 
T and {I( fi) = ev „ Ai) M (dz), t € T). Here, M is a real-valued Gaussian 
random measure and М is the complex Gaussian random measure defined above. 
Observe that, since f, € Fo is real-valued, its Fourier transform f, satisfies 


f(z) = ha). 
Proposition 7.2.7 


(102 = | sten, ie) $ (160 = [^ Foa) tT}, 


PROOF: Since both (ПЛ), t € T} and {I(f,), t € Т} are Gaussian with mean 
zero, it is sufficient to prove that for any two functions fi, fe € Fo one has 


EI(R ЦА) = EI GE (54). This, however, is an immediate consequence of 
(7.2.3), (7.2.9) and the Parseval identity: 


/ "ышы: = | р Alo) fade. Ш 
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Thus, in order to obtain a harmonizable representation ( f^^. fi (x) M (dz), 
t € R] of fractional Brownian motion, one can start with any one of its repre- 
sentations 4 f^^ oo Ј (2) M (dz), t € R}, and derive the Fourier transform fy of fe. 
This can be delicate at times and therefore it is easier to first guess the form of ГА 
and then verify that the resulting process {I(f,), t € R} is Н-581. 

Consider, for example, the representation (7.2.4) of fractional Brownian mo- 
tion. A heuristic computation? suggests the following representation (7.2.12). 


Proposition 7.2.8 Let 0 < H « 1. Then standard fractional Brownian motion 
{Вн(%), t € Е} has the integral representation 


1 оо eizt =í v 
€ tye 
СХН) үй ir || M (dz), ЄК, (7.2.12) 
where И 
1 
cam = (V. 
2(H) rom mm) (7.2.13) 


PROOF: Let X(t) denote the integral in (7.2.12) and fi(z) its integrand. Since 
Ке — 1)/iz| is bounded for х — 0 and behaves like |z| ! as т — +оо, 
one obtains /°° |fi(z)'dz < оо. Hence, X(t) is well defined. It is easy to 
verify that the process is H-sssi (Exercise 7.6) and therefore by Corollary 7.2.3, 
{ X(t), t € R) is fractional Brownian motion. 


ЗНеге, we present the heuristics leading to (7.2.12). The computations are not precise because the 
integrals diverge! Suppose H > 1/2 and t > 0 and rewrite (7.2.4) as 


oo t 
оу (DI = 1/2) / ( | Goat Эла) мде) (7.2.10) 
—oo 0 


= opua - v» | (| ipa = Of 24» Mag) (12.11) 


The inner integral in (7.2.11) is the convolution of the function 100, (s) with eff 3/2 and its Fourier 


transform should equal the product of the convolutions. Now the Fourier transform of 110, (s) is 
t 
(VIn)! | ei?5ds = (У2п) (ix) (e — 1). 
0 


Although the Fourier transform of Рини 2 does not exist (the function is not in L? nor 12), let us 


write, nevertheless, 
oo со 2 
(Vim)! 1 ets Vds = | UID (n) | eiu du 
-œ 9 


by setting ш = zs. Viewing the last integral as an improper Riemann integral, one can show that it 
equals exp(imy/2)T (H — 3/2) (see Exercise 7.4). Use (f x g) = Уя fg and Proposition 7.2.7 to 
obtain (7.2.12). 

This heuristic can be made rigorous (Exercise 7.5). 
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It remains to show that EX (1)? = 1, ie. 


Г ІА (а) dz = СИН). (7.2.14) 


Since je“? — 1? = (созт — 1)? + sin? x = 2(1 — созт) = 4sin? £, we have 


со _ оо 2.2 
UE (12.15) 


ЕН = 1/2, this equals 87/4 = 27 = cian) using Relation GR3.821 in 
Gradshteyn and Ryzhik (1980). 


If H # 1/2, use Relation GR3.823 in Gradshtcyn and Ryzhik (1980), 2 (2) = 
F(z + 1) and T(z)T(1— 2) = пу sin mz to show that (7.2.15) equals 


2T (2 – 2H)cos Hr 
H(2H — 1) 


(Г(2) is the Gamma function.) This proves (7.2.14) and £X(1? — 1. W 


-$r(-an) cos H7 = — = СИН). 


Using (7.2.8), we can write the representation (7.2.12) as 


2 (| sin (01-12 MD (da) 


Сун) z 
+f 1- cost 01/2 MO (dg), (7.2.16) 
0 r 


where M) and МО) are two independent real-valued Gaussian random measures 
such that £(M? (A)? = |A|/2 for any Borel set А of Ry. The integrands of 
МО) and МО) are plotted in Figures 7.4 and 7.5, fort = 1 and d = Н — 1/2 = 
0.2. 


Remarks 


1. When Н = 1/2, C2(1/2) = V2 and (7.2.12) gives the following repre- 
sentation for Brownian motion, 


{вш - vas | = 
2. For any real a and b, the process 


со irt — ЕН 
(| шыс [ку = + b(z.-) 0712) M (dz), te в}, 
Luo Ж 
(7.2.17) 
is also fractional Brownian motion (up to a multiplicative constant) because 
itis a Gaussian H-sssi process (Exercise 7.7). The representation (7.2.12) 
corresponds to the choice a = b = C; (Н). 


- (dr), te в}. 
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-d-l 


(sin zt)z 


=> 


(1 ~ cos zt)z 7 4-7! 
] 


0.5 


Figure 7.4: Integrands of M and МО), with t = 1, in the representation (7.2.16) of 
fractional Brownian motion (d — H ==, 1/2) and in the representation (7.7.4) of the real 
harmonizable fractional stable motion (d = H — 1/а). Here, d = 0.2. 
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(sin zt)z-4-! 
1 


d=~-02,t=1 


(1 — cos zt)z -4-! 


1 


0.5 


–0.5 


-1 


Figure 7.5: Integrands of MU) and МО, with t = 1, in the representation (7.2.16) of 
fractional Brownian motion (d — H — 1/2) and in the representation (7.7.4) of the real 
harmonizable fractional stable motion (d = Н — 1/a). Here, d = —0.2. 
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3. The representation (7.2.12) (ог (7.2.17)) has a physical interpretation. The 
factor (e*** — 1)/iz is the Fourier transform of the indicator function of 
the interval (0, ¢] and ensures stationarity of the increments. The term 
jc |- (71/2) colors the underlying Gaussian noise. In a sense that will be 
made precise in the following section, it gives rise to a spectral density 
Па (71/9. = 7028-0), which diverges at low frequencies (x — 0) 
when 1/2 < Н < 1, is colorless (equal to 1) when Н = 1/2 and tends to 0 
at low frequencies when 0 « Н « 1/2. 


7.2.3 Fractional Gaussian noise 


Since fractional Brownian motion (B (t), t € R} has stationary increments, its 
increments 


Y; = Bu(j + 1) - Bu(j). j=.--,71,0,1,..., 


form a stationary sequence. The sequence {Y}, j € Z} is called fractional 
Gaussian noise (ЕСМ).5 It is called standard fractional Gaussian noise if оў = 
Var Y? = 1. 

Any representation of {Вн (5), t Є R} induces a representation for {Y}, j € 
Z). For example, using (7.2.4) and (7.2.12) respectively, we obtain the moving 
average representation 


ү; = can. (G1-205-7 ^- G-2427 7) M(dz), јє2, (7248) 
1 —оо 


and the harmonizable representation 


oo ir E 
а Co ij € l jH- Gr) j cz. 7.2.19 
Y C2(H) fe ig Ml "ET | 


Fractional Gaussian noise has some remarkable properties. It is a stationary 
Gaussian sequence with mean zero and variance EY? = ЕВу(1) = ор. Let 
{r(j) = EYoY;, j Є Z}, denote its autocovariance function and let {h(A), —т < 
А < т} denote its spectral density, i.e., 


L3 
r(j) = | eMSh(X)MA, j = 1,2,.... (7.2.20) 
-r 
$One sometimes defines fractional Gaussian noise as 
¥(u) = Bg(u- 1) - Вн(и), ve R. 


For most time series applications, however, one restricts u to Z. 
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(It is possible to obtain h from т by using the relation 


Ма) = У еа) 


j=- 


whenever the sum converges.) The correlation and spectral density are plotted in 
Figures 7.6 and 7.7 respectively. 


Proposition 7.2.9 Fractional Gaussian noise has autocovariance function 


2 
5 а > 3 A N 
"dec (i OPE — 21574 + |) – ipa, jeZ, (7.2.21) 


and spectral density 


22 со 
1 
МА a 1р а, ол ДА Ст. (7222 
( ) = an! | PETI "SAST ( ) 
Equivalently, 
2 [99 in2 zY4—2H-1 
h(d) = аб fy coscA(sin* 5)2 dz СИ (7.2.23) 


jo (si£)r-H-'drz  ' 
PROOF: Assume, without loss of generality, that 22 = EY? = 1. Then 
rj) = Е%Ү; = EBw()(BaG +1) - Bu) 
= Ен(1,3+1) ~ Rg(1,3) 
= jar" ари 07-129) (122% 
by (7.2.1. Ап easy way to obtain the spectral density (A) is to evaluate the 


autocovariance r(j) by using the representation (7.2.19) of (Y;, j € Z} and 
Relation (7.2.9): 


r(j) = ЕУ; 
= Сун) || “со [emma (7.2.25) 
= opa У; [етен = Piet de 
као У ти 
= сун D fe eie — MIA + зли PNA 
L2 det 


oo 


D 1 
= cun f eMe A i£ Ju Do apre d^ 
= k-—oo 
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0.4 


Н — 045 
-04 


Figure 7.6: The correlation r(x) = (|= + 17 — 2|a|? + |z — 128)/2 of fractional 
Gaussian noise (see Relation (7.2.24)), plotted for several values of Н. Note that it tends 
much faster to zero as z — oo when H « 1/2 than when H > 1/2. 


ҺА) 


A 
-r E 3 0 $ T 
Figure 7.7: Spectral density h(A) of fractional 
Gaussian noise for Н = 0.7 and Н = 0.3 (see 
Relation (7.2.22)). h(0) is infinite if H > 1/2 and 


is zero if Н < 1/2. 
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and then deduce (7.2.22) by comparing this last expression with (7.2.20). To 
obtain (7.2.23), use [еї — 12 = 4sin* 2, (72.14) and (7.2.15) in (7.2.25). Ш 


If H = 1/2, then r(j) = 0 for j # 0 and hence {Y}, j = ...,—1,0,1,...) 
is a sequence of i.i.d. Gaussian random variables. The Y;s are dependent when 
H # 1/2. The following result specifies the behavior of the autocovariance 


function r(7) at large lags j, and, correspondingly, the behavior of the spectral 
density h(A) at low frequencies А. 


Proposition 7.2.10 Let [Y;, j =...,—1,0,1,...) be fractional Gaussian noise. 
Then 


r(j) ~ e$H(2H — 1)5?8 as j — oo (7.2.26) 
for Н # 1/2, and 


МА) ~ aC (H) TE as А — 0. (7.2.27) 


РКООЕ: For large j, 


а dente D" 6-9"). 


and the content of ( } tends to 2H(2H — 1) as j — oo. As for h, 
1 = 1 
agp i _ 12 
ҺА) = Оу (нује“ — Ц (рт +> rx k 
ku 


The result follows because |e** — 1|? ~ |A]? as А — 0, and the sum in the brackets 
is bounded for all -C < А < т. M 


The following are important points: 
e Both r(j) as j — oo and A(A) as |A| — О behave like power functions. 


a r(j) tends to 0 as j — oo for all 0 < Н < 1, but when 1/2« H « lit 
tends to zero so slowly that $77... , T(J) diverges. We say that in this case 
{Y}, j € Z} exhibits long-range dependence. 


The divergence of аны т(1) affects the behavior of ће spectral density 
ҺА) = з Eao €" тј) as |A] — 0: h() diverges at the origin when 


1/2 < Н < 1 (see (7.2.27)). 


This last relation is due to the telescoping nature of r(7) (see (7 .2.21)) and 


e Suppose 0 < Н < 1/2. Then 377... ., |r(3)] < oo and 525 r(j) = 0. 
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is consistent with the fact that the spectral density А(А) tends to zero as 
ЈА] — 0 (see (7.2.27). Although there is no long-range dependence, the 
case 0 < Н < 1/2 is a singular one. Because the coefficient H(2H — 1) 
is negative, the r(j)s are negative for all large 7, a behavior sometimes 
referred to as "negative dependence." It is easy to show that r(j) < 0 for 
all 7 4 0, and thus 


ос со t со 
o= У пр = r(0) - 29 7) = e$ - 2» 7G), 
ј=-оо j=l j=l 
ie., brut r(j) = –04/2. 
Fractional Gaussian noise (Y;, j = ...,—1,0,1,...) with Н # 1/2 


provides a counterexample to the usual central limit theorem. Indeed, for 
+= oe | Y; to converge in distribution as № — oo to a non-trivial limit, 
one cannot choose dy ~ УМ as № — оо, but one must choose dy ~ NË 
as № — оо. In fact, ят Уе Y; = pr Вн(№) = Bg(1) More 
generally, the finite-dimensional distributions of ун pe У, 0<+<1, 
converge to those of By(t), 0 < t € 1, as N — oo. (Here [ ] means 
“integer part" and 32 Y; = 0.) 


Because of long-range dependence, normalized sums of polynomials of the 
Ү;ѕ may not converge to a Gaussian limit when 1/2 < Н < 1 (Taqqu 
1981). 


Тће autocovariance r(j) of fractional Gaussian noise is given by (7.2.21) for 
all lags j. In many modeling situations, however, one may want greater flexibility 
in the choice of the r(j)s at small lags 7 while retaining the asymptotic behavior 
r(j) ~ Cj?" 7 as j — oo, which is characteristic of long-range dependence 
when 1/2 « H « 1. This may be done in various ways. The simplest is to define 
the moving average 


і 
2; = у аз кєк, 


к==оо 


where the ejs are i.i.d. N (0, 1) and 


i 
r(j) = Е202; = 5 Q-kûj-k ~ cpt? 


kz—oo 


as j — оо. As the following theorem indicates, the 2,5 satisfy the same type of 
non-central limit theorem as fractional Gaussian noise. 
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Theorem 7.2.11 Fix 0 < Н < I and let (Zj, j = ...,—1,0,1,...} bea 


stationary Gaussian sequence with mean zero and autocovariance function r(j )- 
E292; satisfying: 
(i) Case 1/2 < H <1: 


r(j) ~ cj?" as j — oo with c > 0; 


(ii) Case Н = 1/2: 


Lro <o, E N 


ј=—ео 


(iii) Case0 < Н < 1/2: 


со 
r(j) ~ cj?" as j — oo with c < 0 and У r(j) = 
і=—о 
Then the finite-dimensional distributions of {М-Н XM 23,0 << 1} con- 
verge to those of (co Bg (t), 0 € t < 1} where (вис), 0 < t € 1) is standard 
fractional Brownian motion and where 
H-(QH-1)c if 1/2<H<1, 
оё =) с if Н = 1/2, 
-H-'QH-1)!c ў0<Н<1/2. 


PROOF: Since the Z;s are mean zero Gaussian random variables, it is sufficient 


to show that for any constants 01,...,04, d > 1, and 1... tq € (0, 1], 
d [Nta] d d [Ntu] [Nto] 
(x 6. » Z) -3 gm >. 2506-9 
ш=1 v=1 j=l 1 


converges as М — oo to E(YS ‚ д.соВн(+,))?. Hence, it is enough to show 


that огапуо cs ct < 1, 
jo Dea 2 н T 
Jim Жүз 2992. r(j—k)— sist +e - (t — sF ). 
j=l k=1 
Since, moreover, r(j) = r(—j), we have 
[N s] [Nt] [Ns] [Ns] [лм] [Nt] 
У У rg-) = 209. У 76-9433 776-9 
j=] k=l j=l k=l j=l k=l 


IN]- ps] UNIS] 


тул x. 0-0} 


j=l = 
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and [Ni] — [Ns]  N(t — s) as N — oo, it is enough to prove 


Now 


NON N-! ј 
Ay = 3,3 rU - 5) = r(0) + У 00) +257}. 
: j=) i=l 


When 1/2 < H < 1, УУ r(i) ~ (2H — 1)71cj2H-! as j — оо and thus, as 
N — oo, 


N 
An ~ 2QH – 1)71cy 9-1 ~ ону (2H — 1) ем? 
ја 
(Feller (1971), p. 281). : 
When Н = 1/2, r(0) - 25 2 r() = DFe- T(J) = сд > Оапа we have 
An ~ Маг as N — со. 
The case 0 < H < 1/2 is more delicate. Since 5772. T(J) = 0, we have 


r(0) +2550) = —2 y r(j) ~ —2(2Н — 1)! cj? 8! 
i=l] 


i=j+l 


(Feller (1971), p. 281), and hence as № — оо, 


N 
Ay ~ -2(2H – 1) еу) 20H)" (2H – 1) 1м. Ш 


j=l 


There is another way to formulate the result of Theorem 7.2.11. Consider the 
stationary sequence Z = {Z;, j =...,—1,0,1,...} of that theorem and define, 
for each N > 1, the transformation 


Tw: Z > INZ = ((TNZ) i= ...,-1,0,10,...), 
where 
1 GIN 
(TNZ): = ут $5 Zp ї=..:,-1,0,1,.... 
j=iN+1 


Tw transforms the original sequence Z into a new sequence Ty Z obtained by 
summing the components of Z over successive blocks of size Л and renormalizing 
by 

МН = (size of the block)”. 


72 FRACTIONAL BROWNIAN MOTION 339 


The sequence of transformations {TN }.v>1 forms а semi-group because Ty Тм = 
Тум. Itiscalled the renormalization group with index Н. The following corollary 
is a consequence of Theorem 7.2.11. 


Corollary 7.2.12 Let Z = {Z;, j = ..., —1,0,1,...) and со be as in Theorem 
7.2.11 and let Y = {Y}, j =...,—1,0,1,...) be standard fractional Gaussian 
noise. Then, as У — со, 
TNZ 4; су; 
i.e., те finite-dimensional distributions of ((Tw Z);, ]=...,—1,0,1,...) con- 
verge to those of {oo¥;, j = ..., —13,0,1,....- 
Any sequence Y = (У, j =...,—1,0,1,...} satisfying 
TwY ŻY foral N >1 (7.2.28) 


is called a fixed point of the renormalization group. Relation (7.2.28) is sometimes 
used as definition of H-self-similarity for stationary sequences (see, e.g., Major 
(1981)). 


Corollary 7.2.13 Fractional Gaussian noise is the only Gaussian fixed point of 
the renormalization group. 


PROOF: That fractional Gaussian noise is a fixed point follows from Corollary 
7.2.12. This fact can also be readily verified by noting that for any 0;,..., ĝa, d > 
l,and N > 1, 


d ы) 
У е(Тмуђ = Ys ye D y 
i=l j=iN+ 


= Yoly (Bulli + DN) - Bu) 


i=l 


d 
> 9:(Bu(i + 1) - Bu(i)) 
i=l 


d 
= Убу 
i=l 


Fractional Gaussian noise is the unique fixed point because fractional Brownian 
motion is the unique Gaussian H-sssi process. M 


Although fractional Gaussian noise is not the only Gaussian sequence with 
long-range dependence, it is the only one which is a Gaussian fixed point of the 
renormalization group, and as such, it serves as an important paradigm. 
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7.3 General characteristics of processes that are 
a-stable and H -sssi 


We now turn to a-stable H-sssi processes {X(t), t € R} with 0 < а < 2. 
The admissible values of Н are H є (0,1/a] #0 < a < land H € (0, 1] if 
1 <a < 2 (Corollary 7.1.11). We will see in the next sections that, in contrast to 
the Gaussian case œ = 2, the property of “H -sssi" does not typically determine the 
finite-dimensional distributions. It imposes, however, a number of restrictions. 


Lemma 7.3.1 Let (X(t), t € R} be o-stable, 0 < а < 2, and H-ss, and let T 


denote the spectral measure of the random vector (X (t4), . . . , X (ta)) in RÊ. Then, 
for any a > 0, the spectral measure of the random vector (X (ati), ... , X (аћа)) 
is анг, 


PROOF: Use Theorem 2.3.1. M 


Lemma 7.3.2 Let (X(t), t € R) be a-stable with 0 < а < 2 and H-ss. Then 
X(0) = 0 and for fixed t € R, X(t) e So(9 xq) Вхо); Ax) where 


exe) = toxa» 
Bxqa) = (signt)8x(y, 

|| (sign t)u xq) ifa #1, 
ихбу = 


t| (sign 0) (их) — 2188 (п || "јахиувха)) Та=1. 


PROOF: Use (1.1.6) and the relation X (t) E [t7 X (sign t), validforfixed t. M 


Proposition 7.3.3 Let X = (X(t), t € R} be an a-stable H-sssi process with 
О<а < 2, 


@ If H #1, then X is strictly stable. 


(ii) УН = landa # 1, then there isa constant p such that {X (t) —pt, t € R} 
is strictly stable. 


PROOF: Set of = ox(e), Bt = Bx) and ш = x (ey and recall that the strict 
stability of the finite-dimensional distributions is equivalent to the strict stability 
of all the marginals (Corollary 2.4.2). We shall consider separately the three cases 
GOH #1, а%#1,() Н Ala=1,andGii) Н = 1, а #1. 


(i) Case H #1, а # 1. Since a F 1, we need to show that и; = 0 for all 
1. The stationarity of the increments implies X(2) — X(1) 2. X (1) and hence by 
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Example 2.3.4, и; — ш = Hı, ie., из = 244. On the other hand, H-ss implies 
из = 28 шщ by Lemma 7.3.2. Equating the last two relations yields ји = 0 and 
hence ја = 0 for all t € R by Lemma 7.3.2. 


(ii) Case Н # 1, а = 1. Since a = 1, it is enough to show that 
В. = 0 for all t. We firstly show that f} = 0. Let Г denote the spectral 
measure of the vector (.X (2), Х (1)). The relation X (2) — X(1) E X(1) implies 
€ x()-Xx()B8xq)- xq) = 7141. Since, on the other hand (see Example 2.3.4), 


9xQ)-x()P&x()-x() = ГА [52 — sı] sign (sa — si)T (ds) 


ј (а = sore 


2 


orb — 0281, 


we have 023 = 20181. By H-ss, сз = 21018; and hence 2218, = 2 eif, 
which is possible only if 3, = 0, and thus 8, = 0 for all t by Lemma 7.3.2. 


(ili) Case Н = 1, а z 1. Then (X(t) — р, t € R} is strictly stable 
(Theorem 2.4.1) and ш; = ши, t € R (Lemma 7.3.2). Ш 


One сап make no general statement in the case Н = 1 апас = 1. Forexample, 
if X(1) ~ Ху (от, Bi, ш) with £; > 0, then the process (X (t) = #Х (1), t € R}, 
is 1-stable, H-sssi but is not strictly stable, even if шу = 0, because 8; = f 7 0. 


Corollary 7.3.4 Let {X(t), t € R} be o-stable, 0 < a < 2, and H-sssi. Fix 
ti, to, t ER. Then 


(Difax 1: 
vx()-x() = lta- Шоха 
Bx = (signt)Bxq), 
0 if H #1, 
их) = 


iux) ЎН = 1; 


(ii) а= \алан #1: 


9x(5)-X(4) = l- til, oxa» 
Bx = 9, 
|| (sign бих) 


HX(t) 


342 | SELF-SIMILAR PROCESSES 73 


that is, 


Е l.-2 
uxa = —|t|P (sign 052 (82 — 81) In [82 — s1|U x y, x ci; (ds). 
2—2H п 5; 


PROOF: The only new statement concerns ихо) when а = 1 and H # 1, 
which we now verify. Since xq) = 0 (Proposition 7.3.3), we have Bx) = 
[1| F (sign t)ux() by Lemma 7.3.2. To devise an expression for их (1), use 


2 
ихб)-хи) = Их) — Ихи) — 3) (s2 — s1) In [s2 — 5 |T x 2),x qi) (ds); 
2 


Relation (2.3.5), ux(2)- x(1) = Ихи) and uxo = 2" их). Combining these 
expressions yields the desired result. M 


When H # 1, the parameter их (4) depends on a and Н, and also on Гх (2), x (1) 
if o = 1. What is important, however, is the following implication: 


Corollary 7.3.5 If (X(t), t € R} is a-stable H-sssi with Н # 1, then (X (t) + 
po, t € T) cannot be H-sssi unless the "shift" pì is identically equal to zero. 


H -sssi processes are typically defined by their integral representation, a more 
"physical" quantity than the joint characteristic function. Suppose, then, that the 
a-stable H-sssi process {X (t), + € R} has the integral representation 


х) = |; filz)M (dz), t В, 


where M is an a-stable measure with skewness intensity (x), x € E, and 
control measure m and fp |fe(x)|*m(dz) < oo for all t є R. 7 What restrictions 
on fe, t € R, does the condition of “H-sssi” impose? 


Proposition 7.3.6 Suppose 0() = 0 if а = 1. Then те a-stable process 
(X(t), t € R} is H-sssi if and only if for any integer d > 1 and real num- 
bers 0;,tj, j =1,---,d, the integrals 


"Ld f 
E 


7When a = 1, we must also suppose 


d a 
366a iz) – fa(z))| m(dz) 


j=l 


|| |) 82) Inj f(z)| Im(dz) < ос, 
E 


but this will not be necessary because, in the sequel, we will always set 8(-) = 0 when а = 1. 
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and 
Ж | р; 95 (fat, (2) – in(z))| 77? ü(z)m(dz) 
per 


are independent of a > 0 and h є R. 


PROOF: H.ssrequires $2 8; X (at;) 4 ан 35d 0; X (15) and the stationarity 
of the increments requires the distribution of bp 6;(X (£5 + h) — X(h)) to be 
independent of h. Now use the expression for the characteristic function given in 


(3.2.2). Ш 
Remarks 


1. Different representations may define the same process and, hence, in the 
sequel it will be important to know when this happens. 


2. In the case а = 1, we choose the skewness intensity 0(-) = 0. Then the 
process X is, in fact, 515. 


7.4 Linear fractional stable motion 


There are many different extensions of fractional Brownian motion to the a-stable 
case. The one which is most commonly used is the linear fractional stable motion 
(also called linear fractional Lévy motion). It is defined as follows. 


Definition 7.4.1 The linear fractional stable motion (LFSM) is the stochastic 


process {Lau (a, b; 5), —oo < t < oo) given by 


La g(a, o; t) = / јан (a, b; t, т) М(ах), (7.4.1) 
where 


кык) = реса ca 
e(t —2-)" У“ - (-2-)" 7), пл» 


and where a, b are real constants, |ај + |5] > 0,0 Са «2,0 € H « НЕ Џа, 
and M is ап a-stable random measure on R with Lebesgue control measure and 
skewness intensity B(x), —oo < т < оо, satisfying: 


(i) 8() = 0ifa = 1, 
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(ii) for all integers d > 1 and real 05, t, j = 1,...,а, 


d 


| (Бов (ла,н(а, bits.) – fanla, 0,2) Ре: + hdo (743) 


-= “у 


is independent of с > 0 and —co < h < оо. 


The representation of LFSM is based on the representation (7.2.7) of fractional 
Brownian motion. Here, the exponent is H — 1/o instead of Н — 1/2. Therefore 
LFSM reduces to fractional Brownian motion if one sets а = 2. Figures 7.2 
and 7.3 show the kernel fa g(a, b; t,x”) fora = 1, b = 0 and various values 
of t and d = Н — 1/a; and Figure 7.10 shows it for a = b = 1, + = 1 and 
d= Н – i/a = +0.05. 


Remarks 


1, The process {La (a,b; t), —oo < t < oo) is well defined because 
Јо Moni (0, b; t, 2) |^ dz < oo, as in Example 3.6.5. 


2. La H (a, b; t) is not defined for H = 1 because [2 | fa,1(a; b; t, x)|^ dz = 
oo, t #0. Hence 0 < H < lis a necessary condition for La,y to be well 
defined. 


3. The well-balanced linear fractional stable motion 


eo 


гонио f (и – zit – qst Ме) м(аг) (144) 


– со 


introduced in Example 3.6.5 corresponds to the choice а = b = 1. 
4. The Sas case corresponds to B(-) = 0. 


5. We suppose 2(-) = 0 when а = 1 in order to provide a simple condition to 
ensure that the process is strictly stable. 


6. Condition (7.4.3) is, in general, very difficult to verify. In practice, we take 


B constant, typically 6(-) = 1. The condition then holds trivially with such 
а choice of 8. 


Proposition 7.4.2 The LFSM is Н-5551. 
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PROOF: Itis sufficient to verify the conditions of Proposition 7.3.6. For example, 
for any с > 0 and —oo < h < oo, 


= : <a> 
стен J (F Ganla bs cty +h, 2) – fo,ni (a,b; h, 2))) f(z)dz 


j=l 


А 


БАГ <а> 
= / (Estan tjs) — ЖО) Blez + h)dz 


-=œ l5zi 


<a> 


d 
8; ( fa,4 (a, b; сёз, cx) — fo, n (a, 5:0, 2 B(ex + h)dex 


j-1 


which does not depend on c, by Assumption (7.4.3) if а 5 1 and by the choice 
B-0wheno—1. M 


Remark. Ву analogy to the case о = 2, we say that the increments of LFSM 
have long-range dependence when Н > 1/a and negative dependence when 
Н < 1/а. There is no long-range dependence when 0 < а < 1 because Н is 
constrained to lie in the interval (0, 1). The value Н = 1/a lies on the boundary 
between long-range and negative dependence. Processes with Н = 1/a will be 
considered in Sections 7.5 and 7.6. 


Proposition 7.4.3 If {X(t), —оо < t < оо} is LFSM, then for each fixed t € 
R, X(t) has a Salat, 8,,0) distribution, where 


e, = Ko, н(а,ђ)| 4 
апа 


KE nlab) = (а +19) f ((1+а)#—1/® ана) 


1 
+f la — тун-уа _ baal" de, (7.4.5) 
0 


If, moreover, the skewness intensity G(-) equals a constant 8, then 


6; E e om (а<°> = кеу (a +g) e – gH-M2)* ds. 


1 
+f (a(l – z)H7 Ме — јун Џо) S°? qz. 
0 
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PROOF: We establish the expression for +. (The expression for c, is obtained 
in a similar fashion.) Assume, without loss of generality, that # > 0. If (х) = 8, 
then, by Property 3.2.2, 


1 oo 


Be = zg J eara it) с о Blade 
= £ (^ (iuto ta) ds. 
oF Јо 


Now use the expression (7.4.2) for fa, (a, b; t, х). If B 2 0, 


0 
a = gr (0 E ку га z (—2) 4-4)" dz 
—oo 
t 
«f (a(t – 2)! - V —b gle) <> d 
: oo 
ТЕ jeg ((г _ ун-\/= Е, 291/6) SO? qs, 
i 


The third integral can be written as 


-f (zH -1a — (z = 087 мој“ = -[` (+ ut 7o — ue) ди, 
t 0 б, 


so that 
28 = Io? (а<> = jy] (01 + пуно Ve eR g Foy? qz 
i А 
+ | (a(t = z)P-V/* — b oH Ue <0? asy, [| 
0 
Тће process 


1 
[xa = Ке нађу o o t), —со<{< оо}, 


where the constant Кон (a,b) is given in (7.4.5), is called a standard linear 
fractional stable motion (standard LFSM). It is normalized in the sense that the 
scaling parameter of X (1) equals 1. 

We want to show now that the (standard) linear fractional stable motions 
{La u (a,b; t), t € R} are typically different for different a and b. The proof uses 
the following result (Lemma 4 of Kanter (1973)). 
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Lemma 7.4.4 (Kanter). Let f, g € L°(R). If for some 0 < а < 2, any integer 


d, and any real numbers 0 ,...,04, ti,... ta, 
oo d co d 
a [44 
| I3265f(t + 2) dz = | |S bolt; + | а, 
OS j=] 709 је 


then there exists a number є equal to —1 or +1 and а real number т such that 
f(x) = eg(z + 7) а.е. т. 


Theorem 7.4.5 Let0 Са « 2,0« H <1, Н # l/o,and let a,a’,b,b' be real 
numbers satisfying |а| + |b| > 0 and |a’| + |b'| > 0. Then the standard LFSMs 


1 
Lan (a,b; t) ;-oo«íic«oo, 


and | 
Kanla py lo nra bit) ‚ 700 < # < со, 


have identical finite-dimensional distributions if and only if one of the following 
conditions holds: : 

(i) a = a! = 0, 

(i)b =b =0, 

(iii) a,a',b',b' are non-zero and afb = a’ /b'. 


PROOF: Suppose that one of the three conditions holds, for example, (iii). Then 


1 


uio d E 
Kara bj Poles b; t) = (> t) 


Kona ен 


has same finite-dimensional distributions as 


1 а b а 
НОЕ ЕЕ Ие Ан ad 
Roma bene Bit) ® ea el t) 


because they differ by а multiplicative constant which must be equal to 1 since 
both processes have been normalized. 
To prove the converse, suppose 


Ка (а, b)Lo,n(a bt) and K; н(а b) Lo ula, Ut) 


а, 
have the same finite-dimensional distributions. Then the stationary processes 


Y (a,b, t) = Ка (a, b)|Lo n (a, bit +h) – Lag (a,b; t)], —со < t < oo, 


e, 
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апа 
Y (a, U,t) = Ky (a b')|La (a^ Vt h) – La u(a', t ;t), —со < t < оо, 


also have identical finite-dimensional distributions, for any given h > 0. We want 
to show that this implies that one of the conditions (i)-(iii) holds. The process 
Y (a, b; t) can be represented as 


оо 
Y (a,5;t) = Ка (a, 0] g(a, b; t — x) M (dz), 
—oo 
where 


9(a,5;t) = a[(£ + А) 7/0 — tH] + oe h) ETY — Bm 


Since Y (a, b; t) and Y (а', b^; t) have the same finite-dimensional distributions, 


, 


а 
Е exp(i У 0;Y (a, b; 2)! 


а 
Eexp{i Убу (o^ V; 5) 
j=) 


ie., 
І war . 
epf- | |У KZ ula bgl bit; -z) dz} 
-oo 1121 
oo, d e 
-ep[- | [Pieces -a| as}, 
~00! 
for all integers d and real numbers 6),...,6g,t1,...,tg. Hence, by Kanter’s 


Lemma 7.4.4, there exists a real number т and an є € (4-1, — 1) depending on 
h, a, b, a! Б' such that 


Ks (a, b)g(a, b; t) = KZ (a V )o(a' V t т) e. t 
Le., 


Kz н(а6) [attt ју Ме ји Маја oe eee - see 


= ekz 0) [016+ n 017 (t-r) e] 


а, 


b M ERAT) US (ве аш | ae. t. (7.4.6) 


Since both sides of (7.4.6) represent functions continuous everywhere except at 
the four points t = —h, 0, T — h, T, Relation (7.4.6) can be extended by continuity 
to all ¢ not equal to these four points. 
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We claim that this implies 


Bi Rema 4 4 (7.4.7) 
Kanla b) Kanla)’ Kan(a,b) Kanla, V) & 


Indeed, differentiating (7.4.6) with respect to t 52 —h,0,7 — ћ,т, we obtain 


Kaula, b) allt Нет! иу Ме] — ble e n) ot net] 


= ска (a^ 0) let Fherg eee e 


-W[(E +h т) 1/0! = (pet (7.4.8) 


for all t except t = —h,0,T — ћ,т. Suppose, without loss of generality, that 
а = 0 and let t | 0. Then the left-hand side of (7.4.8) tends to оо. For the 
right-hand side to do the same it is necessary that т = 0 огт = А. To see that 
T € h,set T = hand let t | ^. This makes the left-hand side of (7.4.8) tend to a 
finite number and the right-hand side tend to +00, which is not possible. Hence 
T = 0 and (7.4.7) holds. Relation (7.4.7) implies that one of the following 


(i) a=a’=0 
(ii) b= —0 
(iii) a, a^, b, 6' are non-zero and 


€ Kau (a,b) a b 
Kaula, b) a WW 


7.5  a-stable Lévy motion 


The linear fractional stable motion (LFSM) was defined for Н # l/o. Its 
definition can be extended to the case H = 1/a in two different ways. One leads 
to the a-stable Lévy motion (discussed here), the other to the log-fractional stable 
motion (discussed in the following section). 


Definition 7.5.1 Ana-stable Lévy motion, 0 < a < 2,isaprocess {X (t), t € R} 
with stationary independent increments having a strictly a-stable distribution. 


By independent increments, we mean, as usual, that ће random variables X (tj) — 
X(tj-1), j = 2,..., d, are mutually independent for any —oo < £j <<< 
ta < оо, d 23. 
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Theorem 7.5.2 Let 0 < o < 2 and let M be an a-stable random measure on 
R with Lebesgue control measure and constant skewness intensity B(-). (Assume 
B(-) = 0 fa = 1.) Then 
fo M(dx) t20, 
X(t) = (7.5.1) 
fo, M(dz) t <0, 


is a-stable Lévy motion. 


Felz) 


0 t 
Figure 7.8: Integration kernel for 
Brownian motion (о = 2) and a-stable 
Lévy motion (0 < o < 2) when t > 0. 


Remarks 


1. The choice 8(-) constant and (.) = 0 if а = 1 is made for practical 
reasons. X, with @(-) = 0, is the SaS Lévy motion introduced in Example 
7.1.3. 


2. The definition extends to а = 2. The 2-stable Lévy motion is obviously 
Brownian motion. 


3. For t > 0, Brownian motion (о = 2) and a-stable Lévy motion (0 < a < 
2) can be represented as f 10,3 (2) M (dz) = M([0, t}) (see Figure 7.8). 


The proofs of the previous theorem and of the following proposition are 
straightforward. 


Proposition 7.5.3 The a-stable Lévy motion is H -sssi with 


H-le (5,29). 
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By allowing the value Н = а and using the convention 07 = 0 for all 
values of y, Definition 7.4.1 of LFSM can be extended to include the a-stable 
motion. Indeed, for t > 0, 


foa (a; b; t, z) 
= A(1(—20,)(%) — 10) (2)) + (10, 5) (x) — 1(0,00)(2)) 
= alp,g(z) — b !Hna(z). 


Integrating this kernel with respect to the random measure M, we obtain 
(a — b) d М (ат). This differs from (7.5.1) only by the multiplicative factor 
a — b. 

Setting, in the same way, Н = 1/2 in the representation (7.2.4) of fractional 
Brownian motion yields Brownian motion. 

Observe that although the a-stable Lévy motion is H-sssi with Н = 1/a € 
(1/2, co), the self-similarity parameter H of the LFSM restricted to the interval 
(0, 1). Observe also that Theorem 7.4.5 is not valid for a-stable Lévy motion: the 
parameters a and b of that process yield here only a multiplicative factor a — Б. 

Are there other a-stable (1/a)-sssi processes, besides a-stable Lévy motion? 
The following theorem shows that the answer is in the negative when 0 « a < 1. 


Theorem 7.5.4 The only non-degenerate a-stable 1/a-sssi processes with 0 < 
а < lare the a-stable Lévy motions. 


PROOF: Let (X(t), t € R} be а non-degenerate (i.e., X(1) Æ 0 a.s.) a-stable 
l/a-sssi process with 0 < a < 1. Corollary 7.3.4 implies that {X(z), t € 
R) is strictly o-stable. Let c, denote the scaling parameter of the a-stable 
random variable X(t). Fix arbitrary s; < s2 € tı < 5. The random variables 
X(s1), X(s2), X(ti) and X(t») are jointly strictly a-stable, and thus, by the 
representation theorem 3.5.6, there are functions ја, fsı, fz, and fz, in L^ ((0, 1]) 
such that 


d 1 
QC, X (9), X (6), Хе) É (| HOMA, 3 = э, ts). 


where M is an independently scattered a-stable measure on ([0,1], 8) with 
Lebesgue control measure and skewness intensity /(-) = 1. Then 


1 
(t = seg = ов, = n Ifa (2) — fa (ај dz 


1 1 1 
«f Ua (2) - fa dn | аа) 1. (de | Mu (2) — fa (2) |* da 
(7.5.2) 
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= об, 75-4 t Tht = (82 — 81)0 + (th — S2)oP + (t – tor 
= (ta — ват. 


Here we have used the self-similarity and the stationarity of the increments 
of (X(t), t € R) (Corollary 7.3.4). Thus, the inequality in (7.5.2) is actually an 
equality, implying 


(Л, (2) — fss(2)) (fer (2) — fa (2)) = 0 ae. 


It follows from Theorem 3.5.3 that X (52) — X (si) and X (t2) — X (tı) are inde- 
pendent for апу s; < 52 < tı < t? and, since for jointly stable random variables 
pairwise independence is equivalent to total independence (Corollary 3.5.7), we 
conclude that 1Х (2), t € R} has independent increments. Thus (X(t), t € R} 
is an a-stable Lévy motion. M 


When 1 € a < 2, the a-stable Lévy motion is not the only 1/a-sssi process. 
Ifa = 1, the process X (t) = £X, where X isa 1-stable random variable, is 1-sssi. 
If 1 < а < 2, there is the log-fractional stable motion defined in the following 
section and also the processes defined in Relation (7.14.1) (see Exercise 7.1 2): 


7.6 . Log-fractional stable motion 


We indicated at the beginning of Section 7.5 that there are several ways to extend 
Definition 7.4.1 of LFSM to the case H = 1/o. One way yields the a-stable Lévy 
motion. Here is a different extension: set а > 1 and a — b = 1 and consider 


1 © pjt rja n] јујн-Ме –] 
кы LL = И Ка ОМ 
175499010 / Н 17а Hs }м(а), 
The fact that for any real и $ 0, 
Н-1/а _ (H-1/o)In|u| _ 
lim Bed = li а АИ сыен ЖЕ In [u| 


= lim 
H-1/a Н —1l/« PRA H – 1/а 
suggests the following definition: 


Definition 7.6.1 Set 1 < а < 2 and let M be defined as in Definition 7.5.1 (with 
B(-) = B constant). The process 


Aa, i/a (t) = Г (in |t — z| — 1n је!) M (dz), —co < t < oo, (7.6.1) 


is called log-fractional stable motion (log-FSM).8 
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in[t — z| — In jz} 
6 


Figure 7.9: Kernel of the log-fractional stable motion (see (7.6.1)) plotted for several 
values of t. 


The kernel is illustrated in Figure 7.9 and it is compared in Figure 7.10 to that 
of the well-balanced fractional stable motion. To verify that the process Aq 1/4 (f) 
is well defined, we will check that its integrand belongs to L^. The function In? |2] 
is integrable around z = 0, and, as z — оо, the integrand behaves like (1/x)*, 
which is an integrable function for а > 1. The process {Ag,1/a(t), t € R} is 
therefore well defined. 


Remark. The log-fractional stable motion is not defined for a < 1 because z ^ 
is not integrable as x — oo. 


Proposition 7.6.2 The log-fractional stable motion is H-sssi with Н = 1/a. 


PROOF: Since H — 1/a and f is constant, the conditions of Proposition 7.3.6 
are satisfied. For example for any с > 0 and —со < h < оо, 


eid К 
exu f [У 6,00, +h -a| —1а[в—)]` ? Bde 


-o ci 
d 


/ Е [V оті – са] ~ In ex) > gda 


–оо 


E 


*it is sometimes called log-fractional Lévy motion. 


d <a> 
6;(in је; — z| — In 20] Вах 
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d = 0.05 
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l 
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| 
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Figure 7.10: Comparison, att = 1, of the kernel In |t — z| – In |z] of the 
log-fractional stable motion and the kernels |t — z|^ — jz|*, d = Н — 1/a, of the 
well-balanced fractional stable motion for small values of d. 
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isindependent ofcand h. WM 


We noted that the definition of the log-fractional stable motion cannot be 
extended to a < 1. It can be extended, however, to о = 2, but in that case, one 
does not obtain anything new. Since the resulting process is Gaussian and Н-5551 
with H = 1/2, it must be Brownian motion. 

When 1 < а < 2, the log-fractional stable motion does not have inde- 
pendent increments and therefore is not the a- ine Lévy motion. To see 
that the increments are dependent, set Ла л/а(1) = Јо, f(z)M(dz) and 

Aa.1/a(2) — Aaa (1) = fA, g(z) M(dz) and кин that one does not have 
fg = О а.е. (Theorem 3.5.3). 

Finally, note that Definition 7.6.1 of log-fractional stable motion involves a 
"well-balanced" representation analogous to that of the linear fractional stable 
motion (7.4.2) with a = b = 1. A representation that is not “well-balanced” 
would not yield а self-similar process. Indeed, set Ing z equal In z if z > 0 and 0 
if x € 0. Let a and b be two real numbers. Then the process 


F СЕ —z)- Ino(—2)4] T b[Ino(t = 2) – Inp(—z)-]) M(dz) 


is not self-similar unless а = b, іп which case we have аЛ 1/а (1). For example, 
if a = 1 and b = 0, the scale parameter а; of the process at a fixed t > 0 satisfies 


oo t 
of n [+ а) -najede + | | Inz|*dzx 


| 


oo 1 

d [inci 2) - malde et f [Inz + пса 
0 0 

£z. tot. 
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We saw in Proposition 7.2.8 that fractional Brownian motion has the "harmoniz- 
able representation" f^^. e £7 g- (0172 М (dx) where M = MU амо 
is a Gaussian complex measure whose real and imaginary parts MO and МО) 
are independent with Lebesgue control measure. 

The corresponding representation in the case œ < 2 involves a random measure 
M whose real and imaginary parts M( and МО) are dependent. The random 
measure M, is, however, isotropic, i.e., its circular control measure k on R x 52 
equals my, where гу is the uniform probability measure on 5». (Refer to Section 
6.3 for details.) Here, m is the Lebesgue measure on R. 
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Definition 7.7.1 The rea! harmonizable fractional stable motion (RHFSM) is the 
process 


со еш! _ | -H+1-1/a77 
(пон = Ке a |z| M(dz), t€ R}, (7.7.1) 


where 0 < a € 2, 0 < Н < 1 and where Mis а complex isotropic 50:5 random 
measure with Lebesgue control measure. 


We must first verify that the integral in (7.7.1) is well defined. Recall that an 
integral Z(f) = Re ЈЕ f(z)M (dz), where f = f(O -- if (fi, fy real-valued) 
and where M is isotropic (with control measure т) has characteristic function 


EexpibI(f) = ехр{ 10° / "| f(2)|*m(dz)} (7.7.2) 


where co = x р " (cos ф)гаф (Corollary 6.3.2). Applying this to Чен (t), we 
obtain its finite-dimensional characteristic function 


E expli * 8; He,H (+) 
j=l 


eit 


co d E 
= exp{- | 8; — -H41-Wa |а g 
(е Doe tarte 


= epf -o [^ ID ges – D[*a- 8712s. (7.1.3) 
Ble 


As |x| — oo, the integrand behaves like |z|7?7 ^! , which is integrable at infinity 
because Н > 0; as = — 0, the integrand behaves like |x]*~°!—!, which is 
integrable at zero because Н < 1. Therefore the process (На н (t), -оо < t < 


co) is well defined. 


Remarks 


1. Writing 


I(f) = Re f ^ f(x) (аз) 


Џ 


со 
| гама) – | 9 (ам 2), 
—оо E | 
we obtain the following alternative representation for the process На н: 


Han (t) = f sin zt) -н+1-1/« и (dg) 


mes b 
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+f 1992, | Et1-Ve мо (ах), (7.7.4) 
-œ 


where МО!) and МО) are the real and imaginary parts of the isotropic 
random measure M. The factors of МУ) and М) were plotted in Figures 
7.4 and 7.5 fort = 1 and d = Н — 1/a = +0.2. The measures МО!) and 
M®) are dependent, but they become independent when a = 2 (Section 
2.6. 


2. Comparing Relation (7.7.4) with (7.2.16), we see that by setting o — 2, the 
process На,н (t) becomes CBy(t) where C is a constant and where the 
fractional Brownian motion Ви (t) is given by its harmonizable represen- 
tation (7.2.12). (See also Exercise 7.14.) 


Proposition 7.7.2 
The real harmonizable fractional stable motion {Ha u(t), —oo < t < оо} 
is H-sssi. 


PROOF: Exercise 7.13. M 


The following proposition shows that there is nothing to gain by considering 
the process 


oo E 1 


Hs nia it) = Re f (аа) еа) 1717) Ran), 


—O0 
where a, b are real numbers. 


Proposition 7.7.3 The finite-dimensional distributions of {Ha u (a, b; t), —oo < 
t < оо} are equal to those of 


(55 не, —oo«t« oo]. 


PROOF: Fixd > 1, 01,...,0а, %,..., ta, and let су be the constant introduced 
in (7.7.2). Writing Eexp(iI(f)) = exp{—||7(/)|[Z}, we have 


p» Haula btp lle 


etti — euer 


|| 


абша) t7 + b(z )- F*1-Vo|e dz 


jaj t(s) 7 ^F *97ldz 


|| 


јаје dri; _ 1) 
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œj d а 
+ а f esent -1)| Ier) rnt 
puri 
since r,r. = 0. Clearly, each of these last two integrals equals 


LS IT sous = 1)|2lz|7 97 ^! dz and therefore, by (7.7.3), 


(аниме, кид: = КЁР ac н). 


j=l 


We have been considering the real harmonizable fractional stable motion. 
Would a linear combination of the real and imaginary part, namely 


со “ 
are f Ig 1/2 M (dz) 


-00 


99 „їхФ—1 -H-1-1/a57, 
+B Im n |а| М(ах) 
-o6 


yield new H-sssi processes? The answer is in the negative (Collorary 6.3.3). 
Finally, in sharp contrast to the Gaussian case, we have the following conse- 
quence of Theorem 6.7.2. 


Theorem 7.7.4 The linear fractional stable motion defined in (7.4.1) and.the real 
harmonizable fractional stable motion defined in (7.7.1) are different processes. 


PROOF: If the two processes have the same finite-dimensional distributions (up 
to a multiplicative factor), then their increments (which are stationary processes) 
would also have the same finite-dimensional distrubutions. This would contradict 
Theorem 6.7.2. M 


7.8 Complex harmonizable fractional stable motion 


Here, we consider the complex harmonizable fractional stable motion (CHFSM) 


5 кї) 


чо İZ 

(7.8.1) 
where О Са <2,0< Н с 1, ар 0, 5 > 0, a+b > 0, and where M 
is а complex isotropic random measure 505 with Lebesgue control measure as 
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in Definition 7.7.1. We studied in Section 7.7 the real harmonizable fractional 
stable motion Не н (t) = Re Сан (1, 1; t), and we noted that Re С н(а, b; t), 
or for that matter Im Ca, н (a, b; t), is again 71. н (t) up to a multiplicative con- 
stant. In contrast, different choices of a and b typically yield different complex 
harmonizable fractional stable motions. To show this, we need firstly to derive 
the finite-dimensional characteristic function of (Сан (а, 5; t), –оо < t < оо}. 

Fix 6... ва and let zj = e T 1002), j = 1,...,а be arbitrary complex 
numbers. Applying Theorem 6.3.4, we obtain 


ј=! 


а а 
Eexp[ (9 Ө) Re C, (a t5) + } 80 Im Coast] 
ј= 


а 
= epf- Y 2 сона bti}, (7.8.2) 


j=! 
where 


d 
|| > Со IDA 
j=l 


= ае f^ вено — Of ара) 77s + flea 


j=l 


oo d 
= а | [еу ze – 1) + |b S те“ - тј | “Не Nae (7.8.3) 
о 


j=l j=l 
as in the proof of Proposition 7.7.3, with a = 5 fe" (cos ф)гаф. 
Proposition 7.8.1 The complex harmonizable fractional stable motion 
{Ca u (a. b;t), te R} 
is H-sssi. 
PROOF: Itis sufficient to show that for any real c and ср, (с, Re Ca, Hla, b;t)+ 


су Im Ca,u(a, b; t), t € R} is H-sssi. This, however, follows from (7.8.2). Ш 


The normalization factor used to standardize the process Caz (a, b;-) is 
[Cz (a; b; 1)||„. Setting d = 1, zı = 1 and ¢; = 1 in (7.8.3), we obtain 


oo 
(са н(а DE = о f (alet? — Це bje — Це) с 79—14 
0 
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oo 
(a? + иза, | | sin | 
0 


oo 
(a* + b*)cg220 -Н) J | sin јер ^ dz. (7.8.4) 
0 


The standard CHFSM is the process 
Ca H (a, b; 1) Ca,n (a,b; t) 


[Сан (a, 6; Dllo ~ (а= + b)!/4201-H) (ср HE sin z|*g72H-idzr)! a 


Note also that the parameters a and b in the definition (7.8.1) of the complex 
harmonizable fractional stable motion were restricted to Ry. This is because 
choosing them in R would not have yielded new processes as Relation (7.8.3) 
demonstrates. 

We shall now show that each ray through the origin of the parameter space 
(a,b) € Ҝ2 defines a distinct complex harmonizable fractional stable motion. 


Theorem 7.8.2 Let 0 < о < 2, 0 < Н < 1, and let a, a,b, b/ be non-negative 
real numbers satisfying a + b > 0 and а' + V > 0. Then the processes 


1 
[cria onmi. com ton, 
and | 
Use pss Cen t^ Ut), —co<i< оо}, 

have identical finite-dimensional distributions if and only if one of the following 
conditions holds: 

(i) a— o' =0, 

(ii) b= b = 0, 

(iii) a, a', b, b' are non-zero and a/b = a’ fb. 


PROOF: The “if” part follows immediately from (7.8.3). Consider now the “only 
if" part and, in particular, case (iii) (the others are the same). Setting, without loss 
of generality, а = a’ = 1, suppose 


а) 5C, (1,5) É (1 + реј“ V C, (1,0) (7.8.5) 
for some b and b’. We want to show that this implies b = b’. 


We will work not with Ca, н (1, b, -) but with 


0 
УЉЕ) = || [Co n (1,5; t) – Cow (1,0 t + и)је“ди, –оо < t < оо, 


~ (7.8.6) 
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instead. By Theorems 11.3.2 and 11.4.1 below, the process (Y (1,5;1), —oo < 
t < оо} is well defined and has the following integral representation: 


eo 0 u __ ouTiur ~ 
[е] Rech esc tn iita) 


— со -—oco 


eo — 
E ёе. (ато a gu HH аз). 
Zo iz 


Its bivariate characteristic function 
Eexp(i(ziY (1, b; ti) + ZY (1, b; t2))} 


att) = 0, => 0, 2 = 1, 2 = —i equals exp{—coB(b; t)}, where 
B(bst) = IY (1,00) +a (1, 


co 
„| (лет је + ђе |] + е е yeH tal] 4 д2) 79" dg 
0 


= 2°? / “ra — sin zt)?/? + ђе (1 + singt)? }e7e ta- (1 4 22) ат. 
The relation (7.8.5) implies | 
(1+ 69)“ | B(b; t) = (1 + 6*)7! B(b';t) 
ог 


ра — ђе 


(ey као) © 79 


for all ¢ > 0, where 
oo 
f(t)= ў {0 + sinsi) — (1 — sin xt)? тенте z^)" dy. 
| (7.8.7) 


Since the following lemma shows that this is possible only if b = b’, the proof is 
complete. Ш 


Lemma 7.8.3 Let 0 Са « 2, 0 < Н < 1 and let f(t) be defined as in (7.8.7). 
Then f(t) == 0 for some t > 0. 


PROOF: Suppose t == 0 and consider firstly the case 1 < aH < 2. Then f(t) 
equals 


m/2t oo 
(f «f y + sinzt)?/? — (1 — зіп zi)2/2)g-oH*o-t(1 + a) de 
0 m/2t 
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*/2% 2 а/2 2 a/2 uH 
= – E -«Н+е-1 2)-a/2 
> n ( + zat) (1 ==) js (1+ 2°) dz 
ES Н+ (р 4 g2)7 972; 
n/2t 


since sinz > 22 for 0 < т < 7/2 and since (1 + sintz)?/? — (1— sintz)*/? > 
0 — 22/2 > —2. Now, for tz > 0, (1 + 2zt)*/? — (1 — 2х1)°/? has a Taylor 
series expansion with only positive terms and hence it is strictly greater than Zatz. 
Using also the inequality — (1 + z?)-9/? > —z? for x > 1, we obtain, for small 
enough f£, 


2 v /2t H oo 
f(t)> 2 | g oH to(1.p a2) "dg _ 2 | g79H-ldg, 

т 0 т/21 
Note that the integrand іп the first integral is integrable as 2 — oo if aH > 1 
because it behaves like z^ 9 for large x. If aH = 1, the integral behaves like 
In 5 for small enough t. The second integral, on the other hand, is proportional 
to 428, Letting c;(-,-), j > 1, denote positive constants depending only on the 
parameters in the parentheses, we have for sufficiently small £ > 0, 


f(t) > (o, Hjt — ola, Ht^F >0 if 1<aH «2, 
and 
f (t) > ex(o)tln(1/t) — ct > 0 if aH = 1. 


This proves the lemma in the case 1 < aH < 2. 
Suppose now 0 < aH « 1. By changing variables, we obtain 


со 
Р) = јен || 10 + sin z)?/? — (1 — sin qz)? g-eHta-t(? + 22)7 9/3 qs 
0 


| 
£ dii {(1 + іла) — (1 — sinz)9/2)z79H-1dz 
0 


оо 2 А —a/2 
een f {0 + sinz)?^? — (1 – лаје [(1+ =) E Ји“ 
(7.8.8) 


:= t°” (cs(œ, Н) + g(t)). 


It is easy to verify that the first integral in (7.8.8) converges. Indeed, its integrand 
is integrable as т — 0 because it is asymptotically proportional to ж!7°®Н-1 and 
aH < 1; itis also integrable as т — оо because it is bounded by 4x 79H -1 ang 
aH > 0. The integral is therefore equal to a constant, which we denote cs(a, Н). 
We now want to show that 

cs(a, H) > 0. 
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Write f^ = У кш and change variables to obtain 
27 со 
csla, Н) = {(1 + sinu)? — (1 — sinu)?/7} У (и + 22k) 277 du = 
0 k=0 


[ {(1+sin u)®/?—(1—sin u)*/?} У ((u+2rk) 97 7! _(и+2лЕфт) tF- du. 
0 к=0 


Since z 9H -! is strictly decreasing on (0,00), we conclude that с;(о, Н) > 0. 
We now turn to the second integral in (7.8.8) which we denoted g(t). Choosing 


€ > O and £ > 0 sufficiently small, we see that [g(4)| is bounded above by 
Oo 
у а + sinz)?7? — (1 – sinz)*/?| |1— (1 + 2/22) ^97 |z- P ^! dz 
0 
< jf ant dy + 2 | (t?/x*)a~ 9H 71M da 
0 є 
2 gl oH 2 cg 2H 


= т-а еН +5 
< csla, Н). 


Using (7.8.8), we conclude that f(t) > 0 for sufficiently small t > 0. Ш 


7.9 Subordinated processes 


A subordinated process X (t) is an a-stable process with representation 
X(t)- n Y (t, z) M (dz), (7.9.1) 
n 


where Y = (Y (t,x), t € T, x € Q} is a stochastic process defined on (О, F, P) 
and M is an o-stable random measure with control measure Р. 

For example, suppose that M is 525,0 < а < 2, and Y is Gaussian. Then X 
is the SaS sub-Gaussian process introduced in Section 3.7. Suppose, now, that Y 
is Sa’S with 0 < а < a’ < 2. Then X is the Sas sub-stable process introduced 
in Section 3.8. 

The measure M in (7.9.1) does not have to be symmetric nor the process Y 
be Gaussian or stable. In order to ensure that the process X is well defined, it is 
only necessary to suppose E|Y (t)|* < co for all t € T. 

For example, if M is symmetric, then 


Bfexpi(S>9,x(4))} =exp{~ [15 дубља Pde}, 
ј=! ја! 
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that is, 


(КЎ 6,X(5)) | = ехр{ -Erl У 6Y I^), (7.92) 
j=l j=l 


where Ep is the expectation with respect to the probability measure P. 

If M is not symmetric, then one has also to take into account the skewness 
intensity B(-). In this context, #(.) is a random variable because it is a measurable 
function on (О, 7, P). For convenience, suppose œ 5 1.. Then the finite- 
dimensional characteristic function of X(t) is 


ev[- f | уон —18(2) sign ЭБ ==) ) P(dz)}. 


If 8 and Y, which are both defined оп (О, 7, P), are independent, then the 
finite-dimensional characteristic function of X (t) simplifies to 


d d z 
exp{—Epl у Y (t) – CEPS) EP ($ 0Y (2) — мале), 
ј=! j=l 


so assuming ĝ and Y independent is equivalent to assuming that is constant. 

For convenience, we will suppose in the sequel that M is symmetric, so that 
the finite-dimensional characteristic function of X(t) is given by (7.9.2). Observe 
that the finite-dimensional distributions of X depend on those of Y only through 
the a-moments of linear combinations of Y (t)s. Thus, if two different processes 
{Yi (t), t € T) and {¥2(t), t € T}, the first defined on (Q), 71, Р), the second 
on (Q2, 75, Ру), satisfy 


4 а d а 
Бају фи) = |5600) 
ј=! j=l 
for all d > 1, 61,...,ба real, t},...,ta € T, then the processes 


{xy = | Y (t, 2) Mp (dz), t e T) 


and 
[x = Í ¥s(t,2)Ma (dz), te Т} 


have identical finite-dimensional distributions, where Mp, and Mp, are SaS 
random measures with control measures Ру and Р», respectively. 


We now examine what happens if Y is an H-sssi process. 
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Theorem 7.9.1 /f (Y (t), —oo < t < оо} is H-sssi with finite a-momenis defined 
on (Q, F, P) and if M is a 505 random measure with control measure Р, then 


X(t) = f Y (t, x) M (dz) 
Q 
is SaS and also H -sssi. 


PROOF: То verify self-similarity, let a > 0, and observe that 


Eexp[i Y 8X (at5)) = ехр{ -E| У OY (at5)I^ } 
je j=l 


d d 
= ехр{ -a*^ E| »» ever] E Bexp{i у Ван x (65). 
j=l j=l 
Verifying stationarity of the increments is also straightforward. M 


Observe that if а = 2, then whatever the choice of the H-sssi process У, 
the resulting subordinated process X is always fractional Brownian motion (see 
Definition 7.2.2). We now present several examples with 0 < а < 2and M 505. 


Example 7.9.2 Suppose Y is fractional Brownian motion (o/ = 2). The corre- 
sponding subordinated process X is called sub-FBM. Its parameters are 


oa€(0,2, Не (0,1). 


Because the process X is sub-Gaussian, it is different from the real harmonizable 
fractional stable motion (Theorem 6.6.5) and from the linear fractional stable 
motion (Theorem 4.7.5). 


Example 7.9.3 Suppose Y is the linear fractional stable motion (LFSM) with 
a’ < 2 and take а < a’. The corresponding process X is sub-stable with 
parameters 


a € (0,2), a €(a,2), Не(0,1), a,bcR. 
Example 7.9.4 Suppose У is the log-fractional stable motion (logFSM) with 
1 <а < 2 (and H = 1/a’). The corresponding process X is sub-stable with 
parameters | > 
a € (0,2), о є (max(l,a),2), H = 1/o. 


Example 7.9.5 Suppose Y is the real harmonizable fractional stable motion 
(RHFSM) with a’ < 2 and take а < a’. The corresponding process X is 
sub-stable with parameters 


«€(0,2, a є (0,2), Нє (0,1). 
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Example 7.9.6 Suppose that Y (t) is a Hermite process (see Taqqu (1979), y where 
the process is denoted Zm(t)). Formally, 


(ro = [7 asen [^ anteo [7 ante 


im 
х | Пе Е 6) 0-3/2 (e; < s)ds, t > о), 


where B is a Gaussian random measure with Lebesgue control measure, m is 
a positive integer and 1 — 1/(2m) < Но < 1. The process (Y(t), t > 0) 
is H-sssi with Н = m(Hp — 1) + 1. It has moments of all order. When 
m = 1, Y (t) becomes fractional Brownian motion with 1/2 < H = Hy < 1. 
When m = 2,3,..., Y (t) is non-Gaussian. 

The parameters of the corresponding process X are 


а Є (0,2), m=1,2,3,..., Нє (0,1). 


See Section 12.4 for more examples. 


7.10 Fractional stable noises 


If (X(t), t € R} is a process with stationary increments, then its increments 

= X(j-1)-X(j) j = ...,—10,5..., form a stationary sequence. 
The sequence (У, } is called a noise. “Fractional noises" are obtained by taking 
the increments of H-sssi processes. For example, the fractional Gaussian noise 
defined in Section 7.2.3 is the increment of the H-sssi Gaussian process fractional 
Brownian motion. But although there is only one H-sssi Gaussian process, there 
are many different H-sssi o-stable processes with a given 0 < а < 2, and each 
of these processes gives rise to a different fractional œ-stable noise. 

Consider, for example, the linear fractional stable motion La, н (а, b; t) inio: 
duced in Section 7.4. The linear fractional stable noise is the stationary sequence 


Ү; Layla, b;j +1)-— Le n(a, b; j) 
ГН (ај +1- 2777 - (12): *] 


Е на r)” 7%) маз), (7.10.1) 


where M is ап a-stable random measure with Lebesgue control measure. 
The integrand in (7.10.1) is similar to that in (7.2.18) with H — 1/o replacing 
H — 1/2. By analogy, we will say that the Y;s display long-range dependence 
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when H > 1/а and negative dependence when Н « 1/а. Because Н is still 
constrained to lie in the interval (0, 1), long-range dependence is only possible 
when о > 1. This fact can be understood heuristically as follows. When a < 1, 
M generates many large values. If, in addition, H > 1/o, then their effect is long 
lasting because the integrand in (7.10.1) changes very slowly with z. As a result, 
the integral diverges. 

We now list, for reference purposes, some other important fractional stable 
noises. The log-fractional siable noise is 


H 


Y; Лало ( T 1) T Aaa (7) 


[К (in |] + 1 — z| —1n[j — z[)M (dz), 


| 


where M is a-stable with Lebesgue control measure. It is defined for 1 < a « 2. 
The real harmonizable fractional stable noise is 


Y; 


Hsu T 1) = Hau (i) 


oo Е euo] PEE 
- Re f аб ај 7 7 *1-V^ M (dz), 
–оо 


where 0 < a < 2, 0 < Н < 1 and where M isa complex isotropic 50:5 random 
measure with Lebesgue control measure. 
Finally, the sub-Gaussian fractional stable noise is 


Y; = A (Bu(j + 1) - Ви(ј)) = A? Yj, 


where By is fractional Brownian motion, Y; ? fractional Gaussian noise and А is 
an independent $-stable random variable defined in (2.5.1). 

Additional fractional stable noises can be obtained by taking increments of 
other H -sssi subordinated process; for example, those defined in see Section 7.9. 

The asymptotic dependence structure of the fractional Gaussian noise (Y (7)) 
was investigated in Proposition 7.2.10 where we noted that the autocovariance 
function EY (j)Y (0) is asymptotically proportional to j?7 ^? as j — co. Here, we 
shall use the codifference т (1) to analyze the asymptotic dependence of fractional 
stable noises. | 

We consider only the linear fractional stable noise and the log-fractional stable 
noise because the codifference does not tend to zero for either the real ћаппо- 
nizable fractional stable noise or for the sub-Gaussian fractional stable noise (see 
Propositions 6.7.1 and 4.7.4). The first two types of noises are stationary moving 
averages and, therefore, their codifference т(ј) tends to 0 as the lag 7 — со 
(Theorem 4.7.3). 
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The following theorems specify the asymptotic behavior of (61, 05; 7) defined 
in Relation (4.7.5) for any 6,6; € В and, hence, of 7(1) = —1(1, —1; j). The 
proofs, which are very technical, are omitted. They can be found in Astrauskas, 
Levy and Taqqu (1991). 

Theorem 7.10.1 Consider the linear fractional stable noise defined in Relation 
(7.10.1) and suppose that it is SaS. If either 

(j О<а< ф0о<И <1 
or 

(ii) 1<а <2, 1— Ss aac «H«L Н # la 
then? аз j — oo, 

1(8,053) ~ B(01,65?? ^, 
T(j) ~ -B(l-1)?4-*. 


if 
(iii) 1<a<2,0<H< l- аат. 
then, as t — oo, 


I(0,,05;3) ~ F(8,,0))j 0/01. 
T() ~ -F(,-0j7- (v/a) D 


The constant B(0,,05) equals 


p«r Jee f^ [ia - 3757 + 6(– g)-i-ie 


== 19.01 -ag)H-s-ile = је (-2)8 2-7! | | de 
1 Pai | 
+ [ (a = 2737 etes inn 
А | 
- јад, (1 — 2)8-#–! је — bors" - 3-1 [n bax 
99 1 i 
+ je f [ea +a) i + prta] 
0 
- 16001 + 2) 80е — ван ве Jas]. 


ЭҤ а = 1, the asymptotic behavior of Г is valid under the following additional conditions: either 
sign ab = 1 or sign 0,8; = —1. If œ = 1 and both sign ab 2 1 and sign 616; 4 — 1, then B = 0. 
In that case one has to consider the next term in the asymptotic expansion and one finds that 

1(01,605 3) ~ C(8:,0:)* ? 
as j — oo, where 
C(O), 02) = —2(1 — H)(]o0;| + |ђ6љ |). 
(Recall: sign u # 1 means и < 0.) 
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The constant F(8,, 05) equals 


(Ha — 1) СЧА СА — g)H-* = (-2)*7*]) а, 
+f (balalı — — ьн) us 
x Ht ETC 
d же a) 
Н wl | (bo (C -a)ü-3- (098—4) ^ ae 
+f (e.t sure ан) "as 


+ (о (2 - 773 - ad) a. 


PROOF: See Astrauskas, Levy and Taqqu (1991), Theorems 2.1, 2.2 and 2.3. [| 


Theorem 7.10.2 For the log-fractional noise, as ј] — оо, 


1(91,02;3) ~ С(6,,6;)7 77, 
TG) ~ -G(L-1)j!'^*, 


where 
1 а а а 
"E. A; 05 0, 05 
С(ө,%) = f.i z| |1+=] |z je 
oo a a [23 
«f ic б | а 
o |1+т = 1+2 T 


PROOF: See Astrauskas, Levy and Taqqu (1991), Theorem 2.4. M 


The codifference т equals the covariance when о = 2 (Property 2.10.3). 
Thus, for fractional Gaussian noise, 7(j) == j?7 ^? as j — оо, where л denotes 
asymptotic proportionality (compare with Theorem 7.2.11). Theorem 7.10.1 states 
that in most cases 7(j) = је - 9 when 0 < а < 2, with the following exception: 
t(j) ~ jH7 0/971. when а > 1 and 0 < Н < Н, where 

I 


ЕБЕ c 
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This phase transition 0 at H = Н is peculiar. Since Н(а) < 1/а, it occurs only 
when there is negative dependence. 
Note that H > 0 if and only if œ > ag where 


14 y/5 
2 


ад = = 1.618... 


equals the golden ratio.!! Thus, 7 (1) ~ 154 /2)-1 takes place only when 
1«ag «ao «2 and 0 « H < Н(а), 


that is, for large œ and small Н. In this region, 
1 
eH -a<H---1<0. 
а 


Finally, observe that the two exponents aH — a and H — (1/a) — 1 are equal on 
the boundary Н = H(a). 


Remarks 


1. We have assumed that the noises are 505. If they are skewed a-stable, the | 
asymptotic behavior of J and 7 is the same but the constants B, F and G are 
more complicated. They are given in Astrauskas, Levy and Taqqu (1991). 


2. If X is an H-sssi process, one can also define Y (t) = X (t + 1) — X(t) for 


all t € R and not just for t = ..., —1,0,1,..., as we have done in this 
section. Theorems 7.10.1 and 7.10.2 continue to hold with j replaced by 
tER. 


3. The parameters 6; and 0; affect only the multiplicative constants in the limit 
and not the exponents. 


7.11 Simulation of fractional noises and motions 


То simulate fractional Brownian or stable noise (or motion) one approximates 
the integral representation. This creates two types of errors, a "low frequency" 
one due to the truncation of the limits of integration and a “high frequency" error 
caused by replacing the integral by a sum. Consider then the fractional Gaussian 


10ү; does not occur, for example, when the process is the projection of a linear fractional random 
field of dimension greater than one (Kokoszka & Тадаи 1993a). 

U Private communication of Jonathan Taqqu. The golden ratio a/b satisfies the relation a/b = 
(a + b)/a. 
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noise as defined in (7.2.18) and linear fractional stable noise with а = 1,6 =0, 
given in (7.10.1). We simulate them as follows: 


Min 
u 5 
fo у Ки tum 0 (7.11.1) 
ue 


where the es аге i.i.d. o-stable random variables, 0 < œ < 2. M and m are 
integers. М defines the memory (cutoff in the limits of integration), 1/m is the 
mesh (discretization of the integral) and Т < M is the length of the sequence. 
The kernel 
z— (8-1), z » 1, 
а(х) = 
тї, 0<%<1 


with d = H — + is plotted in Figure 7.11 for d = +0.4. 


Ka(z) 


Figure 7.11: The kemel Ka(z) 


This procedure requires generating m(T' + M — 1) i.i.d. es. We avoided infinite 
values for < 0 by starting the summation in (7.11.1) at 1/7 and taking Ка(1) 
equal to 1. It is best to choose a large value of m when d is negative. It is also 
convenient to renormalize the sequence (У, j = 1,..., T} by subtracting the 
sample mean and dividing by the sample standard deviation. To approximate 
fractional Brownian or stable motion, one can use 7 -8 У у, ут < + <1, 
where [ ] denotes the integer part. For display purposes, however, it is often 
sufficient to plot 2 ci Yj, t = 1,...,T with an adequate aspect ratio. The 
following figures illustrate this procedure in the case а = 2 and а = 1.7. The 
random variables є;5 are symmetric. We chose Т = M = 1000 and т = 30 
and focused on d = 0.4, 0, —0.4. Since Н = d + Џа, this choice of d means 
Н = 0.9, 0.5, 0.1 in the Gaussian case and H = 0.99, 1/1.7 = 0.59, 0.19 
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in the $1.75 case. The case d = 0 is included for reference and is obtained by 
simply setting Y; = ej. The corresponding cumulative sum simulates Brownian 
motion (a = 2) and stable Lévy motion (œ = 1.7). Since the sample paths of 
the stable Lévy motion are discontinuous, we have not connected the points in the 
corresponding figure. 

The smaller the value of d, the higher the fluctuations (high frequencies) of the 
corresponding noises. Because of the scale, the high frequencies are not visible 
in the figures displaying fractional Brownian or stable motion at d — 0.4. Long- 
range dependence affects the low frequencies. Their presence is quite noticeable 
in the figures displaying the noise when d — 0.4. 


7.12 ARMA sequences with stable innovations 


Autoregressive-moving average (ARMA) processes are often used for modeling 
empirical time series. Let p and q be non-negative integers. The sequence 
(X4, п = ...,—1,0,1,...) is called ARMA (р, д) if it satisfies the equations 


Xn — фиХа-1— 7 фрХа-р = En FO Ena + + OgEn—g- (7.12.1) 


The innovations €n are i.i.d. random variables. In the classical time series litera- 
ture, the e, s are either Gaussian or non-Gaussian with finite variance and therefore 
the probability that they take large values is very small. 

Here, we shall suppose that the є. are 11.0. a-stable with 0 < o < 2; in 
other words, €, ~ Selo, 8, u) if 0 < а < 2 and М(џ,22%) if a = 2. The 


finite-dimensional distributions of the Xs depend on the coefficients 6),...,60; 
and $i,..., Фа. 
Consider the system (7.12.1) with real coefficients фу = 1, $1,..., p, 09 = 
1, 61,..., ба and define the polynomials 
Ф(2) = 1—ф2—:-:— фра, 
O(z) = 1+62 +: +02", 


where z is а complex variable. One can write (7.12.1) symbolically as 
$(B)X, = O(B)en, n=...,-1,0,1,..., (7.12.2) 


where B is the backward operator, formally, B (Xn) = = X,-1, B'(Xn) = 
Xn-2,--.- Аз in the Gaussian case, one solvés (7. ОЙ бу showing that Ха= = 
Ф(В)- 'e(B)e, i is well defined. It is natural to suppose 


Condition 7.12.1 The polynomials Q(z) and Ф(2) do not have common roots. 
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The following theorem shows that, as in the Gaussian case, a non-anticipating 
solution exists if and only #Ф(2) has no roots in the closed unit disk {z : |z| < 1}. 


Theorem 7.12.2 The system (7.12.1) has a unique solution of the form 


oo 
Хал = ЊЕ пЄ 2, as. (7.12.3) 
ј=0 


with real cjs satisfying |cj| < Q^? eventually? Q > 1, if and only if ®(z) has 
no roots in the closed unit disk (2: |z| < 1). The sequence (Ху, n € Z} is then 
stationary and a-stable. 

The cjs are the coefficients in the series expansion of 9(2)/Ф(2), |z| < 1. 


PROOF: Suppose Ф(2) has no roots in (z: |z| < 1). The function 


O(z) 


00) = BG) 


is, therefore, analytic in the disk {z: |z| < R}, where R > 1 is the radius of 
convergence of the series C(z) = уо 627. Since 1/R = limsup,_,,. |c;|!7, 
for any 1 < Q < R, |c;| < Q7 eventually. Using the relation Ф(2)С(2) = 
O(z), which holds for |z| < 1, and the fact that the series )75° с;2? converges 
absolutely for |z| < 1, we obtain the following system of equations: 


бу = 1, 

€i -ho =b, 

о — е — $260 = Өз. 

: 2 (7.12.4) 
Са — Q1Cq-1 — фаба-2 — ... — Фасо = да, 

Cs — PiCs—1 — фоба—> —... — Фасо = 0, 8» 4, 


with the understanding that ¢; = O if i > p. It follows from (7.12.4) that the cjs 
are real and since |су| < Q^? eventually, the series (7.12.3) is well defined and, 
in fact, converges absolutely a.s. (Exercise 1.26). 

То see that the process (7.12.3) with the cjs uniquely defined by (7.12.4) 
satisfies (7.12.1), just use Relation (7.12.4) and the fact that the series (7.12.3) 
cenverges absolutely a.s.. Rearranging the terms in 


oo ec 
Уо — $13 Gite 7 Pp D сјба-р-7 
j=0 j=0 j 


yields (7.12.1). 


ај < bj eventually” means that there is a jg such that aj < 5; for all j > jo. 
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To prove the converse suppose that the system of equations (7.12.1) has a 
solution of the form (7.12.3) with the cjs satisfying |c;| < Q^ eventually for 
some Q > 1. We want to show that Ф(2) > 0 for |2| < 1. 

Consider the series C(z) — 2 59 6122 which, under our assumptions, con- 
verges absolutely and uniformly in the closed unit disk 42: [z| € 1). Setting 


A(z) := O(z)C(z) = Me. |а| <1, (7.12.5) 


we obtain 
à = 
(7.12.6) 
д; = Cs — PiCs—1 — ф 6%, з >1. 


Since, for any n, the series У, Cj€n—j converges absolutely a.s., (7.12.1) and 
(7.12.6) imply 


q oc 
XD bjea-j = Xn — фХа 7m фрХа-р= У е5 аз, (7.12.7) 


ј=о ј=0 


which, in turn, yields ГА = 0; for j = 0, 1,...,фапа 6; = 0 for j >q. Thus, 
O(z) = O(z) and, by (7.12.5), 


_ 90) 
об) = сүү, 1151 
As С(2) is bounded on (2: |z| < 1}, ®(z) = 0 implies O(z) = 0. But Ф(2) 
and Q(z) do not have common roots, so Ф(2) = 0, for all |z| € 1, proving the 
converse. 
The solution (7.12.3) is a-stable because it is a linear combination of a-stable. 
random variables. It is clearly stationary. Ш 


The condition that Ф(2) has no roots in the closed unit disk 42: |z| € 1) is 
a natural one for it ensures that the system of equations (7.12.1) has the sration- 
ary non-anticipating solution (7.12.3). We shall suppose from now on that this 
condition holds. 

The cjs are obtained by identifying the coefficients of C(z) = уўгусу zi 
with those in the power series expansion of 6(2)/Ф(2). Since this is the same 
procedure as in the Gaussian case, the explicit form of the c;s for specific ARMA 
(р, 9) models can be readily found in the time series literature. 


Example 7.12.3 Consider the autoregressive process (X4, ) of order 2 defined by 
Xn — 1X n— 1 — ф Хә = En. 
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If D(z) = 1 — фух — фо22 has two different roots z; and 2, satisfying |z;| > 
1, ¿ = 1,2, then 


(2) = = (2 = a) – 2) 


and 


v tx 2122 ( 1 _ 1 ) = az .( 21 DAL) 
Ф(2) 25 - 2\22 2—2 22 — 21 М1 — (2/21) 1 (2/29) 


The coefficients c; in the series expansion of 1/Ф(2) are, therefore, 


H -1 


_ 2122 ( -j-t Та А 
crm CAE ио cg .ј>0. 
3723-2! 2 J2 
If Ф(2) has complex conjugate roots ре“, u X kr, then it is not difficult to see 


that nos] 
Sin А 
gu ООДО Е 
sing 


The ARMA (p,q) time series is invertible if there exists a sequence of 
constants {©у} such that У 7^, |¢;| < oo and 27529 6; X4; = én, n € Z, where 
convergence holds in probability. Invertibility is particularly useful for prediction 
because it allows X, to be expressed in terms of the previous observations X;, j < 
n. The following theorem provides a condition for invertibility. 


Theorem 7.12.4 Suppose that O(z) has no roots in the closed unit disk (2: |z| € 
1). Then ARMA (p, q) is invertible, i.e., 


со 
У БХ = En, n € Z, a.s.. 


j=0 
The Čjs are the coefficients in the series expansion of O~'(z)®(z), |z| < 1. 


PROOF: Because ©~'(z)@(z) is analytic in the disk {z: |z| < R}, R > 1, we 
have 729 0 [6j] < оо. Ifa > 1, we have E| Xn| < оо and the result follows from 
Exercise 7.17. In the general case 0 < a < 2, it follows from Exercise 7.18. M 


Since the coefficients c; of the moving average (7.12.3) satisfy [с;| < Q7? 
eventually with Q > 1, they lie within two exponentially decreasing functions. 
This behavior is quite different from that of either fractional stable noise or of the 
fractional ARIMA considered in the next section. In these cases, с; decreases like 
а power function. 

As for ће codifference r(n) = 7x, хо, we have: 
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Theorem 7.12.5 Suppose that Ф(2) has no roots in the closed unit disk (2: |z| < 
1} and let Q > 1 be as in Theorem 7.12.2. Then there are constants K, and Кз 
depending on а, Q and the суз such that 


limsup, ,,4Q^|r(n]| < К forl<a<2, 
limsup, ,,, 7" |т(п)| < К, forü «a « t. 
PROOF: See Kokoszka and Taqqu (19934). Wi 
Ка > 1, asimilar result holds for the covariation, namely 
lim sup Q"|[X;,. Хоја! < K3, 
n—00 


because 


Q" [Xs Хоја | € dQ" lej+alles 77! 


1=0 


a oo 
< const, 5 , QnQ-Gt9)9706793 = const, У QT < оо. 


j-0 то 


7.13 Fractional ARIMA with stable innovations 


We now turn to the fractional ARIMA time series, also called FARIMA or frac- 
tional ARMA. “ARIMA” stands for “autoregressive integrated moving average." 
Let А be the difference operator, defined by AX, = Xn — Ху = (I ~ B)X, 
and let A4, for d = 1,2,..., be A iterated d times. The fractional ARIMA model 
is based on the classical ARIMA (p, d, а) model 


9(B)A* X, = O(B)en, 


but the parameter d, instead of being a non-negative integer, is allowed to take 
fractional values, either positive or negative. To simplify the discussion, set 
p = q = 0. If d is a non-negative integer, then A7 X, = e, describes a model 
where Xn, differenced d times, yields a sequence of i.i.d. random variables (the 
random walk, for example, is ARIMA (0, 1,0)). 

Now define AX, = e, for d fractional as X, = A~%e, and interpret 
A74 = (I — B)~¢ by using the formal power series expansion (1 — z)^4 = 
2220 b (7d)? as follows: 


Ant = (1- B)-* У b(-d) BP, 


j-0 
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where BJ denotes the backward operator B iterated j times. The coefficients 
b;(—d) in the expansion are bo(—d) = 1 and 
j А 
k+d-1 T(j +d) | 
b;(-d) = SS G12); 7.13.1 
m П k T(2TG + 1) ? (1194) 

where Г denotes the gamma function: Г(х + 1) = зГ (с) and Г(ј + 1) = j! for 
j integer. 

The formal definition of fractional ARIMA (0, d, 0) is, then, as follows: it is 
the moving average 


Xn = У bj(-d)e-j п=...,—1,0,1,..., (7.132) 


j-0 


where the b;s are given by (7.13.1). 
Note that for d — 0, —1, —2,..., the operator A77 is merely the difference 
operator A iterated |d| times, and in this case, 


bj(—d) = 0 forj >d ifd=0,-1,-2,.... 


For example, X, = є„ when а = 0, X, = e, — €n-) when d = —1 and 
Xn = є, — 2641 + € 2 When d = –2. 
Applying Stirling's formula to (7.13.1), we obtain 


l ana | i 
j(-d) ~ === ј— —1,-2,.... 7.13.3 
b;(—d) mna SiT if d x 0, —1,—2, ( ) 

Now suppose с, ~ Salc, B, ц). The following theorem specifies the condi- 
tions on a, d and p under which fractional ARIMA (0, а, 0) is defined. 


Theorem 7.13.1 Let €, ~ За (0, B, и) be i.i.d. and suppose 


1 
-e «d«l--. (7.13.4) 


Condition (7.13.4) is necessary for the series (7.13.2) to converge. When it holds, 
the series (7.13.2) converges in the following sense: 

(1) 0 < а € 1: absolutely a.s.; 

(2) 1 Са € 2: absolutely a.s. if d < 0, and a.s. if d > бапа p = 0. 


PROOF: Observe firstly that 5772, (47 !)* < oo, јо 2 1, if and only if d < 
l~ 1. Relation (7.13.3) and Exercise 1.26 imply that the series (7.13.2) converges 
absolutely a.s. in the cases indicated. When 1 « а < 2 and d > 0, one does not 
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0.5 


—2 iso OES, > 
Figure 7.12: The shaded region indicates the 
allowable values of (d, a) for fractional ARIMA. 


have Бо |b;(—d)| < co. However, »» [b;(—d)|* < oo and u = 0 imply 
that the series (7.13.2) converges a.s. W - 


Figure 7.12 illustrates the region of the (d, a) plane where Condition (7.13.4) 
is satisfied. 

Both fractional stable noise and fractional ARIMA (0, 4,0) are moving av- 
erages with coefficients that decrease like a power function. It is tempting to 
compare the asymptotic rate of decay of the kernels. For fractional stable noise 
(1+1— х) не — (j 2 a)-e ~ (j — g)H-Q0/0)-! as j — д — oo and 
for fractional ARIMA (0,4,0), b;(—d) ғ 14“! as j — оо. This suggests the 
following relation between Н and d: 


1 
d=H--. .13. 
a (7.13.5) 


As for fractional stable noise we will say that d > 0 corresponds to long-range 
dependence and а < 0 corresponds to negative dependence. Since d < 1 — 1/a, 
long-range dependence can occur only if o > 1. 

Recall that fractional stable noise is defined only for 0 < Н < 1, whereas 
fractional ARIMA (0, d, 0) is defined for all d < 1 — 1/а. The condition H < 1 
is equivalent to d < 1 — 1/o. The lower bound H > 0, expressed in terms of 
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d = Н — 1/a, becomes d > —1. Thus 0 < Н < 1 becomes 
zd «d«l- L 
a a 
an important range for fractional ARIMA. 

Indeed, suppose d < 1 — 1/а. Since Ad = AMATU, where m is a non- 
negative integer and --1/œ < d' < 1 — 1/a, the operator A77 with d < 1 — 1/« 
can be interpreted as Д followed by a number of full differences (Exercise 
7.16). 


We have been supposing until now p = q = 0: It is straightforward to define 
a general fractional ARIMA (p, d, 4) with d < 1 — 4, by 


Ф(В)Х„ = O(B)A~en, (7.13.6) 
or, formally, 
Xn = 9(B)^!O(B)A ten, (7.13.7) 


under the assumptions given in Section 7.12, namely Condition 7.12.1 and that 
Ф(2) has no roots in the closed unit disk (2: |] < 1). Relations (7.13.6) and 
(7.13.7) are to be interpreted as 


Ха= У wens (7.13.8) 
j=0 
where : 
j 
uj = (сж b(—d)); = У cibj-a(—d), (7.13.9) 
i=0 


and where the coefficients с; are those in (7.12.3). The u;s are thus the coefficients 
in the power series expansion of ^! (z)O(z)(1— z)~4, |z| < 1. 

The effect of the operator ^ ' (B)O(B) is to provide modeling flexibility. It 
modifies the coefficients of the moving average without modifying their asymp- 
totic behavior. 

Combining Theorem 7.12.2 with the proof of Theorem 7.13.1, we obtain: 


Theorem 7.13.2' Suppose that the polynomials Ф(х) and Q(z) satisfy Condition 
7.12.1 and that Ф(2) has no roots in the closed unit disk (2: |z| < 1}. Suppose 
also that 1 
– о ба < 1– –, 
а 


and en ~ Salo, В, и) iid. Then the series (7.13.8) defining fractional ARIMA 
(p, d, q) converges in the following sense: 

(1) 0 «oa € 1: absolutely a.s.; 

(2) 1 « а < 2: absolutely a.s. if d < 0, and a.s. if d > O and p = 0. 
It is a solution of the system of equations (7.13.6). 
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PROOF: Use Exercises 7.15 and 7.18. W 


We now address the question of invertibility of fractional ARIMA (p, d, д) 
when a > 1 (see Figure 7.13). 


а= -(1— l/a) 


Figure 7.13: Fractional ARIMA is invertible if 
(d, о) lies in the shaded region. 


Theorem 7.13.3 Suppose that Ө(2) has no roots in the closed unit disk (2: |z| < 
1} and let її; be the coefficients in the series expansion of 9^! (z)b(z)(1 — 2). 
If 
1 
lal <i- PM 
а 


then 
oo 
5X = én, NE, 
0 


where the convergence is in LP, 0 <р < a. For0 < d < 1 — 1/а, the partial 
sums 2 160 и) Ха– у converges to €n absolutely a.s. 


PROOF: Use Exercise 7.18. МИ 


The following theorem gives the asymptotic behavior of the codifference 
т(п) = Trin Xe 


Theorem 7.13.4 Suppose X, = У, 36-3 is a fractional ARIMA (p,d, 9) 
process with SaS innovations én defined in (7.13.8). Suppose 0 < а < 2and d 
is not an integer. 

(a) If either (i) а < 1 ог (ii) а > land (a — (а — 1) > —1, then 


т(п) -| e) 


In = Fed) 


поо pmo (d-1)*1 


j 1 Sd, (7.13.10) 
0 
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where 
g(x) = 20-09 + (1 + x47 06 — (zd7! — (14 z)471)o. (7.13.11) 
(b) Ifa > 1and (а — l)(d — 1) < —1, then 


T(n) «©(1) = <а-1> 
CLR cd tof AR s : 7.13.12 
no ni! ~ ADU) e 3 ( ) 
(If d is an integer, then ( X4) is a finite moving average and, consequently, Tn = 0 
for large n.) 


PROOF: See Kokoszka and Taqqu (1993c). B 


Remarks. The condition (o — 1)(d — 1) > —1 can be rewritten as d > 1 —1/(o.— 
1). Figure 7.14 shows the regions of the (d, о) plane where the different rates are 
in effect. The rates are the same as those for the linear fractional stable noise 
(Theorem 7.10.1).'4 

Instead of the codifference one may consider the covariation [Xn, Хоја of 
X, and Хо. This covariation, however, is defined only for а > 1. Since 
Х, = У, ијеп—ј, We have, by Proposition 3.5.2, 


oo 
[Xn Xoja У usur to, (7.13.13) 
j=0 


The next theorem shows that the asymptotic behavior of this covariation is similar 
to that of the codifference. 


Theorem 7.13.5 Suppose that {Xn} is a SaS fractional ARIMA(p, d, q) process 
defined in (7.13.8), and that | < а < 2 and that d is not an integer. 
(a) If (a — l)(d — 1) > —1, then 


А [Ха, Хоја -| e(t) 


& oo 
d-1, (a~1)(d=1) dy. 7.13.14 
Jim, EZ = ROHT [ (у + ly фу. (71314) 


(b) If (a — 1)(4 — 1) < —1, then 


P 1) «^, ca 
lim [X5 Хоја = oa ) us 1» 
ac ED = A Dl) A 


(7.13.15) 


Ü See the remark at the end of this section for the case a = 2. 

14То compare the rates, assume that d > —1/a and set H = d — l/a, 6, = 1 and 62 = —1 
in Theorem 7.10.1. The assumption Н 52 1/a corresponds to d # 0. Cases (i) and (ii) of Theorem 
7.10.1 correspond to case (a) of Theorem 7.13.4 and case (iii) corresponds to case (b). 
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0.5 


-2 
Figure 7.14: Regions in the (d, o) plane where the various rates for 
the codifference (and for the covariation, if o 1) are in effect. (See 
Theorems 7.13.4 and 7.13.5.) Regions A and B correspond, 
respectively, to the rates n? (47 *! and n47 


PROOF: See Kokoszka and Taqqu (1993c). Ш 


We conclude from these results that, for œ > 1, the covariation [X,, Xo], and 
codifference т (n) are asymptotically proportional. The constant of proportionality 
depends only on а and d. 


Remark. Theorems 7.13.4 and 7.13.5 and their proofs remain valid in the Gaus- 
sian case a = 2. Notice that if œ = 2 and d < 0, Relations (7.13.12) and (7.13.15) 
become, respectively, 


and 


because for d « 0, 


3 uj = Ф-!(1)0(1)(1 – 1) = 0 
ј=0 
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This does not contradict the fact that for a = 2 the actual rate of decay is п2—!. 
It is the special relation $8 are = 0 valid for а = 2, which accounts for 
the discontinuity at a = 2 (and d « 0) in the rate of decay of the codifference 
and the covariation of the fractional ARIMA (p, d, а) time series. Observe finally 
that 2d — 1 = a(d — 1) + 1 when а = 2. Thus, in the Gaussian case о = 2, 
the rate in part (a) of Theorem 7.13.4 is in effect not only for d > 0 but for all 
—oo « d « 1/2, as Figure 7.14 illustrates. 

For more details on fractional ARIMA with stable innovations, see Kokoszka 
and Taqqu (1993c). 


7.14 Exercises 


Exercise 7.1 Let X, and .X be two independent stochastic processes on IR and 
let 


ХјоХ = GU OOG(0), ic R) 
be the composition process. (Assume X, measurable, i.e., the map (6,02) к= 
Xı(t,w) is measurable, so that the composition process X, o X? is measurable.) 
Show that if X, and X» are H;-sssi, j = 1,2, then Xj o X» is Н, Ha-sssi. 
Hint: Vervaat (1985). у 


Exercise 7.2 Prove that (7.2.7) represents standard fractional Brownian motion 
up to a multiplicative constant. Determine that multiplicative constant. 


Exercise 7.3 Prove that ( [=> (In|t — z| — In |z|) M (dz), t € R}, is well defined 
and that it represents standard Brownian motion up to a multiplicative constant. 
Determine that multiplicative constant. 


Exercise 7.4 Prove that for every y > 0 and complex 2 = x+iy, = > 0, 


= T 
|| e "ut du ER (7) 5 
0 zY 


where T is the Gamma function and where 27 denotes the branch obtained by 
continuity for x > 0 starting from the positive real branch for z positive. Show 
by continuity that this formula is still valid for z > 0,2 4 Oif 0 < ^ < 1. Thus, 
in particular 
oo 
| etu! ди = 27 (7). 
. о 
Hint: See Choquet-Bruhat (1967). 


Exercise 7.5 Make the passage from the representations (7.2.10) to (7.2.12) rig- 
orous. - 
Hint: See Section 6 of Taqqu (1979). 


388 SELF-SIMILAR PROCESSES 7.14 


Exercise 7.6 Show that the representation (7.2.12) defines an H-sssi process. 


Exercise 7.7 Show that (7.2.17) represents standard fractional Brownian motion 
up to a multiplicative constant. Determine that multiplicative constant. 


Exercise 7.8 Let (Yj, j = ...,—1,0, 1...) be fractional Gaussian noise. Use 
its moving average representation (7.2.18) to compute its autocovariance r(7) — 
EYoY;. 


Exercise 7.9 Prove Corollary 7.2.12. 


Exercise 7.10 Let ||- || be the Euclidean norm on R”. Forn > 2,0<a<2,0< 
Н « 1, set 


Xs u(t) = f (lix — ва 7079 — xj 77079) мах), te R, (7.14.1) 
к" C 


where x = (z1,..., £4), 1 = (1,...,1) € R” and M isa 505 random measure 
on R^, 0 < a < 2, with Бове control measure. Show that the processes 
Xn,a,H are well defined and H-sssi. 


Exercise 7.11 Show that for any m, n >2,m#n,0<a<2,0<H <1, 
the processes Хуан and Х,а ан of Exercise 7.10 are different. 

Hint: See Samorodnitsky and Taqqu (19904), Theorem 3.1. In addition, make 
the following corrections to page 312 of that paper: on line 7, replace n — 2 by 
n = 2,3,4,5, and on line 9, replace n > 3 by n > 6. 


Exercise 7.12 Show that the a-stable Lévy motion in (7.5.1) and the log-fractional 
a-stable motion defined in (7.6.1) are different from the process Хуан defined in 
Exercise 7.10 forany 1 <a < 2, n > 2, Н = 1/а. Observe that Хи шул, n > 
2, 1 < o < 2 provide new examples of 1/a-sssi processes. 


Exercise 7.13 Prove that the real harmonizable fractional stable motion (7.7.1) is 
H-sssi. 


Exercise 7.14 Let 


oo 

х) =Re [еа ёг), tem, 
–ео 

where M isa complex SaS, 0 < о < 2, random measure on R x $ with circular 

control measure my where m is the Lebesgue measure on R and ~ is the uniform 

probability measure on $5. Show that if one sets a = 2 in its joint characteristic 

functions, the latter become that of 


X(t) = ef” ei"  f(z)M(dz), t СЕ, 
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where С is a constant and М is a complex Gaussian random measure with control 
measure m defined as in Section 7.2. 


Exercise 7.15 Prove that in Theorem 7.13.2, for d a non-negative integer, . 


j со 
im ;-(4-U E cnm : 
jm Уу сіу = Г(а) ye Ci. 


i=0 i=0 


Hint: Divide the inner summation in two: 1 € i < 3/2 and 3/2 <i < j and 
bound the terms accordingly. 


Exercise 7.16 Let 0 < a < 2, d < 1 — а, ej 114. SaS and xi = 
«o0 (—d)e-j, t € Z, where b;(—d) is defined in (7.13.1). Then for any 

m = 0), 1,2,..., 
Хб") = (1- By" xX, t ez. (7.14.2) 


Hint: Let т = 1. Show lims—oo b,(—d)e;-1-, = 0 as. (Borel-Cantelli 
lemma) and b;(—d) — bj-;(—-d) = b;(-d — 1), j > 1. Then consider 


(1 — В) lim, „о 75.9 b;(—d)ei—;. (You could use Exercise 7.18 below.) 


Exercise 7.17 Consider an arbitrary sequence of random variables (.X4]22.. 4, 
such that sup, £|X,| < oo. Show that if °°. laj] < co, then the series 
Esa- а) Хз converges absolutely a.s. 

Hint: Proposition 3.1.1 of Brockwell and Davis (1991). 


Exercise 7.18 Prove the following: 

Suppose (ел, n € Z} is a sequence of i.i.d. 505 random variables with 
0 « a € 2. Let (cj, j = 0,1,2,...) be а sequence of real numbers satisfying 
Уго |с;|°® < оо and let (jj, j = 0,1,2,...} be a sequence of real numbers 
such that 5775 [фу] < oo if > 1, and у = у“ < oo ifa < 1. Let 


oo oo 
X, := C(B)en = У cjen-j and Yn :— Ч(Вјел = У  Ven-j 
ј=0 j=0 


and let A(B)e, :— У оаза. where ај = El офђкеј-к j = 0,1,2,.... 
Then 


m со 
іт УХ. = У agen (7.14.3) 


m-—oo 
k=0 j=0 


and 


з oo 
ПРВЕ = 2 tif (7.14.4) 
j- i= 


390 SELF-SIMILAR PROCESSES 7.14 


where convergence is in the L?-norm for any 0 <р < а. Consequently, 
V(B)[C(B)es] = А(Вје, = C(B)'N'(B)e,] as. (7.14.5) 


Moreover, the left-hand side of (7.14.3) converges absolutely a.s. for a > 1. If 
& < 1, the absolute a.s. convergence in (7.14.3) takes place under the additional 
assumption that 577^, ||" < оо for some 0 < r < a. 

Hint: See Kokoszka and Taqqu (1993c). 


Chapter 8 


Chentsov random fields 


Stochastic processes {X(t), t € R^), n > 1, whose parameter space is the 
Euclidean space R”, n > 1, are called random fields.! We shall be interested 
in H-sssis fields, that is, in random fields that are self-similar with index H and 
have stationary increments in the strong sense. Although the definition of "self- 
similarity” іп R” is analogous to that in R! , there are several possible definitions of 
"stationary increments" in R”. Here, we suppose that the increments are invariant 
under all Euclidean rigid body motions. 

In Section 8.1 we introduce the H-sssis fields. A well-known example is 
the Lévy Brownian motion whose autocovariance function is EX(t)X(s) = 
i Ill + lisi] — Wt 5). It was introduced by Paul Lévy in 1948 (Lévy 1965) 
and given a geometric construction by Chentsov (1957). Chentsov's construction 
allows the field to be defined as M(V;), t € R^, where M is a Gaussian random 
measure and V, is the set of all hyperplanes separating the origin zero from the 
point t. We define the Chentsov fields in Section 8.2 by generalizing Chentsov's 
construction: we let the measure M be SaS, 0 « o < 2, and consider arbitrary 
measurable sets У;. We then consider the important subclass of H -sssis Chentsov 
fields, defined only for Н < l/o. A first example, the Lévy-Chentsov random 
field, is given in Section 8.3. That field is l.sssis and is the stable analog of the 
Lévy Brownian motion with the same V,s. 

А second example, Takenaka fields, is obtained in Section 8.4 by letting the 
Vis be all spheres that separate 0 from t. By choosing the control measure m 
judiciously, the Takenaka fields become H-sssis with H « 1а, and are then 
called (о, H)-Takenaka. They are the stable counterpart the Lévy fractional 
Brownian field, defined for H < 1/2, whose autocovariance function equals 
EX()X(s) = {lt + [з?# — Ile — 81227). 


"Та lighten the notation of the chapter we do not use bold letters to denote elements of К^. 
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In Sections 8.5 and 8.6 we give properties of the finite-dimensional distri- 
butions of, respectively, Chentsov fields and H-sssis Chentsov fields. We show 
that the spectral measure is concentrated on a finite number of points and that 
normalized 50:5 H-sssis Chentsov fields with the same a and H have the same 
two-dimensional distributions. 

In Section 8.7 we consider the codifference, which provides information on the 
two-dimensional distributions. Because the codifference is defined for stationary 
stochastic processes, we first consider the H-sssi process {X(ue), u € R}, 
which is the projection of an H-sssis Chentsov field {X (t), t € R") ina direction 
e € Ж", and then consider the corresponding increment process (Y (и) = X ((и + 
1)e) – X(ue), и € R). We show, using the codifference, that any projection 
process (X (ue), и € R} obtained from a Chentsov field is different from the 
linear fractional stable motion and from other H-sssi processes considered in 
Chapter 7. х 

The last section deals with Takenaka processes on [0, оо). In this case, the 
two-dimensional distributions determine all the higher-dimensional distributions. 


8.1 Self-similar fields with stationary increments іп 
the strong sense 


The definition of self-similarity for Т = R” is analogous to the one for T = R!. 


Definition 8.1.1 А random field {X (t), + € R?) is self-similar with index Н > 0 
(H-ss) if (X (at), t € R”} £ (ан X(t), t € R7) for all a > 0, where, as usual, 
= denotes equality of the finite-dimensional distributions. 


The extension of the notion of stationary increments to R”, n > 1, is more 
delicate. Recall that a process {X (t), t € IR) has stationary increments if 


{X(t +s) — X(s), te R} = (x(t) – X(0), t € R}, forall s ER, 


i.e., if the finite-dimensional distributions of the increments are invariant under 
translation. Translations are the only Euclidean rigid body motions in IR, but in 
R^, the Euclidean rigid body motions include all rotations and translations. Let 
G(R”) denote the group of Euclidean rigid body motions in R”. 


Definition 8.1.2 The random field {X (t), t € R^) has stationary increments in 
the strong sense (sis) if 


{X(o(4)) — X(9(0)), t є R^) = (X(0 – X(0), t € R°}, 
for all Euclidean rigid body motions д € G(R”). 
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Notation. A random field which is both H-self-similar and has stationary incre- 
ments in the strong sense is denoted H-sssis. 


Example 8.1.3 Lévy fractional Brownian field. Let < Н < 1 ande > 0. The 
Gaussian field X = {X(t}, t € R^) with mean 0 and autocovariance function 


EX(X(G) = S (IP + |?” - је– ај, eR, (812) 


is called the Lévy fractional Brownian field. There are several ways to verify that 
X is well defined. One could note, for example, that the right-hand side of (8.1.1) 
is non-negative-definite (Lemma 2.10.8) and hence defines an autocovariance 
function. One can also construct X as the integral 


a f t — a7? - ја #)м(аа), (8.1.2) 
R^ 


where M is a Gaussian random measure on R” with Lebesgue control measure 
and со is a constant proportional to с (Exercise 8.1). 


The Lévy fractional Brownian field X is an extension of fractional Brownian 
motion to R^, In fact, 


Proposition 8.1.4 Let 0 < Н < 1. Then the Lévy fractional Brownian fields are 
the only H-sssis Gaussian fields on R^. 


PROOF: Let (X(t), ¢ € R") be ап H-sssis Gaussian field. H-self-similarity 
implies that for each a > 0, X (0) = X (a0) = a X (0) and hence X (0) = 0. 

Now any unit vector e € R” can be expressed as e = де(ер) where ер = 
(1,0,...,0) € R” and where ge € G(IR?) is the rotation that maps eo onto e. 
Since 


EX(e) = EX(ge(eo)) = E(X (ge(e0)) — X(ge(0))) = EX (ев), 
we obtain 
E(X(s +t) - Х(з)) = E(X(t) - Х(0)) = EX(t) = || EX(eo). (8.1.3) 
By H -self-similarity, on the other hand, 
E(X(s +t) — X(s)) = (lls + tl — |] ) EX (e0). (8.1.4) 


Equating (8.1.4) and (8.1.3) proves that E X (t) = 0. 
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Similarly, EX(t)? = | 7 a? Тога + € R” where o? = EX? (eo). There- 
fore for all t, s € R”, 
E(X(t) - X(s) = E(X(t— 5) - X(0)? = EX? (t - 5) = |t - so? 


and 


Ш 


ЕХ@)Х(в) ЕХ? @) + EX(s) - E(X(1) – X(s))?} 


2 
g 
= zi + s? – t- si}, 


which is the autocovariance function of a Lévy fractional Brownian field. MW 


8.2 Chentsov random fields | 


We want to study 50:5 random fields of the form X(t) = fp 1y,(z)M(dz), t € 
R”, where M is a 505 random measure with control measure m and the V;s are 
sets parametrized by t € R”. 


Definition 8.2.1 Let 0 < а < 2, (E, £,m) be a measure space, E be non-trivial, 
M be a Sa S random measure with control measure m and (V;, t € R^) bea 
family of measurable subsets satisfying 


m(V4) < oo forall t € R^. 


The random field 
X(t) = M(V:), tE К", 


is called a 505 Chentsov field. The measure m is called the associated measure. 


Example 8.2.2 Suppose @ = 2 and n = 2 and let M be a Gaussian random 
measure on (R4)? with Lebesgue control measure. The so-called Brownian sheet 
is the Chentsov field (X(t) = М(И), t € (Ry)?} with 


% = ((ап,2): 0 < T1 S t, OS 2 < t}, te (R4). 


X has mean zero and autocovariance function EX (5) X(t) = (si A t1) (32 A t2) 
where s = (51,52), Ё = (t, t2). It is self-similar with H = 1 but it does not have 
stationary increments in the strong sense. 


We will be interested in Chentsov fields that are self-similar and have stationary 
increments in the strong sense. Before showing that such fields exist, let us 
determine the restrictions that the additional assumption of H-sssis imposes on 
the associated measure. Fix 0 <a < 2, Н > O and let (X(t), t € R^] bea 
SaS, H-sssis Chentsov field with associated measure m. 
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Proposition 8.2.3 H-ss implies 
т(Уш) = o? m(V), foralla 0, te R^. (8.2.1) 
The stationarity of increments in the strong sense implies 
т) А Vao) = т(М ^ Vo), forall g € G(R"), ге Е", (8.2.2) 


where А denotes the symmetric difference. 


PROOF: H-ssimplies М{Иш) = a! M(V.) for any a > 0 and any fixed t € В". 
Equating the characteristic functions yields m(Vat) = a? m(V;). 
Stationarity of the increments in the strong sense implies 


M (Vye) – М(У но) = M(Vi) – M(Vo) (8.2.3) 
for any fixed t and д € G(R”). Letting У“ denote the complement of V, we have 


MO) - M(Vgg) 
M(Vst Vat) + M (Vaen П Удо) 
= M(Vsq П Vat) = M (Vao N Уа) 
= M (Vy) Vio) – M (Vao N Vit), (8.2.4) 


Since these last two terms are independent, we obtain 
—In E ee М(Ми)) = М(У,о)))} 
тд) N Удоу) + (Vat) N Vat) 

= «(vis N Vito) U (Идо) N và) 

= тд) A Vat) (8.2.5) 
Relation (8.2.3) establishes (8.2.2). M 
Remark. Setting # = 0 in (8.2.1) gives 

m(Vo) = 0 
i.e., X(0) = M (Vo) = 0 a.s.. Then (8.2.2) becomes 
m(V;q А Vg) = m(W), Yg € G(R"), t e R^. 


The measure m and the family (V;, t € R” } induce a pseudo metric 


d(t, s) = ти AV.) 
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in R”. Indeed, d(t,£) = 0, d(t,s) = d(s,t) and d(t,s) < d(t,u) + d(u, 5). To 
establish the last relation, note that 


МДУ, = (VAV) A (Va AV) 
C (Vi A Va) U (Va АУ,). 


The function d does not define a metric because d(t, s) = 0 does not imply t = s 
in general. If X is a H -sssis process, however, then d is a metric. Indeed, 


Proposition 8.2.4 H-sssis implies 
d(t, s) = m(V, А Vu) = clit — sj^", 
where c = d(eo, 0) and eg = (1,0,...,0). 


PROOF: Relation (8.2.2) implies d(g(v), 9(0)) = d(v, 0) for any Euclidean rigid 
body motion g іп R”. Setting g(v) = v — u gives d(v — и, ~u) = d(v, 0) and 
setting = v — u, 5 = —u yields 


d(t,s) = d(t — s,0). (8.2.6) 


Now t — s = ||Е — s||e where e is the unit vector in the direction t — s. However, 
relation (8.2.1) implies 


d(t — 5,0) = d(ljt — sje, 0) = || — 5||°” d(e, 0). (8.2.7) 


Now let g be the rotation around the origin that maps the unit vector e into the 
unit vector eg — (1,0,...,0). Since g(0) — 0, we obtain by using (8.2.1), 


d(e,0) = m(Ve A Vo) = m(Vte ^ Удо)) 
= M(Va A Vo) = d(eo, 0). (8.2.8) 


Relations (8.2.6), (8.2.7) and (8.2.8) prove the proposition. W 
Corollary 8.2.5 If (X(t), t € R") is an H-sssis SaS Chentsov field, then 
Н < l/a. 


PROOF; Proposition 8.2.4 and the triangle inequality imply c|2t|** = d(2t,0) < 
d(2t,t) + d(t,0) = 2с| |9, і.е. 289 <20r H < 1/o. Ш 


Corollary 8.2.5 implies that the Lévy fractional Brownian field cannot be 
represented as a Chentsov field when 1/2 « H « 1. We will see that it can be so 
represented when 0 < H < 1/2 (Examples 8.3.3 and 8.4.5). 
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The Lévy-Chentsov and (а, H)-Takenaka fields defined below provide ex- 
amples of SaS Н-5515 Chentsov fields with H = 1/a and 0 < H < Та, 
respectively. 

Propositions 8.2.3 and 8.2.4 were established using only the marginal distri- 
butions of the field X. They provide necessary conditions for H-sssis. The next 
result gives sufficient conditions for H-sssis and involves the finite-dimensional 
distributions of X. 

The following notation will now be used: 

For d > 1, consider the set of all functions 


E; = (A: {1,2,...,d} — (0,17 4(0,0,...,0)) (8.2.9) 


and let 6 = (6(1),6(2),..., ó(d)). Each component of 6 € Z4 is either 0 ог 1, but 
the components are not all zero. Moreover, if B is a set, let 


B'- B, 
B? = B* = the complement of B. 
Thus, (B°)! = B? and (B^? = B! = B. 
Theorem 8.2.6 Ser 0 < а € 2, 0 < Н < Па. Let (E,E,m) be a measure 
space, M be a SaS random measure on (E,€) with control measure m and 
(V, t € R?) be a family of m-measurable sets. Then 
X(t) = M(W),tc R^, 
is ап H-sssis SaS Chentsov process if the following three conditions hold: 
(i) m(V:) < cofor any t € R^; 
Gi) 
d d à 
"(f van) = ан "(0 vx ) (8.2.10) 
к=1 k=l 
for any t, ђ,... ta € R^, 6 € Xa, d>1,a>0; 
(iii) 


d d 
ölk 6(k) 
"(f (v8 луы) -n(f) v ) (8.2.11) 
kel k=l 


Јогапућ,... ta € R^, 6 € Ea, d > 1 and for any g € G(R"). 
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PROOF: Condition (i) ensures that {X (t), t € R” } is a SaS Chentsov field. То 
prove that it is H-ss, let t;, . . . , £4 Є R” and notice that each set Vj,, ..., Vj, can 
be expressed as a union of disjoint sets as follows: 


d 
U Nw”, 
6:5(3)=1 k=l 
where the union is over all functions 6 € Aa such that ó(j) = 1 (see Exercise 
8.2). 

We shall now prove that the characteristic function of the vector 
(X (ati), ..., Х(аћа)), а > 0, equals that of (a? X(&),...,aP X(t4)). We 
have 

d 


Bexp{i У д,Х(а5)] 
ја 
= Eexp[i$ 6M(Va,)) 
j=! 
tb fe) 
d 
= Bexp{i 8, У «(f va?) 
j=1 6:6(3)=1 
d 
E 6(k) 
вәз: у м(П Von ) 5%) 
= x vio 
Део Qeon) (Ph a) 
- Пв (o ухо) | (8.2.12) 
d d 
= ЕЗ PT \ 
=.= Bexp{iS ИЛАН}, 
j=l 


by retracing the preceding steps. 
We establish the stationarity of the increments by showing that for any 
g € G(R"), the characteristic function of (X(g(&)) ~ Х(9(0)),..., Х(9(а) — 
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X (g(0))) equals that of (X (t1), . . ., X (24)). (Notice that (ii) implies m(Vo) = 
We have 


Еехр{ у» (X(alts)) - X((0))) 
d 
= Eexp i^; (Мер) — M(V;))] 


1 


а 
= Бекр} у YMan 49) - M(V, m as in (8.2.4) 


2 


= seis (м U (пу) 


j=l 6: 6(j)-1 k=1 


«CU. Аа) 


- Пеја E sirm( (vith 9) 


5€Xa j:o(j)21 
d 5(k) 
x apf- > (8 (( io) Va) ) as in (8.2.12) 
#50)=1 k=l 
d 
= П 8027 El) m (N e лудо) | as in (8.2.5) 
ERa ј=1 = 
= П (а uy by (iii) (8.2.13) 
6€X, 3==1 к=1 
а 5 
= --- = Bexp [15 6, Ху), (8.2.14) 
j=l 


after retracing our steps. This concludes the proof. WM 
The preceding proof also establishes: 


Corollary 8.2.7 Let {X (t), + € R” } be a Chentsov field with associated measure 
т. The characteristic function of the vector (X (ti), . .. , X(t4)), d > 1, equals 


ы d 
Еехр{ у Хе) = ÍI epf- У ЛЕ к) 
А 56а iG) kei 
(8.2.15) 


and is therefore determined by the numbers me E: у), 6 € X4. 
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8.3 Example: the Lévy-Chentsov random field 


As a first example, we construct the Lévy-Chentsov random field, which is an 
extension to а < 2 of the Lévy fractional Brownian field defined in Example 
8.1.3. 

Let Sn denote as usual the ((n — 1)-dimensional) unit sphere in R” and let s 
be a point on Sn. A hyperplane h іп R” which does not contain the origin is a set 
of dimension n — 1 parameterized by (s,r) € 5, x Ry where Ry = {r: r > 0). 


Figure 8.1: The hyperplane h is defined 
by the parameters s and r. 


Here, it will be more convenient to regard the hyperplane А not as the set (x € 
R”: < z,s >= т}, where <, > denotes the scalar product in R”, but as the pair 
of parameters (s,r) € 5, x R}. We are now in position to define the measure 
space (E, E, т) and the sets V, t € R”. Let 


E = alhyperplanes h in R” of dimension n — 1 
that do not contain the origin 
(5,7): 36 Sn, 0 <т< оо} 
= Sn xRy, 
& = Borelø-fieldon E, 


and let m be the measure on ( E, E) given by 
m(ds, dr) = ds dr 
where ds denotes the Lebesgue (ie., uniform) measure on 5, (m(S,) = 


area of Sn). The measure m is o-finite since 


{s€5n,7>O0}=[J{s€ Sn, i<r <++1). 
'ode0 
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If B is a set of hyperplanes in €, then 


m(B) = | аза (8.3.1) 


Hence: 
(i) m((h]) = 0 (the measure of a single hyperplane is 0). 
(ii) A set of hyperplanes, all containing a given point has m-measure 0. 
(iii) A set of parallel hyperplanes has m-measure 0. 
A rigid body motion g € G(R") induces naturally a map g’ on Sn x R4. Since 


m(g(B)) = т(В), . (8.3.2) 


we say, simply, that the measure m is invariant with respect to Euclidean rigid 
body motions of hyperplanes. Thus, in particular, the measure of all hyperplanes 
that intersect segments of equal length is the same. 

Finally, for each t € R”, let 


V 


all hyperplanes h separating the origin 0 and the point £ 
{(s,r):0<r<<s,t>} 


and Vo = 0. Observe that 


mY) = Leb (r:0 <r << s,t »)ds 
За 


E f | < st» |ds = cltl|, (8.3.3) 


n 


where c = (1/2) Js, < s, eg > ds and eg = (1,0,...,0) є Sn- 


Definition 8.3.1 A Lévy-Chentsov field {X (t) = M (V+), t € R” }isa 505, 0 < 
а < 2, Chentsov random field with the associated measure m and the sets (И, t € 
R” } defined above. 


Theorem 8.3.2 А SaS, 0 < a < 2, Lévy-Chentsov field {X(t) = М(М), t€ 
R” } has the following properties: 


s Itis l.sssis. 
e There is a constant c > 0 such that 


d(t,s) = m(V ^ Vo) = elt — sil. 


e If п = 1, non-overlapping increments are independent. 
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Proof: Conditions (1), (ii) and (iii) of Theorem 8.2.6 hold with Н = 1/a. (The 
verification of condition (ii) is similar to that of (8.3.3), and condition (iii) holds 
because m(Vo) = 0 and m is invariant under rigid body motions of hyperplanes.) 
Hence X is an +-sssis random field. The relation d(t, 5) = с; — s|| follows from 
Proposition 8.2.4. Finally, set n = 1 and let 0 < tı < t» < t3 < t4. Hyperplanes 
that pass through an interval can be identified here with that interval, and since 
the intervals [¢;, t2] and [2з, t4] are disjoint, we conclude from Theorem 3.5.3 that 
X (tz) – X(ti) is independent of X (t2) — X (tı). W 


Example 8.3.3 When a = 2, the Lévy-Chentsov field {X (t) = M(V,), t € R") 
is Gaussian with mean 0 and autocovariance 


2 
EX()X(s) = F {[ + Їз — lit — sll}, ts € R”, 


by Proposition 8.1.4. Itis the Lévy fractional Brownian field with H = 1/2, and is 
usually known as Lévy Brownian motion. If, in addition, n = 1, then EX (t) X (s) 
equals either min(t, s), if £ and s have the same signs, and equals 0 if they have 
opposite signs. Hence, (Х (t), t € R!} is Brownian motion. 


8.4 Example: Takenaka random fields 


Although, in the preceding section, we defined У; as the set of hyperplanes 
separating О and £, we shall now take У, to be the set of hyperspheres that separate 
0 and f. Our goal is to construct a family of SaS Chentsov fields that are H -sssis 
with H « Па. 

A (hyper) sphere іп R" of dimension n — 1 can be represented by a pair (=, А) 
where x € IR" is its center and А € R, is its radius. It will be more convenient 
here to regard the sphere not as the subset (у: ||y — z|| = А) of IR" but as the pair 
of parameters (x, А) € R^ x R4- 

Define 


E = allspheres іп R” of dimension n — 1 
= ({(2,А): тє", 0<A< оо} (8.4.1) 
= R"™xR,, 

E = Borelo-field on E, 


and for each t c Е", let 


| 


у; all spheres in E separating the origin 0 and the point t 


{(a, A): [ж < АЈА (2,2): | — tll < л}. (84.2) 
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The set V, is illustrated in Figure 8.2 in the case n — 1. 
A 


Figure 8.2: The set V, fort € R'. 


To understand the analytic definition of V, note that the set V; excludes spheres 
that contain both 0 and # or that contain neither 0 nor #. Thus, for a sphere (т, А) 
to be in V}, we must have either 


iO — z|| € А and |t —z|| > А 
(0 is in the sphere but £ is not) or 

t- 21 <А and [0-2] > A 
(Ё is in the sphere but O is not). 


Definition 8.4.1 Let 0 < a < 2. If (E,£) and (Vj, t € В} are defined 
as in (8.4.1) and (8.4.2), respectively, then the SaS Chentsov field {X(t) = 
M(V,), t € R"} is called а (SaS) Takenaka field. 


A Takenaka field can have any associated measure т, as long as m(V;) < 
oo, t € R^. Because we are interested in self-similar fields, we shall consider the 
family of associated measures m = mg, 0 < 8 < 1, where 


mg(dz, dd) = A87?! dz dd. (8.4.3) 


Lemma 8.4.2 (a) Fix 0 < B < 1. Then mg(V) < co for all t € R” and, 
moreover, 


mV) =— 


V (lap — |е – 8“ "ја: (8.4.4) 
n= B Jizer": jalce} 


which equals 
Jl уу" la, sS Ver, 
m etse "(3h + 04) 
(8.4.5) 


(b) If mg(Vi) < œ for some t # 0 and some —oo < В < oo, then0< B < 1. 
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PROOF: Set g(dd) = A97^-1dA so that mg(dz, dA) = ug(dA)dz and define, 
foreach z € R^, М = (X: A > |x — tll} A (A: A > |ај) C R'. Then 
mg(V) equals 


n пази) )dz 


- ноу ја + | пау as 
ER”: ||| <||=—| {zeER": |z]| liz —til) 


ug (Vide 


T ЏЕП аи m” 


2-41 

2 | (/ ла") ас 
{zeR": ls] elt ЛЕ 
2 


(112 — liz — 42"), 


п — В Јев": |<) 


establishing (8.4.4). 

Notice that the integrand in (8.4.4) diverges as т — 0 or — оо. As z — 0, 
the integrand behaves like ||z:||-77, so the integral converges in a’neighborhood 
of 0 if and only if 8-n+(n-—1)+1>0,ie, 6 > 0. As т — oo; 
the integrand behaves like ||z||°-"-!, so convergence takes place if and only if 
B-n-14+(n-1)+1<0,ie, 8 < 1. 

Finally, we prove (8.4.5). Let < , > denote the scalar product in R” and notice 
that the inequality ||т|| < |t —z|| is equivalent to < 2,2 > < «z—t, т-р 
= o«rxr»-2«iz»-L4ctüi»thaistoctz < [t|?/2 Let 
t = |е where e is a unit vector іп R”. 

If t 4 0, the change of variable т — x/|¢| in (8.4.4) yields 


21412 


mg(Vi) = 
в(М) n= Јев: <ез> < 1/2} 


(llf? — lx — е|#—")ат. 


Since Lebesgue measure іп R” is invariant under rotations, the integral does not 
depend on e. Replacing e by (1,0,...,0), we see that mg(V;) equals 


2) scar а (= тре) Ys aye 77 has. 


п = В {zER™: 21<1/2} (Q- 
The change of variable 21 = zi — 5, zx = Tk, k > 2, yields (8.4.5). " 


When n — 1, we have (see Exercise 8.3) 


та(и) = - === 2 Pp. (8.4.6) 
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Definition 8.4.3 Let 0 < а < 2and 0 < 8 < 1. The 505 Takenaka field 
{X(t) = M(Vj), t € R”} with associated measure mg is called an (а, Н)- 
Takenaka field, where H = G/a є (0, 1/o). 


Theorem 8.4.4 An (a, H)-Takenaka field, with 0 < а € 2and0 < Н < la, is 
Н -sssis. 


PROOF: We must verify conditions (i), (ii) and (iii) of Theorem 8.2.6. Condition 
(i) follows from Lemma 8.4.2. To verify condition (ii), one could return to the 
proof of Lemma 8.4.2, but it is easier to note that 


Ум = {(,A): || S AA (А): || — atl S A} 
{(ат, ал): |= S A} ^ {(az, a): | — tl] < А), 


and thus Vat = aV;, where ай means that every element of У, is multiplied by a. 
Similarly, Ид, = аў and V, = аў where V, = pam i vem. 
Therefore, 


ma(Va) =f A8-^-!dzdÀ = a mg(Vi) 
[A | 
since (ах) = a^ dz and d(aX) = add. 

We now verify Condition (iii) of Theorem 8.2.6. Since the transformation 
(x, A) — (g^! (x), А) is an isometry, its Jacobian equals 1 and therefore 


d d d 
б 
Оа) =o ( (еа) =o 
k=l k=l 


vem) 
к=! 
using Vg = 0. 

The three conditions of Theorem 8.2.6 hold with H = б/о and, therefore, the 
SaS Takenaka field {X(t) = M(V;), t € В") with associated measure mg is 
ßB/a-sssis. M 


Example 8.4.5 A (2, H)-Takenaka field is a Lévy fractional Brownian field 
(Proposition 8.1.4). 


8.5 Properties of Chentsov random fields 


In this section we investigate the properties of the finite-dimensional distributions 
of Chentsov fields on R”. In Theorem 8.5.1 we show that the spectral measure is 
discrete and in Theorem 8.5.3 we investigate what happens when о varies. 
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Theorem 8.5.1. Fix 0 < o < 2 and let (X(t), t € R^) be a SaS Chentsov 
random field with associated measure m. Then the spectral measure Y of the vector 
(X(t1),...,X(ta)), d > 1, is discrete and concentrated on at most 2(2® — 1) 
points of the unit sphere Sg. These points are +°, where 


1 
wa eg) 


and where Уа is defined in (8.2.9). The point masses of the measure Г are 


| а «/2 а 
г(—(®) = Г(с°) = b» sto) "(f um (8.5.1) 
j=! k=1 


£e (6(1),... ,6(а)), 6 € Xa, 


PROOF: The characteristic function.of (X(t,),...,X(ta)) is 


Eexp[i y 242) 


j=l 
d 
= apf- DIL siPm(f) va) (as in (8.2.12) 
6€Ya j:6(j)-1 К=1 


by Corollary 8.2.7. The theorem follows by identifying this expression with 


apl- / lh Basal” rd || 
5а 


The distribution of a 505 Chentsov field ( X(t) = М(И), t € R”} clearly 
depends not only on the control measure m of M but also on the value of a. 
To make the dependence on о explicit, we now write Xq(t) = Ma(t), t € R^, 
denoting by Ma а SaS random measure with control measure m. What happens 
when we fix m and let а vary? 


Definition 8.5.2 Fix (E, E, т) and a family of sets (Vj, t € IR^). The family of 
random fields 


{{Xa(t) = Ma(V:), te R"}, 0О<а < 2) 


is called a conjugate class of Chentsov fields. The field {X2(t), t € R”} is the 
Gaussian element of the class. 


Theorem 8.5.3 Let ((X&(t), t € R^), 0 < o x 2) and ((XA(t), t є 


R^), 0 < а < 2} be two conjugate classes defined by ((E,£,m), {Vi}) and 
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ЦЕ’, = ‹ m’), (V?) ). respectively. If the Gaussian elements X5 and X; are iden- 
tically distributed, then for any 0 < о < 2, the fields Xa and X!, have the same 
two-dimensional distributions. 

Moreover, if {Xa (t), t € В") E (X4, (t), t € R^) for some 0 < œ < 2, 
then {Xa(t), t € R^) = (X7 (0, t € R"} forall0<a <2. 


PROOF: Xa has two-dimensional characteristic function 


Eexp(61 Xo (t1) + 62X4(t2)) 
= ехр(–(|д |ет(И, à VE) + lo]? m(V£ N Va) + |8, + &]*m(V,, N Viz) }}- 
(8.5.2) 


The Gaussian element has characteristic function 


1 
E exp(0i X; (ti) +6; Х2(#)) = exp —{ о? 016201, t, +50 | \, (8.5.3) 


| where o? = E(X2(t))? and o, ,, = EX(t)X(t;). Identifying (8.5.2) with 
а = 2 and (8.5.3), we obtain 


c 7 i 1 
ту n Ve) + m(Vi, n М) => 598, 
1 
ту N Va) + M(Va nV) кә 594 
2m(W,nV4) = Utt 


ie., 
m(Vi, OVE) = HO, ^ On), 


m(VE n Vin) = о? M 71,5); (8.5.4) 


m(Vi, n V) lou. 
Any two conjugate families with equally distributed Gaussian elements have the 
same os and, hence, the same values for m(V;, ГУ), m(VE OVa), m(V nV). 
By virtue of (8.5.2), they have the same two-dimensional characteristic functions. 
The last part of the theorem follows from Theorem 8.5.1. Ё 


8.6 Properties of H-sssis Chentsov random fields 


Whereas the preceding section covered arbitrary Sa.S Chentsov fields, we consider 
in this section 505 Chentsov fields that are also H-sssis, for example, (а, Н)- 
Такепака fields. 
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Proposition 8.6.1 Fix o € (0, 2] and Ho € (0, 1/ap] and let (X (t), t € R”} be 
а SagS, Ho-sssis Chentsov random field. Then the conjugate class ((X4(t), t € 
R™}, 0 < a € 2) with Xa, = X is well defined and, moreover, each member 
Xa, 0< а < 2, іза SaS, Ha-sssis Chentsov random field, with Hy = oHo/a. 


PROOF: Fix 0 < а < 2 and consider (Х, (6) = Ma(V;), t € R^) where Ma 
has control measure т. Since aH, = аоНо, the control measure m satisfies 
the conditions of Theorem 8.2.6 and therefore Xa is a 505 H,-sssis Chentsov 
random field. ИМ 


Normalized 505 random fields have identical one-dimensional distributions. 
The next result states that if they аге H-sssis Chentsov with the same Н, then they 
also have identical two-dimensional distributions. 


Theorem 8.6.2 Fix 0 < а € 2and 0 < Н < 1/а. Then any two 505, 
H-sssis Chentsov random fields have, up to a multiplicative constant, the same 
two-dimensional distributions. 


PROOF: To avoid confusion with previous notation, let ao and Но denote, respec- 
tively, the a and Н in the statement of the theorem. Let {X (t) = M(V,), t € R") 
and (X'(t) = M'(V/), t € R^) be the two random fields with associated mea- 
sures m and m’, respectively. Consider, as in Proposition 8.6.1, the conjugate 
class {{Xa(t), t € R^), 0 < a € 2) with X4, = X, and also the conjugate 
class ((X4(£), t€ R^), 0 < a € 2) with Х = X". Proposition 8.6.1 states 
that the Gaussian elements Хә and X; are both H-sssis with Hz = œo Ho/2 and 
hence they are both Lévy fractional Brownian fields. Since the Lévy fractional 
Brownian fields with same self-similarity index differ only by a multiplicative 
constant C, we have X; £ CX}. Therefore, by Theorem 8.5.3, the relation 
(Xa(tt), Xa (62) = (CXa(ti), CXa(t2)) holds for all 0 < a < 2 and, in 
particular, for a = ap. | 


What happens if we restrict the argument t Є R” in (а, H)-Takenaka or Lévy- 
Chentsov fields to a linear subspace IR" С R” with m < п? Do we obtain a new 
type of random field? The answer is in the negative. 


Theorem 8.6.3 Fix0 <a < 2, 0 < 8 « 1, т < n, set Н = B/a, and 
let (Х 48), t € R^) denote an (o, H)-Takenaka field with associated measure 
dm3(2n,A) = допала, £n € R". Then the random field 


Y™(t) = X™(t,0,...,0), t€ R”, 


n-m 
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has the same finite-dimensional distributions as {CX™(t), t € RT), where 
C is a constant and X™ is an (а, H)-Takenaka field with associated measure 
ат (Em, А) = дете дада, та € R”. 

A similar statement is true if X" and X™ are Lévy-Chentsov fields. 


PROOF: We shall consider Takenaka fields (the argument is similar for a Lévy- 
Chentsov field). We may assume т = n — 1 (the general result follows by 
induction). Let z, = (2, 21) € R^, where zm € R™, zı € В! and let 
#= (t,0) € R”, where t € К", Then Y™(¢) = М" (УЛ), t € R”, with 


Ww 


[Gm zi А): MG 2) S А) 

А (ст, та, А): (zm, 2i) — (2,0) < A} 
(тата, А): ап | < 7 zi} 

А {(Em E1, А): [жы — tl < X ~ af} 
(ст, 0,7): 15.1 < т, |0] < 7/2) 

А (2,0,1): га — tl] < m |0] < п/2), 


lí 


where we set 7 = (A? — 12)!/?, зїп Ө = 21/Х and, thus, cos @ = n/A. Therefore 
ҮЛ = VP x [-п/2,1/2]. 


Since the Jacobian of the transformation (21, A) +> (6, 7) equals 7/ cos 8, we have 


mavr) = || lyp (zm; 21, ) A9 "^! dz, dzidÀ 
R” xR, 


7/2 n B-n-1 n 
Í lym (2, 1) (5) — dz, апав 
-rp Јатхва | cos 0 cos Ü 


7/2 
| lym (Em, П)" dz, dn || (cos ду" +! 848 
RT XR, у -7/2 


= Cm (V) 


Ш 


where C = CS gynt!-8qg. 
But the finite-dimensional distributions of X" are determined by the measure 
of sets of the form (^. (V£) (9 (see (8.2.12). Since Т transforms these sets 


into Г (V2) x [—®, £], the preceding argument also shows that 


ms (Awa) = Стр (A vey), 


The result now follows from Theorem 8.5.1. M 
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8.7 Codifference induced by (o, H)-Takenaka fields 


We now turn to the codifference 7(-) and to the function 1(01,05;.-) defined in 
(4.7.1) and (4.7.5), respectively. These functions provide information on the 
two-dimensional distributions. Since they are defined for stationary stochastic 
processes only and not for non-stationary random fields, we want to apply them 
to stationary stochastic processes induced by an (a, H)-Takenaka random field 
(X(t, te R™}. 

Choose an arbitrary unit vector e Є R” centered at the origin and consider 
the projection process (X (ue), и € R!) which is defined on the line spanned 
by the vector e. Since the random field X is H-sssis, the projection process 
(X(ue), u € R!) is H-sssi. Therefore, the increment process 


Y(u) = Х ((и + 1)е) - X(ue), че R! 


is stationary. 
The following analysis centers on Y. Our goal is to derive the asymptotic 
behavior of the function 


1001,6; и) 
= – In Ее (НВУ (0)) + tn He) + In Бе" У (0) 


= |е У (и) + €2Y (0) 15 — ||, У (pile — ||; У (0) | (8.7.1) 
as u — oo and hence that of the codifference 
т(и) = -I(1,—1;u) 


when X is an (о, H)-Takenaka field. To simplify the notation, we let m denote 
its associated measure (m is the та of (8.4.3)). The normalization constant 


IY CDI = [Х((и + Пе) – X(ue)l = IM(V2)lIa = m(Ve) 


which appears in the results does not depend on the chosen direction e. Its 
numerical value is given by (8.4.5) (with 8 = aH and ||||8 = 1). 


Theorem 8.7.1 Let {X(t), t € IR^) be an (о, H)-Takenaka field, 0 < а < 
2, 0 < Н < l/a with associated m, let e € IR” be an arbitrary unit vector 
centered at the origin and let I and т refer to the increment process 


Y(u) = Х ((и + 1)e) – X(ue), че R. 
Then 


1(0,,05; ч) = M(Ve) Fa (61,65) (|u + Це — дјије Н + |u — 188), и > 1, 
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where 
F5,(01,0;) = |0 |“ + |G2]* — |0; — 6; |. (8.7.2) 
If, in addition, 0,0. Æ 0, then, as u — co, 


I(0;,02;u) ~ —m(V.) Fa(01, в) oF) uaa 


and 
T(u) ~ —m(V.)(2% — 2,20. ан) ana, 


PROOF: Suppose, without loss of generality, that 0; and 0; are not equal to zero 
and assume firstly that т = 1. Since the process Y is 50:5, it is sufficient to take 
e = 1. Since Y (и) = M(V,41) — M(V,) and Vo = 0, we have 

йү (и) + ФУ (0/2 Џо М(М„ы) — 01M (Vu) + hM (Vi) 
lei] (m(Vu А мы) 7 m(By U В,)) 
+ Je (m(V) – m(Bu U Ва)) 
+ |# + 6 |"т(В,) + |9, – 6; m(B.), 


| 


where B, = (И„АХИ»ы) N Vi and BL = (Уа Ка) Пп Vi... By stationarity, 
(Va ^ V,41) = m(V, A Vo) = m(V;). Since Lemma 8.7.2 below shows that for 
u > 1, B; = 0, we obtain 


IY (и) + &Y (02 = | | (m) – т(В„)) 
+ |62|*(m(Vi) – m(Bu)) + 10; – @2|°m(By), и > 1, 
and hence using (8.7.1), we obtain 
I4(01,605; и) = —F4(81,0;)m(B.), и> 1, (8.7.3) 


where Г. and Е, are given by (8.7.1) and (8.7.2), respectively. (We have written 
Та instead of I to avoid confusion.) We shall evaluate m(B,) by considering the 
analog of (8.7.3) for а = 2. 

The field X is a member of a conjugate class that includes a Gaussian element 
X2. By Proposition 8.6.1, X2 is Н-5515 with Hy = aH/2. The induced 
projection process ( Xo(ue), и Є R! } 15 H2-sssi and, hence, is Brownian motion if 
Н = 1/o (i.e.,if Н = 1/2) and fractional Brownian motion (see Definition 7.2.2) 
if H < 1/o (Le, if Hy < 1/2). Let (Yo(u) = Хо((и + le) – Xo(ue), v € R'} 
denote its increment process. Letting Љ(6у, Ө»; и) be defined as in (8.7.1) (with 
а = 2 апа У = У), we obtain 


hA, bru) = (Мади) + 8000) — Var (61 ¥a(u)) — Var (82Y2(0))} 


= 010ЕҮ(и)12(0). 


| 
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The process (Yo(u), u € R'} is fractional Gaussian noise,” with variance 
o = 2 (1) = AVe) = 2m(V.). 

On the other hand, by (8.7.3), we have, for и > 1, 
Б(6 „ду; ш) = —F3(01,0:))m(B,), и > 1. 


Therefore, for u > 1, 


Fo (01,02) 
F,(0), 62) 
ОМ 9) 


= —28,, PEYO) 


1 
= z^ (8i, 6) БҮ, (u) Y; (0). (8.7.4) 


Та (61,62; и) (01,0; и) 


It remains to evaluate EY>(u)¥3(0). Since 2H; = aH, this covariance equals 
EY9(u)¥2(0) = m(Vi)(]u + 197 — 2fu + ји — 1|) 
by Proposition 7.2.9 and, as u — oo, 
Еу(ију (0) ~ m(VijaH (aH — 1)u?7 ?, 


as in Proposition 7.2.10. Substituting these expressions in (8.7.4) concludes the 
proof in the case n = 1. 

Suppose, now, n > 1. Let {Х!(и) = M(V,), u € R} be the (a, H)- 
Takenaka process on R with associated measure m!. The theorem, as we have 
shown, holds for X, with m(Ve) equal to m! (И). If eg = (1,0,...,0) € R^, 
then by Theorem 8.6.3, 


{X(ueo), u € R} = (CX (u), u € R} 


in the sense of equality of the finite-dimensional distributions. To determine the 
constant C, notice that 


m(Va) = | (ео) 2 = ІСІ) = ICI? m! (И), 


i.e., 
mV, 
јаје = ( а) J 
ml (Vi) 
?]n Section 7.2.3, fractional Gaussian noise was defined for и = ...,—1,0,1,..., but its 


definition can be extended naturally to all of € RI. 
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Therefore the theorem holds for the field X when e — eg. But, because of rotation 
invariance, for any vector e € IR" centered at the origin, we have 


{X(ue), u € В} = {Х (иел), u € R}, 


in the sense of finite-dimensional distributions. Hence our theorem holds for the 
field X and arbitrary e. Ш 


The proof used the following: 


Lemma 8.7.2 For u > 1, (V,41NV4)AVI = 0. 


PROOF: Recall that V, = С, A Co and С, = ((A,z):|z — ul € A}. Write 


(Vap Wa) aV = (Vapi тИ) ти 

[(Cu+1 А Co) п (Cu АС] n [Ci A Co] 

= ШС NCE) U (Са N Co)} N (C2 U Co) n (C. U Со) 
n КС N CS) U (Cf п Со) 

= (Са NCE) U (Се N Co)} N (Со NCS) U (Cu пс) 
N (С NC) U (CF N Со) . 

= (Са N CEN CE) О(С N CoN Ca) 
n КС NCS) u (Ct n С) 

= (CSN CiN CEN Cupi) U (CoN CEN Cu N Cha). 


Now (А х) € СПС N C£ n Си, у iff simultaneously 
jal > A ј2— ЦАА, |z- u] >A, |z -u- 1| <A. (8.7.5) 
Notice that inequalities (8.7.5) hold iff 
А<хж<А+1 апд А+и<хж<А+1+ ш. (8.7.6) 


If u > 1, there are no А and = satisfying (8.7.6), so Cj NC; N CS N Capi = 0. 
In a similar way, one can show that Co N C? N Cu п С = 0. Ш 


We have evaluated the asymptotic behavior of the codifference of a number 
of increment processes and found the following. For the projection processes of 
(а, H)-Takenaka random fields, the codifference behaves like u*H-? For ће 
linear fractional stable noise, it behaves either like н°—© or like uE-(/9)71 
(see Theorem 7.10.1 and a remark following the theorem). For the log-fractional 
noise, where Н = 1/a, it behaves like ш! ^^ (Theorem 7.10.2). It does not tend to 
zero for either the real harmonizable or the sub-Gaussian fractional stable noise 
(Propositions 6.7.1 and 4.7.4 respectively). Therefore we have: 
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Corollary 8.7.3 Projection processes of (o, H)-Takenaka random fields, 0 < 
a «2,0 < H < 1/а, are different from the linear fractional stable motion, from 
real harmonizable fractional stable motion and from the sub-Gaussian fractional 
stable motion. 


8.8 Takenaka processes on [0, со) 


We shall now consider Takenaka processes on [0, оо), ie., Chentsov fields 
(X(t) = М(И), t > 0) where the У, are defined in (8.4.2). We have seen 
that any d-dimensional distribution of a SaS Chentsov field on R?” has a spectral 
measure concentrated on at most 2(27 — 1) points of the unit sphere Sz. One can 
say more if that field is a Takenaka process on [0, со). 


Lemma 8.8.1 Let 0 < o < 2. If (X(t) = M(V;), t > 0} isa SaS Takenaka 
process, then the spectral measure V of (X (t1), .. ., X (t4)) is concentrated on at 
most d(d + 1) points of Sa. 


PROOF: The spectral measure of a Chentsov process given in (8.5.1) involves 
the sets rie. у, 6 € Fa. It is easy to see that for any 0 < tı < t2 < із < oo, 


Vi, NAVEN Vy = (8.8.1) 


and hence it suffices to consider sets of the form 


ra= (Ms) (Ае) vg), 1spsasd (682) 
j= ј=р 


Ј=4+1 


These sets are disjoint (Rp, Пра) = 0, if (p,q) # (2,4), and there are 
d(d -- 1)/2 of them. The (symmetric) spectral measure Г is therefore concentrated 
оп at most d(d + 1) points. M 


Remark. The proof fails if the process X is defined on R! instead of ЕЁ because 
Relation (8.8.1) does not hold, for example, when 6 < t2 < 0 < ёз. However, 
Va NA VEA Va OVE = дапа уе N Vn N Vg N V, = 0 for any ti < ё < t3 < t4, 
and so the measure is concentrated on at most 2d(d — 1) + 2 points in this case. 


Let0 Са «2, 0« 8 « 1, Н = В/а. The proof of the preceding lemma 
suggests how to construct SaS, Н = 8/a-sssis Chentsov processes which аге 
not (а, H)-Takenaka. 
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Example 8.8.2 Let п = 1 and define а Sa S Chentsov process (X(t) = 
M(V;), t > 0) with 
V = C, А Co, 


where 
О, = {(2,\) E R! x R}: —À < T£ — t <.—À/3 or A/3 <т- < Ар (8.8.3) 


and where M has control measure mg, 0 < 8 < 1, given in (8.4.3). It is easy to 
verify (Exercise 8.7) that mg(V:) < оо for all > 0 and that the process X(t) = 
M(V), 12 0, is H-sssis with H = 8/o. Note also that mg(Vi, N VEN Va) > 0 
for 0 < t, < t2 < 13 < co; so in view of (8.8.1), this process cannot have the 
same finite-dimensional distributions as an (a, H)-Takenaka process. 


Remarks 


1. The argument presented in the preceding example shows that an (a, H)- 
Takenaka process and the process defined in the example are different even 
if these processes are defined for all t є R!. 


2. One can construct other examples by setting У; = С; A Co where 


с; = Ci (a1, bi, a2, b2,...,an, bw) 
= {(z,A) ER! x Ry: aA<2—t<bA,i=1,...,N}, 


where –оо < а < bj < a3 <b <- < ау < by < оо (see Sato and 
Takenaka (1991)). 


3. While the spectral measure of any d-dimensional distribution of a general 
Chentsov field is concentrated on 2(24 — 1) points (Theorem 8.5.1), that 
of a Takenaka field defined on [0, со) is concentrated on d(d + 1) points 
(Lemma 8.8.1). Observe that while 2(2¢ — 1) > d(d + 1), there is equality 
when d = 2. 


4. An (a, H)-Takenaka process as well as the process defined in Exam- 
ple 8.8.2 are H-sssis Chentsov. They therefore have proportional two- 
dimensional distributions (Theorem 8.6.2). Example 8.8.2 shows that their 
three-dimensional distributions are different. 


The following theorem states that the two-dimensional distributions of Take- 
naka processes on [0, оо), in particular (о, H)-Takenaka processes, determine all 
the higher-dimensional distributions. 
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Theorem 8.8.3 Let O < а < 2 and let (X(t), t > 0) be a Sas Takenaka 
process. Then for any а > 3 and distinct t\,t2,...,ta, the distribution of 
CX (£p), X (t2), ..., X (£a)) is determined by its two-dimensional marginal dis- 
tributions. 


PROOF: Let m be the measure associated with X. Theorem 8.5.1 states that 
the distribution of (X (2;), Х(2;)) is characterized by the three numbers m(V;, N 
Vg), m(V5 n Vi) and т(У,, N Vi). The proof of Lemma 8.8.1 shows that the 
distribution of (X (t1), X (12), ---, X (£3)), 0 < ti < t2 <... < ta, is determined 
by m(Rpq), 15 p € д € d, where ће Rp, are disjoint sets defined in (8.8.2). 
It is therefore sufficient to prove that any Tp, = m(R5,),1 < p < q < d, can 
be obtained from 


aij = m(V, AVE), b;  m(V nV), 1Xi«j xd. 


Relation (8.8.2) implies 


у, NVE = Ù (а, l<i<j<d, 


p-l q=i 
and thus 


i 3-1 
аы = m(V AVE) = УУ? тра 1<1<)<4, (8.8.4) 


p=! q=i 


since the Rpy,s are disjoint. For 1 <i < j < d, we obtain 


Gil — Yes and aii j+ — 9-1,3 = ss 
i.e., 
Tij = (оја — 045) — (®@-1уы — aij) 1 «à & j « d. 
When i — 1, Relation (8.8.4) yields 
Tij = j+ — 21,5, 1 «j « d. 
Similarly, when j — d, 
i 
Vii Vig = J Ra ї<ї<а, 
p=! 


and so bia = ту, n Via) = x 


pei Трф that is, Tid = bia — bi-ia 1<і<4, 
and 71а = bia. E 
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The extension of the preceding result to non-Gaussian 505 Takenaka fields 
on R! and on R^, n > 2, is more delicate. 


Theorem 8.8.4 Let 0 < a < 2, n > 1 and let (X(t), t € R^) bea SaS 
Takenaka field. Then, for any d > n + 2 and distinct t,,to,...,tg € В", 
the distribution of (Xi, Xi, ..., X44) is determined by its (n + 1)-dimensional 
marginal distributions. 


PROOF: See Sato (19925) for n = 1,2 and Sato (1991) forgeneral п. Ni 


8.9 Exercises 


Exercise 8.1 Prove that the integral (8.1.2) is well defined and that the corre- 
sponding process has autocovariance (8.1.1). Express о in terms of со. 


Exercise 8.2 Consider d sets B,,..., Ва, let Z4 be defined as in (8.2.9) and, for 
ô € Xa, write Bet) = В, if 6(k) = 1 and Bet) = the complement of B, if 
6(k) = 0. Show firstly that 


d 
BiU- U Ва = U Први“. 


5€Z, k=l 
Then prove 
S 5(k) 
В} = U B, 
$€Iq 
$1 
forj =1,...,d. 


Exercise 8.3 Evaluate mg(V,) when n = 1 (see (8.4.6). 


Exercise 8.4 Let X7 y and Xf, be (o, Н)-Такепака fields on R” and К", 
respectively. Fix unit vectors e, Є Ё" andem Є R™ and define the corresponding 
projection processes (X7 y e, (u) = X24 (uen), ч € R'} and (Хан (и) = 
Xm н(иет), u E R!). Show that these processes are SaS, H-sssis Chentsov 
and that there is a constant C such that X? Hen E СХ Ене in the sense of 
equality of the rwo-dimensional distributions. 


Exercise 8.5 Let (X(t) = M(V:), t € R^) be a 505 Chentsov field with 


associated measure m. Fix + = (t;,...,ta) € (R7)? and define Ба as in Exercise 
8.2. For 6 € Ха, let 
у, if 6(k)=1, Vex if (К) = 1, 
5(k êl) _ 
vit ) уд) = 


Ve if 6(k) = 0, Ва x В+ if 6(k) =0, 
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d d 
V(t,6)- a ya, V(t,6) = N VM. 
kzl k=1 


Xa(6) = (6' = (6'(1),...,6'(6)) € Ea: &(k) > &(k) fork = 1,...,d). 


Show that the associated measure m satisfies the following 2 — 2 equation 


У) туњеб))= m(V (t,6)) for б € Уш\{(1,...,1)}. (8.9.1) 
6' €E4(5) 


This can be viewed as a system of 27 — 2 linear equations in 22 — 1 unknowns 
m(V(t,6)), 6 € X4. The right-hand sides are the values of mV (t, 6)), ве 
ам 1,..., 1}, which аге determined by the (d — 1)-dimensional marginal distri- 
butions of (X(t), “жеў X(ta)). 
Hint: See Sato (1991), p. 124. 


Exercise 8.6 Write (8.9.1) in matrix form as Max = b where Му is a (24 — 2) x 
(24 — 1) matrix of 0’s and 1’s. Let Ma(k) be the (24 — 2) x (24 — 2) matrix 
obtained from Ма by deleting the k*^ column. Prove that Mg(k) is invertible for 
any k = 1,2,...,27—1. 

Hint: See Sato (1991). 


Exercise 8.7 Verify the statements in Example 8.8.2. 


Exercise 8.8 Consider the H-sssi process {X(t), t > 0) defined in Example 
8.8.2. This process is not (a, H)-Takenaka. Show, however, that the codifference: 


T(j) for the increment sequence Y(j) = X(j + 1) — X(j), j > 1, is still 


;aH-2 


asymptotically proportional to 7 as j — co. 


Chapter 9 


Introduction to sample path 
properties 


We have defined a stochastic process {X (t), t € T} by its finite-dimensional 
distributions. We now want to view it as a collection of random variables. Our 
goal is to study its sample paths, i.e., the functions {X(t,w), t € T), w € О, We 
shall do this in several chapters. In this chapter we introduce a number of basic 
notions such as “versions,” “separability” and “measurability,” that are used in the 
study of sample path behavior. We shall not assume at first that (X (t), t € T} is 
stable because these notions apply to all stochastic processes. Some of the more 
technical proofs in this chapter and the following ones can be omitted in the first 
reading. 

Two stochastic processes are versions of each other if they have the same 
finite-dimensional distributions. We will say, for example, that (Х (2), t € T} is 
sample bounded if there is a version whose sample paths are bounded. Separable 
versions, which are introduced in Section 9.2, allow the use of finite-dimensional 
distributions to compute the probability of events involving uncountably many ts. 
We use separability in Section 9.3 to obtain criteria for sample boundedness and 
sample continuity in terms of finite-dimensional distributions. In Section 9.4 we 
discuss measurability. Whereas separable versions of a stochastic process always 
exist, there may be no measurable versions. We provide in this section necessary 
and sufficient conditions for the existence of a measurable version. The conditions 
involve the Condition S introduced in Section 3.11. 

Section 9.5 is devoted to zero-one laws. Is it possible for a proportion 0 « 
р « 1 of the sample paths to have a given property or must p be either 0 or 1? 
Theorem 9.5.4 presents a very general zero-one law for stable processes that will 
be used on several occasions in the sequel. 
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9.] Versions 


In the preceding chapters, we characterized a stochastic process by its finite- 
dimensional distributions. We now view a stochastic process X = (X(t), t € T) 
as a collection of random variables defined on a probability space (©, F, P). Each 


element ш € Q gives rise to a "sample path" or "realization," which is denoted 
{X(t,w), te T). 


Definition 9.1.1 Two stochastic processes (X(t), t € T) and (Y(t), t € T] 
are said to be versions of each other if they have the same finite-dimensional 
distributions, i.e., 


{X(ta), n= L..., N} È {Y (tn), n=1,...,N} 
for any N and f),...,tw € T. 


Hence a version of a stochastic process is a representative of the equivalence 
class of all stochastic processes with a given set of finite-dimensional distributions. 
Even if two versions of the same process are defined on the same probability space 
they represent, in general, two different collections of measurable functions on 
that space; their sample paths, in particular, may be quite different. 


Example 9.1.2 Let e, e1, €2,... be a sequence of i.i.d. exponential random vari- 
ables defined on a probability space (Q, 7, P). Define three stochastic processes 
on (Q, F, P) indexed by t € [0, со) as follows: 


X(0)20, X(t) 2 nifej--- ће, С # < 61 + Кел, п=0,1,2,..., 


Y(0) =0, Y(t) =nife +: ел << е +: exigi т = 0, 1,2,..., 

X(t) ift z e, 

Z(t) = 

Х@ +1 ift=e. 
Observe that X is left-continuous, Y is right-continuous and 2 is neither left- nor 
right-continuous. But {X (t), t > 0), {Y (t), t > 0) and (Z(t), t > 0) are 
all versions of the same process, the standard time-homogeneous Poisson process 
on (0, оо). Of course, only (X(t), t > 0] is a Poisson process as it is usually 
defined, i.e., with right-continuous sample paths. It is useful to draw a typical 
sample path of each of the three processes and to note the difference between the 
pictures. 


If (X(2), t € T} and (Y(t), t € T) are defined on the same probability 
space and if for every t € T, 


Р(Х() = Y(0) = 1, (9.1.1) 
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then obviously the two processes are versions of each other. Processes satisfying 
(9.1.1) are typically called indistinguishable, but even indistinguishable processes 
can have very different sample paths (the three processes in Example 9.1.2 are 
indistinguishable but they have different sample paths). 


9.) Separability 


Some versions of a stochastic process {X (t), t € T} have properties that facilitate 
the study of sample path behavior. One such property is “separability.” 


Definition 9.2.1 A stochastic process { X(t), t € T) on a probability space 
(О, F, P) is called separable if there is a countable subset Т“ C Т and an event 
Qo € F with P(Qo) = 0 such that for any closed set F C В we have 


{w: X(t) € F, МЕТ Ме: X(t) € F, Yt € T) € Os. 
T" is called a separant for (Х (8), t € T]. 


This definition is useful if the parameter set T is uncountable. If the process is 
separable, we may consider a countable subset 7" of T and use finite-dimensional 
distributions to compute probability of events, even those involving uncountably 
many ts. Note that separability does not imply “smoothness” of the paths. The 
following example of a process consisting of i.i.d. random variables may be the 
best illustration of this point. Such a process is, in a sense, the “least smooth” 
one can think of, yet not only does it have a separable version but, in fact, every 
version of this process is separable provided that the distribution of X (t) has full 
support. 


Example 9.2.2 Let X = (X(t), t € Т} be a stochastic process consisting 
of ii.d. random variables, i.e., for any £j,...,t4 € Т, the random variables 
X(t&),..., X (tn) are ii.d.. Assume that the distribution of X (t) is supported on 
the whole of R, i.e., P(X(£) € (a, b)) > О for any –оо < a < b < оо. ИТ is 
countable, take Т* = Т. If T is uncountable, take T* to be any infinite countable 
subset of Т. Then any version of X is separable with separant T'*. To verify this, 
let 


06 = {ш Оо), t € T") is dense in R} 
= N А U fu: IX (£u) -s у} 
r€Q m-lteT* 


where Q denotes the rationals. Clearly, Р(Оо) = 0, since the support of X is 
the whole of R. Choose, now, w € Об, and let A = {X (Би), t € T')cF, 
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where F is a closed subset in R. Since the set А is dense in R and its closure А 
is also in F, it follows that F = R. Therefore, for any closed set Е C R, the set 
{w: X(t) € F, Vt e T*}\{w: X(t) € F, Vt € Т) has probability zero because 
it belongs to Qo if F # R and it is the empty set if F = R. This proves that X is 
separable with separant T”. 


The definition of separability did not use any special structure of the parameter 
set Т. The set Т, however, may have a special structure of which one can take 
advantage. We will often suppose that (7, p) is a metric space with metric p; for 
example, T' can be the closed interva! [0, 1], the open interval (0,1), the positive 
real line or a Euclidean space with the usual Euclidean distance. This permits us 
to talk of (open) balls centered at y € T, i.e., By(r) = (z:p(r,y) < r}, and, 
more generally, of open sets (a subset U of a metric space is open if for any y € U, 
it contains a ball centered at у). 

Sometimes, however, what is important are the open sets themselves and not 
how they are generated. In these cases, it is not necessary to suppose that T is 
metrizable, i.e., that Т is a space whose open sets are generated by a distance p. 
It is sufficient to suppose that (7, т) is a topological space. Recall that a topology 
т on Т is a collection of subsets of T, called “open,” such that T' and @ are open, 
the intersection of two open sets is open and the union (not necessarily countable) 
of open sets is open. Апу topology on Т generates B(T), the Borel o-algebra on 
T, which is the smallest o-algebra generated by the open sets. ; 

А base for the topology т is a subset of т such that every open set in т is the 
union of open sets in the base. In a metric space, the (open) balls form a base for 
the topology generated by the metric. Some bases are countable. For example, 
іп R, the set of open intervals (а, b) with a and b rational forms a countable base 
for the topology generated by the Euclidean metric. In the following, we always 
suppose that (7, 7) is a topological space with a countable base. 


Definition 9.2.3 Let (T, т) be a topological space with a countable base. A 
stochastic process {X(t), t € T} on a probability space (Q, F, P) is called 
strongly separable in the topology т if there is a countable subset 1" С Т and an 
event Qo € F with P(Q) = 0 such that for every J Є т, every closed set F C R 


бог X(t) € F, Vt e In т Ме X(t) € F, Vt € I) C Qo. 


Т* is called a strong separant for (X(t), t € T). 


Remarks 


1. Strong separability implies separability because Т Є т. Since Qo has 
probability zero, separability allows us to replace events involving all ts in 
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T by events involving all їз in the countable subset T*. Strong separability 
allows us to go one step further and replace events involving all £s in any 
open set Т by events involving all ts in the corresponding countable subset 
ІПТ". 


2. The notion of separability is due to Doob (1953). Doob's "separability" is 
called here "strong separability." 


3. Separability and strong separability are defined here relative to the class 
of closed sets because this is what we need, but these notions can also be 
defined relative to other classes of sets, for example, the class of closed 
intervals. Obviously, the larger the class, the more useful the (strong) 
separability property (but fewer stochastic processes possess it). 


The following proposition gives a useful criterion for strong separability. 


Proposition 9.2.4 Let (Т, т) be a topological space with a countable base. A 
stochastic process {X (t), t E€ Т} is strongly separable in the topology т if and 
only if there is a countable dense subset T* C Т and an event Qg € F with 
P(Q) = 0 such that for every ш £ Ор and every t € Т, there is a sequence 
{tn}22., € Т" such that tn — t and Хуго) + X(t,w) as n — œ. T" isa 
strong separant for (X (t), t € T). 


PROOF: The sufficiency is obvious because if X (tn,w) > X(t, w) and X (t4, w) 
is in a closed set, then so is X (1, о). To establish the necessity, assume that X is 
strongly separable, and let 7'* be a strong separant for X and Qo the corresponding 
exceptional set. Fix t € T апаш ¢ Qg. Since 7 has a countable base, let Bn, n = 
1,2,..., be the base sets containing t. Then J, = a Bi, п = 1,2,..., are 
open, ordered by inclusion and contain t. If Fa = (y: |y ~ X(t,w)| > +}, then, 
by strong separability, we cannot have X(s,w) € Fn for all s € In ПТ*. There 
must therefore be a tn € I, N T* such that |Х (бис) — X(t,w)| < 4. Thus, 
tn — t and X(t4,í) > X(t,w). M 

In Exercises 9.1 and 9.3 we consider the existence of strongly separable 
versions in two very important cases: (i) When (X(t), t€ Т} consists of i.i.d. 
random variables and (ii) when (X (t), t € T} is continuous in probability. 

As it turns out, every stochastic process has a separable version. 


Theorem 9.2.5 Let {X(t}, t € T} be a stochastic process defined on an arbitrary 
probability space (О, F, P). 


(i) A separable version (Y (1), t € T) of (X(t), t € Тј exists. Moreover, 
(Y (t), + € T) can be defined on the same probability space (0, F, P) in 
such a way that P(X (1) = Y (t)) = | for everyt Є T. 
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(ii) Assume, in addition, that (1,7) is a topological space with countable base. 
Then there is a version (Y (t), t € T) of (X (t), t € T), strongly separable 
in the topology т, that takes values in the extended real line [—co, +00]. 
Moreover, (Y (t), t € Т} can be defined on the same probability space 
(Q, F, P) in such a way that P(X(t) = У (t)) = 1 for everyt € T. 


The proof of this theorem parallels the corresponding argument in Doob 
(1953), but in a more general setting. Firstly, we present a few remarks. 


Remarks 


1. The theorem states that a strongly separable version of a given stochastic 
process may take the infinite values +00. We will see in the proof why such 
infinite values appear. 


2. The proof of part (ii) of Theorem 9.2.5 provides a construction of a strongly 
separable version. Is there a different construction which provides a version 
that takes only finite values? In general, the answer is in the negative (see 
Exercise 9.4). 


3. One should not be unduly concerned about the infinite values. Firstly, for 
each і, P(|Y(0| < со) = 1 anyway. Secondly, for “smooth” stochastic 
processes (which are our main concern here) there is often a strongly sep- 
arable version that takes no infinite values. In fact, the “most irregular" of 
stochastic process, the one consisting of i.i.d. random variables, admits а 
strongly separable version that takes only finite values! 


Lemma 9.2.6 Let (X(t), t € T) be a stochastic process on a probability space 
(О, F, P). Let Ag be a countable collection of Borel subsets of R and let А be the 
collection of intersections of subfamilies of Ag. Then there is a countable subset 
T* of T such that, for every t € Т, there is an event О, € F with P(Q:) = 0 
such that 

(w: X(s) € A, Vs ЕТ", X(t) ZA} СО; 


for every A € А. 


PROOF: We start with the particular case where Ag consists of a single Borel set 
A. Then, of course, A = {A} as well. For every countable subset C of T, define 


Pc(A) = P(X(t) € A, Vt є C) (92.1) 


and let a(.A) = infc Pc(.A). This infimum is achieved because there is a sequence 
of countable subsets Cm of T, т = 1,2,..., such that Ро (А) € a(A) + +. 
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Since Pc, (А) | a(A) as m Т oo and Tj = LJ Сл, we have Pri (А) = 
a(A), i.e., C = ТА achieves the infimum. In the sequel, 71 continues to denote 
а countable subset of T' for which this infimum is achieved. 


Now choose any t € Т and let 
ОКА) = (w: X(s) € A, Vs e TH, X(t) ВА). 
Since (9.2.1) with C = T} U (t) yields 
P(X(s) є A, Vs € TA, X(t) € А) > o(A) = Pr; (А), 
we conclude 
P(Q,(A)) = Pr; (А) - P(X(s) € A, Уз € ТД, X(t) € A) =0. 


This proves the statement of the lemma in the particular case of Ag consisting of 
a single Borel set. To prove the general case where Ap is (at most) countable, fix 
t € T and construct T4 and Q,(A) for each А € Ao. If T* = аса, ТА and 
О, = Uhca Q,(A), then, clearly, Р(О,) = 0 for every t € T. Now, if B € A, 
then B = (^, Ax for some sequence А; € До, k = 1,2,..., and 


(и: Х(в) € B, vse T^, X() g в} 
= Ufe: X(s) e B, se T*, X(t) d Ay} 
k 


c Ule xo € Ар Vs € ТД, X(t) d A, 
k 

E (JUA) € Q, 
k 


as required. W 


PROOF OF THEOREM 9.2.5: Let Ag be the collection of all finite unions of closed 
intervals with rational or infinite endpoints, and let A be defined as in Lemma 
9.2.6. Observe that A is the collection of all closed sets in R. 

(i) To establish the first part of the theorem, choose Т" as in Lemma 9.2.6 and 
define, for each t € 7, 


X(t) ново, 
Y(t) = 
X(to) if w € Q, 


where Q; is the null event described in Lemma 9.2.6 and tọ is any fixed point in 
T". Then (Y (t), t € Т} is a separable process, T* is a separant and Qo = 0. 
Moreover, P(X(t) = Y (#)) = 1 for every t € T. 
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(ii) To establish the second part of the theorem, let denote a countable base of 
(T, т). Apply Lemma 9.2.6 to conclude that for each B € £, there is a countable 
subset T*(B) of B with the following property: for every t € B there is an event 
ОВ with P(QP) = 0 such that 


(X(t) € F, Yt € T'(B), X(t) g F} C QB 


for every closed subset F of R. Let T* = (вел T" (B), and for every t € T, set 
О, = b if t € T* and О, = Uses QP if t Є Т”. Since the base 8 is countable, 
Now define the process (Y (t), t € Т} as follows: for each t € T, 


| X(t) Ко ¢ 0, 


Y()-4 __ 
lim „= X(s) Нос. 
Obviously, Y (t) is a well-defined random variable (taking values in |--оо, +оо]), 
and P(Y (t) = X(t)) € P(Q) = 0 for every t € T. Hence Y is a version of the 
process X defined on the same probability space as X. 

То prove that (Y (t), t € T} is strongly separable, fix any J € т and any 
closed subset F of [—оо, co]. It is enough to show 


{Y (t) e F, Ve In T") = (Y(t) СЕ vt e J}. (9.2.2) 
We will prove firstly that for £ Є J, the set 
АЦЕ) = {Y (t) СЕ МЕ1ПТ", Y(t) g F} 


is empty. We only need to consider the case t £ T*. Choose any В є £ such 
that € B C I. Then А(Т;Е) СА (В; F). Ко ¢ Qs, then о € ОВ, so that 
w € A(B; Е). On the other hand, if w € О,, then X(t) = Y(t) € F for every 
te ВПТ“ implies 

Y(t) = lim ot X(s) — lim ot Y(s) € Р, 
since F is closed. Therefore, again w 6 А,( В; F). This means that A,(B; F) = 0 
and thus A, (I; F) = 0. Since 


{Y (t) e F, vternT'N(Y()eF.vter) = | ЈАР) = 0, 
tel | 


Relation (9.2.2) follows and we conclude that the process У is strongly separable 
with T* as a separant and the exceptional set Qo = Ø. ИМ 
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9.3 Applications 


Here, we consider sample boundedness, sample continuity and pointwise sample 
continuity. 


Definition 9.3.1 A stochastic process is said to possess a sample path property Р 
if there is a version of this process in which each sample path has the property P. 


Example 9.3.2 A stochastic process {X (t), t € T} is said to be sample bounded 
if there is a version (Y (t), t € T} of ( X (t), t € T} such that 


{w: sup |Y (| = оо} = 0. 
Т 


А stochastic process {X (t), t € Т} ona topological space (Т, т) is called sample 
continuous if there is a version (Y (t), t € T) of {X (t), t € T} such that 


{w: the map Y: T — R is not continuous } = 9. 


It is important to note that not every version of a sample continuous process 
has all (or even “almost” all) continuous sample paths. Indeed, using the methods 
of Example 9.1.2 it is easy to construct a version of Brownian motion (B(t), 0 < 
t € 1} where all sample paths are discontinuous, i.e., {w: the map B:(0,1] > 
R is continuous } = Ø! Note that according to Definition 9.3.1, Brownian motion 
is then both sample continuous and sample discontinuous. 

The study of sample continuity and other sample path properties requiring a 
topology on T is often simpler when there is a metric p on Т, that is, when (Т, p) 
is a metric space. The assumption “the topological space has a countable base" is 
then equivalent to (7, p) is a separable metric space." The meaning, here, of the 
term "separable" is different from that in Definition 9.2.1. 


Definition 9.3.3 A metric space (Т, p) is separable if Т has a countable dense 
subset. 


For example, the real line R with the usual Euclidean metric is separable be- 
cause the rational numbers are dense in R. If T' is separable with a countable dense 
subset {t), t2,...}, then the balls B, (r) = (2: p(z,ti) < r}, += 1,2,...,7 
rational, form a countable base. Because most of the stochastic processes in 
which we are interested are defined on separable metric spaces, we will frequently 
assume that (7, p) is such а space. 

We will also be interested in compact metric spaces (T, p), i.e., metric spaces 
where every (infinite) sequence in T' contains an (infinite) subsequence which 
converges to a point in Т. (The qualifier “infinite” is always subsumed.) The real 
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line is obviously not compact (no subsequence of the integers converges in IR), but 
the extended real line [—оо, +оо] is compact and so is any closed interval [а, 5] in 
R. 

The following proposition can simplify the search for a version in which all 
sample paths are bounded and/or continuous. 


Proposition 9.3.4 Ler (X(t), t € T) be a stochastic process defined on a prob- 
ability space (Q, F, P). 
If T* is a separant for a separable version of {X (t), t € T), then (X(t), t € 
T) is sample bounded if and only if 
P(sup |X(t)| < oo) = 1. (9.3.1) 
teT* 
If (T, p) is a compact separable metric space and T" is a strong separant for 


a strongly separable version of (X(t), t € T), then {X(t), t € T) is sample 
continuous if and only if 


Р(Х (t) is uniformly continuous on T*) = 1. (9.3.2) 


Remarks 


1. The statements (9.3.1) and (9.3.2) are well defined in the sense that they both 
involve collections w € Q which are events (i.e., belong to F). The prob- 
abilities of these events, moreover, depend only on the finite-dimensional 
distributions of (X (t), t € T). (See Exercise 9.7.) 


2. The version where all sample paths are bounded can be constructed as a 
modification of the original separable version. It can be made separable 
with the same 1" as separant. 


PROOF OF PROPOSITION 9.3.4: It follows from the first remark above that sam- 
ple boundedness (respectively, continuity) of (X(£), t € T) implies (9.3.1) 
(respectively, (9.3.2). On the other hand, suppose (9.3.1) holds, and let 
(Y (t), t € T), defined on a probability space (Q', F', P"), be a separable version 
of (X (t), t € T} with T* as separant. Let Ag = {w’ Є O": super- |Y (t)| = сој, 
and let 4 be the null subset of the sample space Q’ which enters the definition of 
separability of {Y (t), t € T}. Set Xj = Ag U Qr. From the first remark above 
and (9.3.1), conclude that P'(Z5) = 0. Notice that for any w @ Xp, one has 
supyer У (t)| < со. Now define for every t € Т, 


Y(t) йш х, 
Z(t) = 
0 — ifweX. 
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Every sample path of (Z(t), t € T} is bounded and, obviously, (Z(t), t € T} is 
a version of (Х (t), t € T). This proves that ( X(t), t € T) is sample bounded. 
Similarly, (9.3.2) implies the sample continuity of {X (t), te T). Ш 


Continuity in probability is a pointwise property, whereas sample continuity is 
a global one. Because a process which is not continuous in probability cannot be 
sample continuous, we may want to assume from the outset that {X (t), t € T} 
is continuous in probability. In this case, we can choose T* to be any countable 
dense subset of T (see Exercise 9.3). We then obtain the following modification 
of the second part of Proposition 9.3.4. Here, the separable metric space (7, p) 
can be assumed to be locally compact, i.e., every point of T is contained in some 
open ball with compact closure. This allows (Т, p), for example, to be a Euclidean 
space. 


Proposition 9.3.5 Let (Т, p) be a locally compact separable metric space and let 
T* be a countable dense subset of T. Let (X(t), t € Т} be a stochastic process 
defined on a probability space (О, F, P) which is continuous in probability. Then 
{X(t), t € T} is sample continuous if and only if for every compact subset C of 
T, 

Р(Х (t) is uniformly continuous on T* N C) = 1. (9.3.3) 


PROOF: Obviously, the sample continuity of {X (t), t € Т} implies (9.3.3). On 
the other hand, suppose that (9.3.3) holds for every compact subset C of T. We 
know from Proposition 9.3.4 that for each compact C there is a sample continuous 
version defined on С. Our aim is to construct a sample continuous version on Т. 

The Lindelóf theorem (Kelley 1955) states that there is a countable subcover 
of each open cover of a space whose topology has a countable base. Therefore 
one can express Т as a countable union of compact subsets such that each point # 
of T belongs to the- interior of one of these subsets. 

Now, let (Y (t), t € T) be a strongly separable version of {X(t), t € T) 
with Т” as separant (Exercise 9.3), defined on (say) the same probability space 
(©, 7, P). Conclude as іп the proof of Proposition 9.3.4 that there are events 
Du € F with P(E) = 0 for every n = 1,2,... such that for every w ¢ 
у, (Y (t), t € By} is uniformly continuous. Denote Zo = Ugo zm. Then 
Ро) = 0. Define 

Y(t) ifw ¢ Zs, 
Z(t) = 
0 ifw € 50, 
t € T. It is obvious that (Z(t), t € T} is a version of (X(t), t € T) and 
that all realizations of (Z(t), t € T) corresponding to w € Xp are continuous. 
Fix w @ Уу. Since every point ty € T belongs to the interior of some B,, the 
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non-random function Z(t,w), t € Т, is continuous at £g and hence is a continuous 
function on Т: Thus (Z(t), t € Т} is a version of {X(t), t € T) with all sample 
paths continuous, proving that {X (t), t € T) is sample continuous. Ш 


А weaker property than sample path continuity is pointwise sample path 
continuity. 


Definition 9.3.6 A stochastic process {X(t), ¢ € T} on a topological space 
(T, T) is pointwise sample continuous if, for every to Є Т, there is a version 
(Y (t), t € T) of (X (t), t € T) such that every sample path of (Y (t), t € T] is 
continuous at tọ. We say that {X (t), t € Т} is sample continuous at each ty € Т. 


A sample continuous stochastic process is obviously pointwise sample contin- 
uous and if (.X (t), t € Т} isanon-random function on (Т, т), then the two notions 
are equivalent. When (X (t), t € T} is random, the implication “pointwise sam- 
ple continuity => sample continuity" is false. Nevertheless, the implication holds 
if we restrict ourselves to a certain class of stochastic processes. For example, it 
holds for Gaussian processes on a compact metric space. Unfortunately, it does 
not hold for stable processes on a compact metric space (Exercise 9.5). But, as we 
will see later, pointwise sample continuity implies sample continuity for a certain 
subclass of stable processes. 

Here is a version of Proposition 9.3.4 tailored to pointwise sample continuity. 
The proof is left as an exercise (Exercise 9.9). 


Proposition 9.3.7 Let (X(t), t € T} be a stochastic process on a separable 
metric space (T, р). Let to Є Т, and let Т“ be a strong separant for a strongly 
separable version of (X(t), t € T). Then (X(t), t € T) is sample continuous 
at to if and only if 


P( lim X(t) = X(t) ) =1. (9.3.4) 


1-40, ЕТ" 


9.4 Measurability 


We have introduced separable versions of stochastic processes and proved in 
Theorem 9.2.5 that every stochastic process possesses one. The situation is quite 
different with measurable versions. We assume again that (Т, p) is a separable 
metric space. 


Definition 9.4.1 A stochastic process {X(t), t € Т} on a probability space 
(О, F, P) is called measurable if X(t,w):T x Q — R is a (jointly) measurable 
function. 
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It is often preferable to work with a measurable version of a given stochastic 
process (X(t), t € T). Unfortunately, not every stochastic process has a mea- 
surable version. Necessary and sufficient conditions on the finite-dimensional 
distributions of the process which ensure the existence of a measurable version 
are given below. They are due to Hoffmann-Jgrgensen (1973) and involve the 
Condition S introduced in Section 3.11. Recall that (X(t), t є Т} satisfies 
Condition S if there is a countable subset То С Т such that for every t € T, 
X(t) = plim, ,,, X (tx) where ty € To, k = 1,2,.... 


Theorem 9.4.2 Let (X(t), t € Т} be a stochastic process. Then {X(t), t € T} 
has a measurable version if and only if the following conditions hold: 

(1) (X (t), t € T) satisfies Condition 5 ; 

(2) for every two Borel sets G and H and every s € T the map 


е P(X(s) € G, X(t) € Н) 


from T to [0, 1] is measurable. Moreover, if (1) and (2) hold, then a measurable 
version (Y (t), t € T) can be chosen to be strongly separable, defined on the 
same space (Q,F, P) as {X(t), t € T} and satisfy P(X(t) = Y (t)) = 1 for 
every t € T. 


Example 9.4.3 Consider the process {X(t), t € [0, 1]) comprising iid. non- 
degenerate random variables. As indicated in Section 3.11, this process does not 
satisfy Condition S and hence by Theorem 9.4.2, does not have a measurable 
version. 


Remark. Condition S and condition (2) of Theorem 9.4.2 involve only two- 
dimensional distributions. Hence only the two-dimensional distributions of 
(X(t), t € T) play a role in determining whether the process has a measurable 
version. The one-dimensional distributions of {X (2), t € Т} are not sufficient 
(Exercise 9.10). 


The proof of Theorem 9.4.2 is based on the following proposition due to Cohn 
(1972). To formulate it, we first need to introduce the Ky Fan distance. Let X 
and Y be random variables defined on the same probability space. The Ky Fan 
distance between .X and Y is 


o(X, Y) := inf (e > 0: Р(Х – Y] > e) < є}. (9.4.1) 


This distance metrizes convergence in probability (i.e., Xn — X in probability 
as n — oo if and only if a(X,4, X) — 0 as n — оо), and it converts the space 
L°(Q) of random variables into a metric space ( Exercise 9.11). 
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Proposition 9.4.4 Let (X(t), t € T) be a stochastic process. Then {X(t), t € 
Т} has a measurable version if and only ifthe mapt — X (t), from the metric space 
(Т, p) to the metric space (LP (£2), о), is (Borel) measurable and has separable 
range, i.e., the range has a countable dense subset. In the latter case, a measurable 
version (Y (t), t € T} can be chosen to be strongly separable, be defined on the 
same probability space (Q, F, P) as (X(t), t € T} and satisfy P(X(t) = 
Y (t)) = 1 for eacht € T. 


PROOF: (i) Suppose firstly that the тар і — X(t) is measurable and has sepa- 
rable range. Our goal is to construct a measurable version (Y (t), t € T}. 


Fix n > 1. Because the range is separable, we can choose a collection 


Ci(n), i = 1,2,... , of disjoint Borel sets іп LP(Q) of amo less than 
27" that covers the Тайре {X(t), t € T). The sets B;(n) = (t e T: X(t) € 
Сип)), i = 1,2,... , constitute a Borel partition of y je any two points 


s,t € B,(n), we have a(X(s), X(t)) < 27", implying 
P(|X(s) - Х(@| > 277) < 27" (9.4.2) 


by the definition (9.4.1) of the Ky Fan distance a. y 

For each n and i choose Фа; € Вит). Let X4(t.w) = X(ta iw) if 
t € Вип), i = 1,2,..., n = 1,2,.... Each {X,(t), t € T), n = 
1,2,..., is a measurable process because for every Borel set А C R, we have 
{(t,w): X«(£,0) є A} = UE, (Bi(n) x {w € 0: X (tri, w) € Ај). It follows 
from (9.4.2) that P(|X,(t) — X(t)| > 27^) < 27" for every t € T and n > 1. 
"Therefore, by the Borel-Cantelli lemma, 


P( lim. X,(t) = X(t)) = 1 for every t = Т. (9.4.3) 


Now consider the measurable set E = {(t,w): Xn(t,w) converges as n — oo]. 

The stochastic process Xn, defined as X (tw) = X, (522) if (t,w) € E and 
X&(t,w) = 0 otherwise, is measurable for every n = 1,2,..., and PCS ш) 
converges as n — ooforevery t € T, w € Q. Le Y (t) = іта. Xn (t), t € T. 
Then (У (t), t € T) is measurable as the limit of a sequence of measurable 
functions and P(X (t) = Y (£)) = 1 for every t € Т in view of (9.4.3). To show 
that the version (Y (t), t € T} can be chosen to be strongly separable, one has to 
modify slightly the last step above and use the measurable choice of limit points 
lemma of Cohn (1972). We omit the details. 

(ii) Suppose, now, that {X (t), t € Т} has a measurable version (Y (t), t € T] 
defined on some probability space (Q1, 71, Pj). We want to show that the map 
t — X(t) is measurable and has a separable range. Without loss of generality, 
we may assume that the probability space (Qi, Fy, P1) is rich enough so that 
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the following is true: for every random variable Хо € L°(Q) there is a random 
variable Yo є £°(Q,) such that {{X(t), t € T), Xo) has the same finite- 
dimensional distributions as ((Y (t), t € T), Yo}. Then for every e > 0, {t € 
T: o(X(t), Xo) < e) = {t € T: o(Y(t), Yo) < c), and so it is enough to 
prove that the map t — Y (t), from (Т, p) to (L^ (O1), а), is measurable and has 
separable range. 

Let M be the family of all measurable processes (Y(t), t € Т} on 
(Qi, Fi, Pi) such that the map £ — Y (t) from (Т, р) to (L°(Q;),a) is mea- 
surable and has separable range. We want to show that M is closed under 
pointwise convergence. More precisely, let Yp, k = 1,2,... , be a sequence of 
processes in M such that the sequence (У; (1, ил )) converges as k — oo for each 
t € T and w, € Qi. Let Y (twi) = limk—oo У (бил). We must show that 
Y: T x Qı > Ris in M. Clearly, Y is measurable. Moreover, for eacht € T, 
as k — оо, ¥;,(¢) — Y (t) a.s. and thus in probability. The map t — Y (t) from 
(T, p) to (L°(Q,), а) is therefore the limit of a sequence. of measurable maps 
and is thus measurable itself. Moreover, denoting by S; a countable subset of 
(L9 (Q1), о) separating the range of t — Y;(£), j = 1,2,..., we conclude that 
(2%, 5; separates the range of t — Y(t). Therefore Y € М, and thus M is 
closed under pointwise convergence. | 

Now let Ms be the family of "simple" maps Y from T x О, — R of the form 


¥ (tun) = Y jan (to) (Ја x ВЫ), 
i=l D 


j=l 


where, respectively, А; у, Bij, j = l,...,mi, i= 1,...,n, n= 1,2,..., are 
measurable sets in B(T) and 7}. Clearly, Ms C М. 

Since M contains M 5 and is closed under pointwise convergence, we can use 
а monotone class argument (see Exercise 9.13) to conclude that every measurable 
process (Y (t), t € T) on (О, Fi, P,) belongs to М. This completes the proof 
ofthe proposition. M 


PROOF OF THEOREM 9.4.2: Suppose that { X (t), t € Т} has a measurable version 
{Y (t), t € T) defined on a probability space (О, А), Р). By Proposition 9.4.4, 
the map і — X(t) from Т to (L9(Q), o) has separable range, which implies that 
(X(t), t € T} satisfies Condition S (as noted in the remarks following Definition 
3.11.2 and established in Exercise 3.21). Moreover, for every two Borel sets G 
and Н and every set s Є Т, 


P(X(s) e б, X(t) e Н) = P(Y (s) eG, Y(t) € Н) 
= ЈА VY (вел) € С (У бил) € Н)РЦФл) 
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is a measurable function of Бу Fubini's theorem. 

Suppose, on the other hand, that (1) and (2) of Theorem 9.4.2 hold. Let M 
be the class of all bounded measurable functions f: R x R — R such that for 
any s € T, the map t — Ef (X(s), X(t)) from T to R is measurable. Clearly, 
M is closed under the pointwise convergence of uniformly bounded sequences 
of functions. Let М с be the family of "simple" functions f: Е x R -> R of the 


form 
f(z,y)- Yd ( 2,y) € UG x Вар), 
j=l 

where Aij, Bij, J = l,..., Mi, à = 1,...,n, n = 1,2,..., are Borel sets. 
It follows from (2) that Ms C М. We use Exercise 9.13 to conclude that M 
contains every bounded measurable function f: Rx R — R. Taking, in particular, 
Кљу)= |z — y| ^ 1, we see that the map t — &(X (s), X(t)) from T to R is 
measurable for any s € Т where G(X, Y) = Е(ЈХ — Y|^ 1), X,Y e 1900). 
Note that & is a metric on L" (£2) equivalent to the Ky Fan metric a (see Exercise 
9.12). Therefore, by (1), (R(X), &) is separable, where X = (X(t), t € Т} and 
R(X) is the range of the map t — X(t) in L°(Q). 

Let А" be a countable dense subset of ( R(X), &) and let V be an open subset 
of L°(Q). For every random variable Y € А" NV, let 


ry = ѕир {г> 0: YZ € LQ): a(Y,Z Сте ZeV). 


Since 
R(X)nV- |) {Ze R(X): &(Y,2) «rv, 
YER*NV 
we conclude that 


{teT: Xt)eV) - |] (ет: &(X(sy), X(t) Сту) 
YER*NV 


is a B(T)-measurable set. Here, sy is an element in Т such that X (sy) = Y, Y € 
R* nV. Therefore the map t — X(t) from (Т, p) to (L9(Q), &) is measurable 
with separable range. Applying firstly Exercise 9.12 and then Proposition 9.4.4, 
we conclude that the process (.X (t), t є T} has a measurable version, which 
can also be chosen to have the required properties. This completes the proof of 
Theorem 9.4.2 И 


9.5 Zero-onelaws 


In a previous section we discussed the meaning of some sample path properties 
such as sample boundedness and sample continuity. The careful reader may have 
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noticed that we have not discussed the possibility that such properties hold only 
with some probability 0 < p < 1, for example, that only a proportion p of the 
sample paths is sample bounded. This is because, as we will see below, for stable 
processes, properties such as sample boundedness and sample continuity satisfy a 
zero-one law; i.e., they hold either with probability 0 or with probability 1. 


Definition 9.5.1 A stochastic process (X (t), t € Т} is said to possess a sample 
path property P with probability p > 0 if 


р = ѕир {4 > 0: there is a version {Y (t), t € T) of (X(t), t€ T) 
defined on a probability space (Q, F, P) and an event 
Qo E F with P(Qo) < 1 — а such that, for any w £ Qo, 
the sample path Y (£,w), t € Т has the property P]. 


It is obvious that Propositions 9.3.4 and 9.3.5 extend immediately to the 
following: 


Proposition 9.5.2 Let (X(t), t € Т} be а stochastic process defined on a prob- 
ability space (Q, 7, P) and let Т" be a separant for a separable version of 
(X(t), t € T). Then (X(t), t € T} is sample bounded with probability p if and 
only if 
P( sup |X(t)| < oo) = p. (9.5.1) 
гет“ 


Let (T, p) ђе а compact separable metric space and let T* be а strong separant 
for a strongly separable version of {X (t), t € T). Then {X(t), t € T) is sample 
continuous with probability p if and only if 


Р(Х (t) is uniformly continuous on T") = p. (9.5.2) 


This proposition, whose proof is left to the reader, implies in particular that 
the supremum over q in Definition 9.5.1 is achieved. We can now relate the 
terminology introduced in the previous sections with the one we use here, in the 
context of zero-one laws. Recall that by “{ X(t), t € Т} is sample bounded" we 
mean “there is a version such that all paths {w: X(t,w), t € Т} are bounded". 
Аз a consequence of the previous proposition we obtain 


Corollary 9.5.3 (i) A stochastic process ( X(t), t € T} is sample bounded if and 
only if it is sample bounded with probability 1. 

(ii) Let (T, p) be a locally compact separable metric space. Then the process 
{X(t), t € T) is sample continuous if and only if it is sample continuous with 
probability 1. 


436 INTRODUCTION TO SAMPLE PATH PROPERTIES 9.5 


The next theorem presents a basic zero-one law for @-stable processes. Be- 
cause it is used on several occasions in the sequel, it is formulated in greater 
generality than is required for sample boundedness and sample continuity. The 
theorem involves a family M of stochastic processes and a property Р of the sam- 
ple paths. Because of the interplay between М and Р, it is convenient to regard 
explicitly each stochastic process as a function X: T' x О — Е of two variables 
i € T and w € О. X(t, -) is, as usual, Borel-measurable for each і € Т. We shall 
have to distinguish explicitly between the process X = {X(t,w), te T, w € QO}, 
the function Xup: T x © — R given by X(t,w) = X(t, wo) for a fixed w € Q 
and the realization X(-,wo): T — R where ug € Q. 


Theorem 9.5.4 Let (О, F, P) be a probability space. Let M be a family of 
stochastic processes 


ХЕХ), te T, @ = (oon... en 


defined on the product space (6, Р , P) = (Q, F, P)" and depending on finitely 
many coordinates! of the product space, with the following properties: 


() For every .X and Y in M and any two real numbers a,b, the process 
aX + bY is also in M. 


(ii) If the stochastic process X is in M, then for every yp Є ОМ, Хе defined 
above is also in M. 


(iii) If the stochastic process X = {X(t,@), t € T, © € QN} is in M, then the 
stochastic process X == (X (t, 509), t € T, © € QN} is also in M for 
every i = 1,2,..., where for © = (wi,us,...) Є ОМ, 


DÒ = (wip waa...) 
Moreover, let P be a sample path property such that: 
(iv). For every X in M the set (G: X(-,G) has property Р} is in F. 
(v) If X and Y are in M and X = ү then 
Р(б: X(-,@) has property P) = P(o: Y (^, G) has property P). 


(vi) For every two functions f,g: T —^ R with property P and any two real 
numbers a, b, the function af + bg: T — R has property P. 


ТМ may also include processes depending on zero coordinates, i.e., non-random processes. 
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Then for any a-stable stochastic process X in M, 


PG: X(-,@) has property P) = 0 ог 1. 


Remark. The family M is defined independently of P. In some applications, 
one may choose ЛА to include ай processes depending on any number of finitely 
many coordinates, including zero coordinates. In that case, conditions (ii) and 1 (iii) 
are automatically satisfied. Moreover, because the probability space (0, 7, Б)і is 
rich enough and because Х depends only on a finite number of coordinates, it is 
possible, using the algorithm in (iii), to construct as many independent copies of 
X as we wish. These copies will all be in ЛА. 


PROOF OF THEOREM 9.5.4: Assume, to the contrary, that 
р:= Р(@: X(-,@) has property P) є (0, 1). (9.5.3) 


Let X ђе ап independent copy of X belonging to M and depending on a different 
set of coordinates. Then Y = X — X is a 505 process and is in М. Moreover, 


q := Р(2: У (4,G) has property P) € (0,1) (9.5.4) 


since q > p? > 0 and 1 — q > 2p(1— p) > 0. 
Our aim is to show that (9.5.4) cannot hold. Let Y be an independent copy 
of Y belonging to M and dependent on а still different set of coordinates. Then 


using the fact that Y + У = 2!/®Ү and the properties of М and Р, we obtain 


P(G: Y (., G) has property Р) 
= Б(0: Y (0) + Y (^, 2) has property P) 
P (à: Y (2) + Y (4,G) has property P, Y (-, ©) does not have it) 
+ Р(б: Y (^, 2) has property Р, ¥(., @) has property Р) 
= P(G: ¥(-,5) + Y (4, G) has property P, ¥(-,@) does not have it) 
m (9.5.5) 


It is enough to show 


P(G: Y(.,0)+ Y (-, &) has property Р, Y (-,G) does not have property Р)= 
(9.5.6) 
since (9.5.5) and (9.5.6) imply а = Ф, ie., q = 0 or 1,-contradicting (9.5.4). 
Suppose that (9.5.6) does not hold. Then, by Fubini's theorem, there is a 
function f: T' — R that does not have property P such that 


P(G: Y (,G) + f has property P) > 0. (9.5.7) 
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Take апу 6 € (0, 1), and let 
б» = (2: Y (,G) + Of has property Р}. 


The events Qe, 0 € (0, 1), are all disjoint. If this were not so, there would be 
0, Æ 0, such that Qs, n Qe, # 0. Then, taking © € Ов, aro" we obtain a 
contradiction: on one hand (6) — 62) f = (Y (, 2) + 6, f) — (Y (^, GO) + 02 f) has 
property P by the properties of М and P, whereas on the other hand, the function 
f does not have property P. This shows that the events Әд, 0 € (0, 1), are all 
disjoint. 

Let Y be once again an independent copy of У, in М, and dependent on a 
different set of coordinates. Using the fact Y + 0f 3 gy + (1—0) eY + gf 
and the properties of М and P, we obtain 


P(o) = P(G: 0Y(,G) + (1 — 0?) ^Y (., ) + 0f has property P) 
¥(-,@) + f has property Р, Yin has property P) 
= P(G: Y(,G) + f has property P) - P(G: Y (^, G) has property Р), 


IV 
i lu 
[3 


which is positive by (9.5.4) and (9.5.7), implying that the probability Р(Ов) is 
positive and bounded away from 0. This is, of course, impossible, since there 
are uncountably many of such бәз, all disjoint. Hence (9.5.6) must hold. This 
completes the proof of the theorem. W 


Corollary 9.5.5 — (i) An a-stable process (X(t), t € Т} cannot be sample 
bounded with probability p, if 0 < p < 1. 


(ii) If (T, p) is a locally compact separable metric space, then an a-stable 
process (X(t), t € T) cannot be sample continuous with probabiliry p if 
0<р<1. 


PROOF: (i) Assume that X is sample bounded with probability p. Then 
Proposition 9.5.2 implies that for some countable subset T* of T, p = 
P(sup,er- |X(£)| < оо). Choose М to be the family of all stochastic processes 
X indexed by T" , defined on the probability space (О, F, Р)“ and depending only 
on finitely many coordinates of the product space, including zero coordinates. Ob- 
serve that our process Х belongs to М since it depends on one coordinate. Choose 
Р to be the property of boundedness of functions on 7“. Conditions (1), (iii) and 
(vi) of Theorem 9.5.4 are obviously satisfied. Condition (ii) holds because X 
depends on zero coordinates. Conditions (iv) and (vi) follow from the fact that 
Т* is countable. Applying Theorem 9.5.4, we conclude that p = 0 or 1. 

(ii) To prove the second part of the corollary, suppose, to the contrary, that 
[X(t), t € T} is sample continuous with probability p є (0,1). Let C be a 
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compact subset of T. Then ( X (t), t € С} is sample continuous with probability 
q > p > 0. Our aim is to prove that д = l. 

To this end, we apply firstly Proposition 9.5.2 to conclude that there is a 
countable subset C* of C such that 


Р(Х (t) is uniformly continuous on C") = q. 


Then we take M to be the family of all stochastic processes indexed by C* 
defined on the probability space (Q, F, РЈ“ and depending only on finitely many 
coordinates of the probability space. Choosing Р to be the property of uniform 
continuity for functions on C*, we can apply Theorem 9.5.4 and conclude that 
а = O or 1. Since q > p > 0, же сап only have q = 1. 

To see that а = 1 leads to a contradiction, observe that if (.X(£), t € C] is 
sample continuous with probability 1 for any compact C C Т, then it is continuous 
in probability on T' (continuity in probability is a pointwise property). Letting 
T" be a countable dense subset of Т and using Propositions 9.5.2 and 9.3.5 we 
conclude that the process {X (t), t € T} is sample continuous, contradicting our 
assumption. Mf 


Remarks 


1. There is no zero-one law that states that P(sup,,; Xn < co) = 0 ог 1 
for a family of jointly a-stable random variables X 1, X2,.... (Take X, to 
be 5, (1,0,0) and set Xn = пху, n > 2. Then P(sup,,, Xn < оо) = 
P(X, € 0) = 1/2.) Therefore, there is no zero-one law for one-sided 
sample boundedness of an a-stable process! 


2. An argument similar to that of Corollary 9.5.5 can be applied to derive a 
zero-one law for pointwise sample continuity; see Exercise 9.17. 


9.6 Exercises 


Exercise 9.1 As in Example 9.22, let (X(t), t € T} be a stochastic processes 
consisting of i.i.d. random variables and assume that the support of the distribution 
of X(t) is the whole of R. Let (T, т) be a topological space with a countable base. 
Prove that every version of {X(t}, t € Т} is strongly separable in the topology 
T. 

Hint: If I € т is uncountable, choose as T* any countable dense subset of T such 
that #(1 N T*) = оо, where # denotes cardinality. 


Exercise 9.2 Give an example to show that the statements in Example 9.2.2 and 
in Exercise 9.1 аге not generally true if the support of the distribution of X (2) is 
a proper subset of R. 
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Exercise 9.3 Let (T,7) be a topological space with a countable base and let 
(X(t), t € Т} be a stochastic process continuous in probability. Show directly 
(i.e., without appealing to Theorem 9.2.5) how to construct a version of the process 
{X(t), t € T) which is strongly separable in the topology т and whose separant 
T* is a given countable dense subset of 7. 

Hint: For each t € Т, there is a subsequence (+, ) 22.) C Т" such that X (tn,) > 
X(t) a.s. Define for each w € Q, Y (t) = lim sup, о X (tn, ). 


Exercise 9.4 Let Q = [0,1], F = B, P = Lebesgue measure and define 


b aS = 
iz Ноћ, 


X(t,w) = 
0 ш = і. 


Show that every strongly separable version of the process {X (t), 0 < t < 1) has 

to admit infinite values. 

Hint: Let T* be the countable dense subset of (0, 1] appearing in Proposition 9.2.4 

and suppose without loss of generality that 1/2 € T". Let {Y (t), O < t € 1) be 

any strongly separable version of (X(£), 0 € t < 1) and let (Q', £', P") be the 

probability space on which it is defined. Set Ў 
I 1 1 1 


ED rd Jl 2 o o^ RE ы * 
А = {ш' є © ус yig7i7* sems yo 


take w € QFN A’ where P'(Q5) = 0 and let # + 5 — уузу. Then use 
Proposition 9.2.4. 


Exercise 9.5 The purpose of this exercise and of the following one is to give a 
feeling for the difference between continuity in probability, sample continuity and 
pointwise sample continuity. At the same time, it provides a direct treatment of the 
most important stable process-the SaS Lévy motion-without using the general 
theory developed later in this chapter. 

Let (X (t), + > 0} bea 505 Lévy motion. 


(a) Show that (Х (5), t > 0} is continuous in probability. 


(b) Let {т}, C [0,8]. Show, using a proof similar to that of Kolmogorov's 
inequality, that for any A > 0, 


Conclude that for each to > 0, (X (t), t > 0) is sample continuous at to. 
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Hint: Let Q be the set of rational numbers, fix tọ € (0, 1) and show that for 
any A > O and 0 < є < min(to, 1 — to), 


P( sup — | X(t) - X(r) > a) < 8P(X(e) > А). 
r€Qn([to—e,to--e] 


(c) Use (b) to conclude that the sample paths of {X (t), t € Ja, 5]} are bounded 
їогапу 0 <a < b < co. 


(d) Forn = 1,2,..., i = 1,...,2", define 


209 = sup IX (ri) — X(r1)|, 
7 ,72EQN(2-" (i—1), 277i) 


and let Z% = maxi... 2» au. Show that for any А > 0, 


lim inf P(Zz < А) < e70? 


n= 


for some C > 0. Conclude that P(lim, со 25 = 0) = 0 and not 1, so that 
the SaS Lévy motion {X (t), t > 0) is not sample continuous. 


(e) Show that (X(2),0 < t < 1} has a version in D([0, 1]), the space of 
functions on [0,1] that are right-continuous and have left limits. 


Hint: See Breiman (1968), Theorem 14.27 and Corollary 14.29. 


Exercise 9.6 Let 21, 22,... be i..d. SaS random variables, and let а, | 0 as 
n — cc. Define (X(2), t € (0, 1]} by Х(1) =anZ,,n = 1,2,..., X(0) = 0, 
and 


X(t) = (n Di(x (2) -x(—)) ++ nx(—) – ах (5) 


if 1/(n 4-1) << уп. 

Show that (.X(t), t € [0, 1]} is a 505 process and that it is continuous in 
probability. Show that {X(t), t € (0, 1]} is pointwise sample continuous if and 
only if 577^ | a < co. Thus, continuity in probability does not imply pointwise 
sample continuity. 


Exercise 9.7 Under the assumptions of Proposition 9.3.4, let 
Aboma = {w € О: sup |X(t)] < оо}, 
ет" 


Acont = {ш € О: X(t) is uniformly continuous on T"). 


Show that Apound and Acon belong to F and that P(Apound) and Р(Асом) are 
determined by the finite-dimensional distributions of (X (0), t € T}. 
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Exercise 9.8 (i) Let ( X (2), t € T) be a sample bounded stochastic process, 
and let (Y (t), t € Т} be a separable version of (X(t), t € T), defined on a 
probability space (©, F, P). Then there is an event Xo € F with P(X) = 0 such 
that for every w £ Xo, ѕ0р, єт |Y (t, «)]| < oo. 

(ii) Let (T, p) be a compact separable metric space, and let {X(t}, t € T} 
be a sample continuous stochastic process. Let (Y (1), t € T} be a version of 
(X(t), t € T) strongly separable in the topology т and defined on a probability 
space (Q, F, P). Then there is an event Xo € F with P(X) = 0 such that, for 
every w Є Xo, Y: T — R is continuous. 


Exercise 9.9 Prove Proposition 9.3.7. 


Exercise 9.10 Let џ be an arbitrary non-degenerate probability measure on the 
real line. Let X; = (Х (t), 0 € t € 1} and X; = (X2(t), 0 € t < 1} be two 
stochastic processes. Assume that P(X,(t) = Xi(s)) = 1 for all s, + € (0,1), 
whereas (X2(t1),..-,X2(tn)) are i.i.d. for any t),...,tn € [0, 1]. Assume also 
that the one-dimensional distributions of the processes (Х1(5), ? € [0, 1]) and 
{X2(t), t € [0, 1]) are identical and equal to и. Show that {Х| (#), t є [0, 1]) 


has a measurable version, whereas {X2(t), 0 < t < 1} does not. 


Exercise 9.11 Show that the Ky Fan distance (9.4.1) is a metric on L°(Q) which 
metrizes convergence in probability. 


Exercise 9.12 Show that the functional 
&(X,Y) = E(X - Y|A1) 
on L°(Q) x L°(Q) is a metric equivalent to the Ky Fan metric. . 


Exercise 9.13 Let (E, E) be a measurable space, and let £o be an algebra gener- 
ating E. Let Ms be the collection of all functions from E to R of the type 


f(z) = У а Цев Aj, 
i=l 


0; € R, А; € & i=1,...,n,n = 1,2,.... Let М be a family of functions 
from E to R that is closed under pointwise convergence and contains M s. 


(a) Let n > 1, aj,...,a, € Rand А;,..., Ал be a partition of E into £- 
sets. Let H be the family of all subsets Н of E such that the function 
f(z) = а Қа € Н) + У ail (a € A;MI) is in Mı. Show that H is a 
monotone class that contains £g. Conclude that H = £. 
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(b) Show that every function of the form 


Ка) = У а (с EA) TEE, 


i=l 
a; € R, А; € €,i=1,...,n, n > 1, belongs to М). 
(c) Conclude that ЛА) contains every measurable function f: E — R. 


(d) Show that if we assume only that ЛА) is closed under pointwise convergence 
of uniformly bounded sequences of functions (as opposed to assuming that 
M; is closed under pointwise convergence), then M contains all bounded 
measurable functions f: E — Е. 


Exercise 9.14 Let (X(t), t € Т} be a deterministic process on a separable metric 
space (Т, p), i.e., there is a deterministic function 7: Т — R such that for every 
tc T, 

P(X(t) = n(t)) = 1. 


Show that (Х (8), t € T) has a measurable version if and only if the function 
т: T — R is measurable. 


Exercise 9.15 (i) Show that every stochastic process (X (t), + Є Т} continuous 
in probability has a measurable version. 

(ii) Show that every stochastic process (X (t), t € Т} with all sample paths 
continuous is measurable. 


Exercise 9.16 Prove Proposition 9.5.2. 


Exercise 9.17 Let ( X(t), t € T) be an a-stable process on а separable metric 
space (Т, p). Let to € T. Prove that ( X (t), t € T} cannot be sample continuous 
at to with probability p, О Ср < 1. 


Exercise 9.18 In the course of the proof of Theorem 9.5.4 we have shown that 
(9.5.4) and (9.5.7) cannot be simultaneously true for a jointly SaS sequence 
{Yn} g. Show that the following even stronger statement is true: (9.5.7) cannot 
hold even by itself for a marginally SaS sequence {Yn}. 


Chapter 10 


Boundedness, continuity and 
oscillations 


Stable processes display several types of sample path behavior. The a-stable 
Lévy motion, for example, has versions with right-continuous bounded paths. 
Depending on the value of the self-similarity parameter, the linear fractional 
stable motion has either versions with continuous paths or all its versions have 
paths that are unbounded in any finite interval. We want to find convenient criteria 
for such properties. 

i (X(t), t € T) be an a-stable process with integral representation 

= fgf(t,z)M(dz), t € T. We will see that the sample path proper- 
» d {X (t), t € T) are related to the smoothness of the non-random functions 
(f(t,z), ЄТ}, =ЄЕ. 

In the first part of this chapter we find conditions on f for sample boundedness 
and sample continuity of a-stable processes. Applying the general criteria stated 
in Proposition 9.3.4, we obtain in Sections 10.2 and 10.3 necessary conditions for 
boundedness, continuity and pointwise continuity valid for any 0 < a « 2. In 
Section 10.4 we show that these conditions are sufficient as well when0 «a < 1 
and also provide the precise asymptotic behavior of the distribution function 
of the supremum (Theorem 10.4.2). The situation is more complicated when 
1 < а < 2. The necessary conditions for boundedness are no longer sufficient 
(Example 10.4.1), but the formula for the asymptotic behavior of the distribution 
function of the supremum still holds for o > 1 provided that the process is a.s. 
bounded (Theorem 10.5.1). 

In the second part of the chapter we consider the oscillation process. This 
process describes more delicate properties of sample paths than sample bounded- 
ness or sample continuity. If the non-random functions (/(t,z), t € T), z € E, 
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in the integral representation of the stable process are uniformly continuous (the 
precise assumption is stated in Condition 10.6.4), then the oscillation process is a 
non-random upper-semi-continuous function with values in the extended interval 
(0, co]. That function takes values in the two-point set (0, со} when 0 « a « 1. 

We use the oscillation process to relate pointwise continuity to sample con- 
tinuity (Corollary 10.6.9). In Section 10.9, for example, we show that under 
Condition 10.6.4, the sample paths of a stationary a-stable process or those of a 
self-similar a-stable process are either a.s. continuous or a.s. unbounded. 

The linear fractional stable motion however, does not satisfy Condition 10.6.4. 
How general then is that condition? We prove in Section 10.11 that it is always 
satisfied when the oscillation process is non-random and finite. 


10.1 Introduction 


Consider an a-stable process given in the form 
X(t) =f f(t,z)M (dz) + (t), t € T, (10.1.1) 
E 


where M is an a--stable random measure on a measurable space (E, E) with control 
measure m and skewness intensity B, f(t,-), t € T, is a family of functions in 
Е (i.e., measurable functions satisfying (3.4.1) and (3.4.2)), and 7(#), t € T are 
constants. i 

This representation is very general as we will see in Chapter 13. We shall 
use it because it allows us to describe the conditions for sample path regularity 
in a convenient way. We will see that the “regularity” properties of the family 
of functions f(t,-), t € T, and of the family of constants (t), t € T, are 
strongly related to the sample path regularity of the process {X (t), t € T) given 
in (10.1.1). This may be surprising at first because a given a-stable process 
(X(t), t € T) admits many different representations of the type (10.1.1). 

We begin our discussion with an example illustrating the type of results we 
hope to obtain. 


Example 10.1.1 Consider the well-balanced symmetric linear fractional stable 
motion 


oo 
x)= f (It — 21878 — |х|Н-1/°)м(ат), —оо < t < оо, 
—oo 
defined in Example 3.6.5. Неге, M is a 505 random measure on (Е, B) with 
Lebesgue control measure, 0 < a < 2, and 0 < Н < 1, Н # l/a. Let us try 
to guess the type of sample paths the process {X (2), t € IR) posesses. We shall 
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consider how the value of Н affects the sample continuity of {X(t), t € R} for 
a given о. Is (Х (2), t € R} sample continuous for all possible choices of H? Is 
it never sample continuous? Or, perhaps, is there a critical value of H, such that 
the crossing of this critical value implies a radical change in the character of the 
sample paths of our process (a kind of phase transition)? 

Let us concentrate on the kernel 


f(t, z) = |t — z| 4 — |ујН- Уа, -oo < t< oo, —oo < т < оо. (10.1.2) 


Previously, we viewed this kernel as a family of functions in 2, i.e., as f(t,:), 
parameterized by —co < t < оо. Let us now change perspective and regard it as 
а family of functions in £, i.e., f (^, 2), parameterized by —co < x < оо. Choose 
any “typical” т, and thus regard f(t, z) in (10.1.2) as a function of one variable 
t. It is a "nice" continuous function if Н — 1/a > 0, but it becomes “less nice" 
if H — 1/а < 0: it “explodes” at t = x. In the former case, the well-balanced 
Sas linear fractional stable motion is an integral of a “nice” continuous function, 
whereas in the latter case the process is an integral of a rather "badly behaved" 
one. It turns out that this difference in the properties of the family of functions in 
t, f(,2), —оо < x < co, is reflected in the properties of our linear fractional 
stable motion { X(t), —co < t < co}. We will see in the sequel that the process 
is sample continuous if H > 1/а and not sample continuous (in fact, much 
“worse” than that) if H « 1/a. Taking into account the range of our parameters, 
0 < Н « 1, 0 < o < 2, we observe that the case H > 1/а is possible only if 
a > l. Therefore in the case 1 < а < 2, we will have a “phase transition" (an 
abrupt change in the structure of sample paths) as H crosses the critical value of 
1/a, whereas no such abrupt change occurs for 0 < o < 1, in which case our 
process has “рад” sample paths for all possible values of Н. (See Example 10.2.5, 
Exercise 10.21, and Example 12.2.3.) 

It should be noted that another "phase transition" occurs as а — 2. Our 
fractional process is perfectly well defined for a = 2and0 < Н < 1, H # 1/2 
(it is called fractional Brownian motion). But as can easily be shown, fractional 
Brownian motion is sample continuous in all cases, whether H — 1/2 is positive 
or negative! (Exercise 10.1). 


10.2 Necessary conditions for sample boundedness 


We start with the following result which, although subsumed by the more precise 
estimates that are to follow, is useful in itself. 
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Proposition 10.2.1 Let (X,, n 2 1) be ап .a-stable process. If Z := 
SUP, >! [Xa] < cO a.s., then 


limy ,4,A* Р(2 > A) < co. (10.2.1) 


PROOF: Let (Xn, n > 1) be an independent copy of {Xn, п > 1} and let 
Y, = X,— Xn, п > 1. Then (ул, n > 1} is a SaS process such that 
W = вир„> [Уа] < со a-s.. Since, for arbitrary M > 0, 


P(W >A) € P(sw|X.| > А+ M, sup Xn] < M) 
n2l nèi 
= P(Z>A+M)P(Z € M), 


we have lim) .,,, ЈЕ P(W > A) > limi ,,;4A*P(Z > A)P(Z < M). Letting 
M — со we obtain 


до А P(W > А) > limi 4A? P(Z > А) 
since 2 is bounded. It is therefore sufficient to prove 
limy...A*P(W > А) < оо. (10.2.2) 
Let {Yn n > 1) be an independent copy of (У,, n > 1). For any А > 0, 
P(W»23) = P(sup [Ул – Y4| > 2723) 


IV 


2P(W, — Wz > 2/2), (10.2.3) 


where W, and И are independent copies of W. As we will see, (10.2.3) is the 
only property of W that is needed to prove (10.2.2). 
Let Ag be any number such that P(W < 279) > 3/4. For any А > Ao, by 
(10.2.3), 
P(W > А) > 2P(W,»2!*/*3).P(W, x 2993) 


SPW > 22А), 


IV 


where Б = 1+1/a. Thus, forevery m > 1, (3) P(W > 2792) < P(W > А), 
which implies 

Tim, coA°! P(W > А) < oo, (10.2.4) 
where b = (log; 3—1)/(1+1/a). Since bı < а, (10.2.4) is weaker than (10.2.2) 
but it is an important first step. It implies уусу P(W > С2?%/®) < oo for any 
8 € (0, 1) and any constant С > 0, or equivalently, 


oo 
ПР < c2") > o (10.2.5) 
j-k 
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for some k (see Exercise 10.3). 
Now let шу > О be such that РОУ < uf) > 0. Relation (10.2.3) implies 


РОУ > цо) > 2P(W > 2!'°ш + uf) P(W < ub). (10.2.6) 
Defining um = 2'/^u,, + иб, |, m > 1, we obtain after iterating (10.2.6), 


P(W > uo) 


P(W »ua4)X27"—LH—————. 
Mo P(W < uj) 


(10.2.7) 


Note that the limit | = lim, со 277/24, exists, is non-negative and finite 
(Exercise 10.2). Using 


Um ~ 12748 as m — оо (10.2.8) 
and (10.2.5) we obtain 
m-l са 
II РОК <и) > Сл [J РОУ < (9/22:9/2) > 0 
j=0 j-k' 


for some k’ > 1 and C, € (0, оо). Therefore (10.2.7) gives 
P(W »u4)€0C327", т > 1, 


where С» € (0, oo). Using (10.2.8), we conclude that there is an integer mo such 
that 
P(W > 212™*) < C27", m > mo. 


This of course implies (10.2.2) and concludes the proof. M 


Corollary 10.2.2 [f{X,, n > 1} isan a-stable process such that lim, оо Xn = 
0 a.s., then р 

lim Поб А P(sup |X4| > А) = 0. 

1—00 пре 
PROOF: Let Zi = sup, >; | Ха| and Li = lim, оо де Р(2, > А), = 1,2,.... 
Since 2,41 € Zi, Proposition 10.2.1 implies that (L;, i > 1} is a non-increasing 
sequence of non-negative real numbers. We want to prove that L := шт; „о Li = 
0. 

Suppose, to the contrary, that L > 0. Since limi. Zi = 0 a.s., for every 

m = 1,2,..., there is an №) < oo such that for every i > N(m), 


P(Zi»27"7)x27". (10.2.9) 
Assume, without loss of generality, that 1 < N(1) < N(2) < --- , and let 


Y, = mX,, if N(m) Сп < N(m 1), m=0,1,2,... 
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with N(0) = 1. Note that for every m = 1,2,..., MAXN(n—1)<n<n(m) [Уз] = 
(m = 1) MaxXv(m—1)<n<N(m) Хај] < (т => 1)Znm-1) < 2м) +-+ 
ZN(m-1) < 355-1 Zug) Hence, 


Wal < У Zo) < 00 as. 
j=! 


sup Ifa] = su 


her > N(m) 


by (10.2.9) and ће Borel-Cantelli lemma. Therefore {Ү,, n > 1) is an as. 
bounded a-stable process. But for every m — 1,2,..., 


Тип _ оде P(sup ЈУ, | > А) > Hm... Р( sup IYn] > А) 
n2l n2N(m) 


2 lim. о А P(MZ ym) > А) = m? Рут) > m? L. 


L » 0 yields lima. 5A? P(sup, > |Y4| > A) = оо, contradicting Proposition 
10.2.1. Therefore L = 0. Ш 


We now use Proposition 10.2.1 to obtain the following important necessary 
condition for sample boundedness of a-stable processes. 


Theorem 10.2.3 Ler (X(t), t € T) be an a-stable process, 0 < а < 2, given 
in the standard form (10.1.1). Let (Y (t), t € T] be a separable version of 
(X(t), t € T) defined on a probability space (Q,F, P). Then 


Him, 004" P(sup Y(t) >) > 


i E " ћу (T*; z)*(04-B(z))m(dz)4- |. A. (7*:2)*(1- (2) m(dz) } 
(10.2.10) 


where Ca is defined in (1.2.9), the supremum in the right-hand side of (10.2.10) 
is taken over all countable subsets Т" of T and where 


hy(T*;x) = sup {f(t,x)}4, А (1,2) = sup(f(t,z))-. ^ (10.2.11) 
зет“ зет“ 
Moreover, 


lim, ,,,A? P(sup|Y (| > А) > Ca sup [ra imo, (10.2.12) 
зет T-CTJE 


where 


РО; з) = sup ІА x)| = max(h. (T*; х), h-(T*;z)). (10.2.13) 
зет“ 
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In particular, if ( X (t), t € T} is sample bounded, then, necessarily, 


sup / ГО; z)?m(dz) < со (10.2.14) 
T-CT JE 
and 
super |7(8)| < со ifo #1, 


super ME) — 2 fg f (6 2) In| f(t, 2)|B(z)m(dz)| «oo ifa=1. 
| (10.2.15) 


PROOF: Note firstly that by the separability of (Y (t), t € T}, the left-hand sides 
of (10.2.10) and (10.2.12) are well defined because sup, єт Y (t) and supper |Y (t) 
are well-defined random variables. Moreover, 

sup Y(t) > sup Y(t) and sup|Y (t)| > sup |Y (2)]. 

teT teT- teT ЄТ" 
Hence (10.2.10) and (10.2.12) follow immediately from Theorem 4.4.5 and Corol- 
lary 4.4.6, respectively. Of course, (10.2.14) now follows from Propositions 9.3.4 
and 10.2.1 and from (10.2.12). 

We now prove (10.2.15). The case a 4 1 is easy. Let {X(t), t € T) bean 

independent copy of (.X (t), t € T} and let 


Z(t) = 27 V^(X(t) + X(t) + (1 2 27" 9)q()), t € T. 


Then (Z(t), t € T) isa version of (X (t), t € T), so it is sample bounded. Since 
(X(t), t € T) and (X (t), t € Т} are also sample bounded, the above definition 
of (Z(t), t € T} shows that sup,<7 |n(£)| < oo. Unfortunately, this “trick” does 
not work for a = 1. We will consider this case separately. 

Let a = 1 and suppose, conversely, that {X (t), t Є Т} is sample bounded and 
(10.2.15) does not hold. Then there is a sequence of points (£4, n = 1,2,...) C T 
such that 


à 2 
lim Inn) Pi / f (tn, 2) In а, z)|B(z)m(dz) = oo. 
n-3o0 т Е 
Of course, we may assume, without loss of generality, that 


lim an = oo, (10.2.16) 


noo 


where 


an = n(tn) — = | леа) In |f(t.,z)|B(z)m(dz), n = 1,2,.... 
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Let X(&,) = X(t4) – ал, n = 1,2,.... Then 
P(sup |X (tn) + a4] < со) = 1 (10.2.17) 
n21 


because { X(t), t € T) is sample bounded. Note thateach £ (tn) hasa distribution 
of the type Si (fn, 8,,0) with 


= f быт) < f. sup Gs, mda) == K < се 


by (10.2.14). Therefore there is a finite constant yx and a p > 0 such that 
P(X(t4) > yx) > p for every n = 1,2,... (see Exercise 1.18). By (10.2.16), 
there is for any А > 0 an n(A) such that ал (у) > А — ук. Then 


P(sup | (ел) tanl >A) > P(X (tay) + ana > A) 


P(X бару) > Үк) 
p. 


Iv. IV 


Since А > 0 is arbitrary, we obtain P(sup,,>, а) + an| = оо) > p, contra- 
dicting (10.2.17) and thus proving (10.2.15) for œ = 1. This completes the proof 
of the theorem. И | 


Corollary 10.2.4 Let (X(t), t € IR) bean a-stable process, 0 < a < 2. Suppose 
there is a а countable subset T* of R such that for every a. < b we have 


b 
/ ГО“ z)m(dz) = оо. (10.2.18) 


Then for every version (Y (t),t € R} of (X(t),t € R} there is an event Qo of 
probability 1 such that 


sup |Y(t)| = оо (10.2.19) 


actcb 
for every ш € Qo and every а « b. 


We use the expression “the process {X (t), t є R} is unbounded on every 
interval of positive length" to summarize the conclusion of the corollary 


Example 10.2.5 Applying Corollary 10.2.4 to the symmetric well-balanced linear 
fractional stable motion, we conclude that if Н < 1/a, the process is unbounded 
on every interval of positive length. Indeed, for a given pair (а, Б) take Т" = 
{r rational: a € r < b}. Since for every = € [a, b, 


РТ; з) = sup || - 21179 — |z| 7 ^| = оо, 
teT- 


the necessary condition for sample boundedness (10.2.14) fails. 
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Example 10.2.6 Applying the argument in Example 10.2.5 to the log-fractional 
stable motion, we note that 


f*(T*:; x) = sup |In|t – z| – In lal] = oo. 
ЄТ" 


Therefore, the log-fractional stable motion is also unbounded on every interval of 
positive length. 


Example 10.2.7 Let 0 < a < 2, 0 < Н < l/a and consider an (a, H)- 
Takenaka field with n — 1 (see Definition 8.4.3), i.e., the //-sssi process {X(t) = 
M(V;), t € R'}, where M is a 905 random measure with control measure 


mag (dz, dd) = јен ?dzdA, те R', A> 0, 


and where У, is given in (8.4.2) and illustrated in Figure 8.2. As in the proof of 
Lemma 8.4.2, for any Т = {a < t < b) and any countable T* СТ, 


| f ( sup ly,(z,A)) mag (dz, А) 
=œ J0 teT* 


oo oo 
> Ј sp f Ту (2, Атон (dz, dd) 
0 


—oo t€T* 


1 = ан-1! Н-1 = 
= =! ју — t? 1 „dz = 00. 
ган ЈЕ zr le = 4° Hase 


By Corollary 10.2.4, the Takenaka process {X (t), t € R! } is unbounded on every 
interval of positive length. 


It is obvious that there is always a countable T" C Т for which the supremum 
in (10.2.10), (10.2.12) and (10.2.14) is achieved, and in many cases this 1" 
can be identified as follows. Suppose that there is a probability measure А on 
(E,£) equivalent to the control measure m of the a-stable random measure 
M in (10.1.1). (This is always the case if the control measure 7n is o-finite; see 
Exercise 10.4.) Regard (E, £, А) asa probability space on which random variables 
f(t, -)s are defined. Then {f(t,-), t € Т} is a stochastic process defined on that 
probability space, and by Theorem 9.2.5 this process has a separable version 
fg(t,-), t € T) defined on the same probability space (E, E, А). We will call 
{g(t,-), t € T} a separable kernel of the process (X(t), t € Т} in (10.1.1). 
Let T" be a separant for {9(t,-), t € T). We claim that Т” is the countable 
subset for which we are looking. Indeed, for any other countable subset Tt €T, 
A(z € Еј (Та) < f*(T};z)} = 0, so that 


mí(z € Е: РТ з) < Г@гт)) = 0 
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as well. Hence, 


L f'(r*;a)*m(dz) > > | P Giiz)?m(iz), 


as required. Similarly, the supremum in (10.2.10) and (10.2.12) is also. achieved 
on 1". 

The preceding result also yields a necessary condition for sample boundedness 
of complex-valued 505 processes given in the form 


X(t) = | ЕМ), (10.2.20) 


where M, is a complex-valued SaS random measure on (E,£) with circular 
control measure k, and fe(t,:), t Є Т, are complex-valued and in L^ (E, E, m), 
where m is the control measure of M (i.e., m(A) = К(А x 55), A € £). 


Corollary 10.2.8 Let (X(t), t € Т} bea complex-valued SaS process given in 
the form (10.2.20). If {X (t), t € T) is sample bounded, then 


RM d f2(T*;2)*m(dz) < oo, (10.2.21). 


where 


fT а) = sup |%(%,т)| = sup |, т)? + fO (t, zy, (10.2.22) 
ЄТ" зет“ 


and fè (U ang Je (2) are, respectively, the real and the imaginary parts of f... 


PROOF: Let Y,(t) = Re X(t), ¥2(t) = Im X(t). Then (Yi(t), t € T) and 
{¥2(é), t € T) are real-valued 50:5 processes, which are both sample-bounded 
if (X (t), t € T} is. By Proposition 6.2.4, 


(n, гет) = { / g(t, (x,s))M (ат, ds), t € т), (10.2.23) 
Ех 5 
where 
g(t, (z,s)) E f (t, 2) ~= fO (t, т), (2,8) є Ех 5, 


and M is a (real-valued) 505 random measure on (Е x 55, E x B) with control 
measure К. The sample boundedness of {У (t), t Є T} implies, by Theorem 
10.2.3, 


sup NAE sup А (t, а) — JP (t, х) 52|" (аз, дв) < oo, | (10.224): 
TETJE Ј5, t 
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and, similarly, the sample boundedness of {Y2(t), t € Т} implies 
sup | Ј sup ir, z)s, + f) (t, z)s| К(ах, 88) < oo. (10.2.25) 
T'CT $i зет“ 
Hence, 
p, J IETA mld) 


= sup / 7 sup LO (t, z* + £O (t, x? [^^ k(da, ds) 
5; 


T-CTJE teT* 
< sup a | sup |/ (62) — Ј (6,235 [^k (dz, ds) 
T-CT S, ЄТ" 


+ sup 284. | sup |f? (t, 2)52 + fP (t, г) |" k(dz, ds) 
5; 


rer teT* 


This concludes the proof. M 


10.3 Necessary conditions for sample continuity 


Having obtained necessary conditions for sample boundedness, we now turn to 
necessary conditions for sample continuity. 


Theorem 10.3.1 Let (Т, p) be a locally compact separable metric space, and let 
{X(t), t € T) be an a-stable process, 0 < a < 2, given in the standard form 
(10.1.1). Let T* be a countable dense subset of T. If (X(t), t € T} is sample 
continuous, then for every compact subset C of T, we have 


m(z: f(t z), t € T" NC is not uniformly continuous) =0, (10.3.1) 


J sip., |f (t, z)|*m(dz) < оо (10.3.2) 
Е teT*n 
and 

(n(t), t € T) is continuous ўа #1, 
| (n(t) – 2 Jo f(t х) |f (t, z)|B(z)m(dz), t € T) is continuous ifo = 1. 


(10.3.3) 
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PROOF: Westart with our standard symmetrization argument. Let (X (t), t € T) 
be an independent copy of {X (t), t € T) and define Y (t) = X (t) -X(t), t € T. 
Then (Y (t), t € T} isa SaS process, is sample continuous since (X(t), t € T) 
is sample continuous and has the integral representation 


Y(t) = aef f(t, z) My (dz), t € T, 
E 


where Мі is a SaS random measure on (Е, £) with control measure m. 
Note that sample continuity implies continuity in probability. Hence, if C isa 
compact subset of T', then, by Proposition 9.3.5, 


P(Y (t), t € T" NC is uniformly continuous) = 1. (10.3.4) 


Observe that the control measure rn is c-finite on the support of each function 
{/(% ж), те E), t € Т* NC, and, therefore, it is o-finite on the set Ё = {x € 
Е: Y er-nc f(t, z)? > 0). Thus (10.3.1) is equivalent to 


m(z € Ey: f(t,z), t € T* NC, is not uniformly continuous) = 0, (10.3.5) 


and also 
Y(t) = qe f(t,x)Mi(dz), te T* nC. 
E 


We shall show that (10.3.4) implies (10.3.5). 

Let A be a probability measure on (ЕЁ, £j) (where £; is the restriction of £ to 
EA), equivalent to the c-finite measure m on (Е!,<1). Let g(z) = 2? (x) be the 
corresponding Radon-Nikodym derivative, which can be chosen to take values 
in (0, оо). Then on changing the variable of integration (Proposition 3.5.5), we 
conclude that 


(Yt), terno) + t f f(tz)o() Molds), t e T" nC], 
E 


(10.3.6) 
where М» is a SaS random measure on (Ej, Ei) with control measure А. Now 
we use the series representation of the integral in the right-hand side of (10.3.6) 
(Theorem 3.10.1) to conclude that 


(Y), ter" пс} = fda Y «rj ^ f( V) (V^, teT NC}, 
isl 


(10.3.7) 
where da is a constant, and the three independent series of random variables 
are, as usual, a Rademacher sequence { є, €2,...), a sequence of arrival times 
of a Poisson process with unit arrival rate (T1, T2...) and a sequence of i.i.d. 
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£,-valued random variables { И, Vo,...) with common distribution А. Now 
let (Z(t), t € T* NC} denote the stochastic process in the right-hand side of 
(10.3.7). Then, by (10.3.4) and (10.3.7), 


P(Z(t), t € T* n С, is uniformly continuous) = 1. 


Let ( Z(0,teT'n С} be the stochastic process obtained by replacing є; by —є; 
fori = 2,3,..., on the right-hand side of (10.3.7). Since €}, —€2, —€3,... is again 
a Rademacher sequence, we have (Z(t), t € T" NC} = {Z(t), t€ Т"п С] 
and thus 
| P(Z(t), t € T* NC, is uniformly continuous) = 1 
so 

P(Z(t) + Z(t), t € T* NC, is uniformly continuous) = 1. 


But Z(t) + Z(t) = га ве ГУ ум“ F(t, Vi). Since (И) € (0, со), we obtain 
P(f(t, Vi), t € T* n C is uniformly continuous) = 1 
or, equivalently, 
A(x € Ei: f(t,z), t € T* NC, is not uniformly continuous) = 0. 


This proves (10.3.5) because m and А are equivalent measures (оп E). 

Relation (10.3.2) follows directly from the fact that sample continuity of 
{X (t), t € C) implies sample boundedness of {X (t), t.€ С} and from Theorem 
10.2.3. 

It remains to prove (10.3.3). Once again, the argument for а 2 1 is simple, 
and is identical to the proof of the corresponding part of (10.2.15) in Theorem 
10.2.3. This leaves us with the case а = 1. Denote 


wie) = n) – = / (tyi | reato mida), t € Т, 


and suppose, to the contrary, that {X(t), t € Т} is sample continuous but 
(u(t), t € Т} is discontinuous. Then there is a point tg € T, ane > O and a 
sequence of points (24, n = 1,2,...) С T such that p(tn, to) > 0asn — coand 
|ш(ба) — и(%)| > є forevery n > 1. Clearly, sample continuity of (X(t), t € T) 
implies 
P( lim X(t) = X(to)) = 1 (10.3.8) 
п—оо 


(Proposition 9.3.7). Let 


Yn = (X(tn) – u(t.)) — (X(to) — n(to)), 
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= шћа) — што), n = 1,2,.... Then, by (10.3.8), 
1 = P( lim X (tn) = X(to)) 
= Р( lim (У, + an) = 0). (10.3.9) 


The sequence {u(tn), n = 1,2,...} is bounded by Theorem 10.2.3. Therefore 
we may (and will) assume that there is an L € [е, co) such that O < a, = L 
às n — оо. Note also that each Y, has the distribution S; (an, Bn, 0) for some 
On > бапа —1 € n < 1. If lima, со Са = 0, then, as п — oo, Y, converges 
in distribution to 0 and У, + a4 to L, contradicting (10.3.9). Therefore all limit 
points of the sequence (ал, n > 1) must be non-zero. On the other hand, 
let (Y4, n = 1,2,...) be an independent copy of (Уа, n = 1,2,...). Then 
Za = У, — У, ва S, (204,0,0) random variable, n > 1, and 


P( lim Z, = 0) > P( lim (У, - a4) = 0, im (Ӯ, + an) = 0) =1 


by independence and (10.3.9). Hence, as n — со, 2, converges in distribution 
to 0, implying liMn—oo ба = 0. This contradiction proves that (p(t), t c T) 
must be continuous, and the proof of Theorem 10.3.1 is now complete. WM 


Theorem 10.3.1 can be extended to complex-valued SaS processes given in 
the form (10.2.20). The proof of the following corollary is similar to the proof of 
Corollary 10.2.8 and is left to the reader (Exercise 10.5). 


Corollary 10.3.2 Let (T, p) be a locally compact separable metric space and let 
{X(t), t € T) be a complex-valued SaS process given in the form (10.2.20). 
Let Т" be a countable dense subset of T. If (X (t), t € T) is sample continuous, 
then for every compact subset C of T we have 


m(z: ЈЕ, 2), t € T* NC is not uniformly continuous) = 0 (10.3.10) 


and 


/ sup |/е(%,х)|®т(ат) < оо. (10.3.11) 
E teT-nC 


Let us now discuss the intuitive meaning of the results we have obtained, 
namely Theorems 10.2.3 and 10.3.1. Assume that our a-stable process (X (2), t € 
Т} is given in the standard form (10.1.1) (take n(¢) = 0 for simplicity) and that 
there is a probability measure A on (Е, £) equivalent to the control measure m. 
We can view {f(t,-), t € T) as a stochastic process defined on the probability 
space (E, E, A). Let (T, р) bealocally compact separable metric space. We know 
from Theorem 9.2.5 that there is a strongly separable version (9(t,-), t € T} of 
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the stochastic process { f(t, -), # € Т} which is defined on the same measurable 
space (Е, &) and such that A(z € E:g(t,z) # f(t,z)) = 0 for every t € T. 
Since A is equivalent to m, we obtain 


fe LF (t, x) — g(t, z)]*m(dz) = 0 


and therefore 
X(t) = у e(t, z)M (dz) as., t € T. (10.3.12) 
E 


The representation (10.3.12) is called a strongly separable integral representation 
of (X(t), t € T) and (g(t, -), t € T) is called a strongly separable kernel. 

Suppose, now, that {X(z), t € Т} is sample continuous. Let T* be a 
countable dense subset of T' which is, at the same time, a strong separant for 
{g(t,-), t € T). Applying Theorem 10.3.1 and Proposition 9.3.4, we conclude 
that for every compact subset C of T, {f(t,-), t € С} regarded as stochastic 
process on the probability space (E, £, А) is sample continuous. It is therefore 
continuous in measure А and, thus, by Proposition 9.3.5, ( f(t, -), t € T) is sample 
continuous. 

We thus arrive at the following conclusion. Let (X (t), t € T) be an a-stable 
process in a standard form (10.1.1). If (X(t), t € T) is sample continuous, 
then {f(t,-), t € T) is sample continuous as well. We remind the reader that 
the sample path properties of the kernel in an integral representation are always 
understood to hold with respect to a probability measure equivalent to the control 
measure. 

Of course, a similar argument can be used to show that an a-stable process 
with a separable (not necessarily strongly separable) integral representation is 
sample bounded only if the kernel (g(£, -), t € T} of this representation is sample 
bounded. However, Theorem 10.2.3 yields actually a stronger result, namely not 
only 

m(z: sup |g(t, z)| = oc) = 0 
Тт 


but also 
|| (sup [g(t, ге тт(42) < oo. 
Е {ЄТ 


Needless to say, none of the above results hold for Gaussian processes, i.e., when 
а = 2 (see Example 10.1.1). 

The following theorem gives necessary conditions for pointwise sample con- 
tinuity of a-stable processes. | 


Theorem 10.3.3 Let (Т, p) be a separable metric space, (Х (6), t € T) be an 
a-stable process, 0 < а < 2, and let T* be a strong separant for a strongly 
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separable version of (X(t), t € T). Suppose that (X(t), t € T) is sample 
continuous at ћу € t. Then 


m(z: either Jim f(t, x) does not exist or Jim х) + f(to,2)) =0 
ет“ ет" 
(10.3.13) 
and in the cases œ # 1 and а = 1, respectively, 


(n(t), t € T) is continuous at to, 


{n(t) – 2 ff (t,x) In| f(t, z)|B(z)m(dz), t € Т} is continuous at to. 
(10.3.14) 
Suppose, in addition, that the point to has a relatively compact neighborbood, 
i.e., a neighborhood whose closure is compact. Then for some open set A with 
. compact closure such that 5 € A C T, 


/ sup |f(tz)|^m(dz) < oo. (10.3.15) 
E teT-nA 

The proof is very similar to the proof of Theorem 10.3.1 and is left to the 
reader (Exercise 10.6). 

The following example is a curious application of our results. It answers’ 
the question posed in Section 6.6 by providing an example of a stationary SaS 
process which is not conditionally stationary Gaussian. 


Example 10.3.4 Let X(t) = L(t) - L(t — 1), 1 € t € 2, where {L(t), 0 < 
t < 2) is the SaS motion. Clearly, X = (X(t), 1 € t < 2) isa stationary 505 
process. We claim that .X cannot be conditionally stationary Gaussian. 

Indeed, suppose to the contrary, that X is conditionally stationary Gaussian. 
We know that {X(t), 0 < t X 2) is a.s. bounded (Exercise 9.5) and it follows 
from Theorem 10.3.1 that {X (t), 0 € t < 2) is not sample continuous. Therefore 
the conditional stationary Gaussian process must be sample bounded as well but 
not sample continuous. But this violates Belyaev's theorem (1961) that every 
stationary Gaussian process is either a.s. continuous or else a.s. unbounded on 
every interval of positive length. Thus X cannot be conditionally stationary 
Gaussian. 


10.4 Necessary and sufficient conditions for sample 
boundedness and continuity when 0 < а < 1 


In the preceding section, we established necessary conditions for sample bound- 
edness and sample continuity of o-stable processes. The reader may wonder 
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whether these conditions are sufficient as well. We will show that the conditions 
are sufficient if 0 < а < 1, but they are not if 1 € а < 2. 

The following example demonstrates that the necessary condition (10.2.14) 
for sample boundedness is not sufficient when 1 € o < 2. 


Example 10.4.1 Let 1 < а < 2 and define а SaS process on the countable 


parameter space 
T [AN 12,46 (2,..,N)] 


as follows: start with an arbitrary sequence (a4, n > 1) of positive numbers 
satisfying the following two conditions: 


oo 
J at «oo 1x a <2, (10.4.1) 


n=] 


and ТЕ 
У  дп | nanl = оо іа = 1, 
(10.4.2) 


У an = 00 ifl<a<2. 


(A possible choice is a, = пі ifa > landa, = (n log?(n +1)! Ка = 1) 
Set b, = а, (п(п + 1) e, n — 1,2,..., and define the family of functions 


UN, A), £), O<a< 1}, (М, А) € T,as 


b, if x є ( (zii, a] and € A, 
FUN, А). т) = 4 —-b. ifze(zL, t] п < Мапдп ФА, 
0 otherwise. 


Consider the stochastic process 
H 
[xix = | fv (a) (МА) ET}, 
0 


where M isa 50 5 random measure on ((0, 1), B) with Lebesgue control measure. 


Clearly, 


Í (СУ, А) „ге = Yu э Sy dan 
n=l 


for every (№, A) € T, so (X((N, А)), (№, A) € T} is a well-defined 505 


process. 
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The necessary condition for sample boundedness (10.2.14) holds for this pro- 
cess because, by taking T* = Т, we obtain 


* Д I = i l 
Р(х) = Nem LN, A), 2| = bn if x € т 1' | 


and therefore 


ун f'(T;zjedz = Y» Е 


by (10.4.1). We will show nevertheless that 


1 oo 
pee 
n= 


Р( sup IX((N, A)| = со) = 1, (10.4.3) 
(N,A)eT 


i.e., CX (UN, А)), (N, А) € T} is not sample bounded. 
То prove (10.4.3), define 


= nn eM (oo ]) пета 


Then Zi, 22,... is a sequence of i.i.d. 5а 5 random variables. Fix any w Є О, let 
K > land A, = (n € {1,2,...,K}: Z,(w) > 0). Clearly, 


Pii 
Santa 


ХК, А„))(ш) 


Therefore, for any К > 1, 


K 
m po FRU A))(w)| > 2 |2,00) 


and thus 
a Mode IX (CON, A))| Sala | 
n=l 


But Condition (10.4.2) implies 377 , a&|Z4| = oo a.s. (see Exercise 1.26), 
establishing (10.4.3). 


Exercise 10.7 describes a similar construction for the parameter space 7 = 
[0, 1], and also gives an example of a SaS process, 1 < a < 2, which satisfies 
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both (10.3.1) and (10.3.2) but is not sample continuous. We will encounter more 
examples of this type later in the chapter. 

The following is the main "positive" result of this section. It shows that in the 
case 0 < a < 1, sample boundedness and sample continuity of a-stable processes 
are completely determined by the corresponding properties of the kernel that 
appears in their integral representation (see the discussion after Theorem 10.3.1). 


Theorem 10.4.2 Let 0 < o < 1, and let (X(t), t € T) be an a-stable process 
given in the standard form (10.1.1). 

(i) Suppose that (t) = 0 for every t € T in (10.1.1) and let T* C T bea 
separant for a separable version (Y (t), t € T} of (X(t), t € T). Suppose that 
(Y (t), t € T} is defined on a probability space (Q, F, P). Then 


lim A? P(supY (t) > A) 
À—oo Тт 


= Se [f ns rina ema) + f 1-729 — (2) m(az)| 
(10.4.4) 
and 


lim Хе P(sup|Y(£| > А) = Ca T PüTuzym(dz) _ (1045) 
A-—oo зет E 


In particular, (X (t), t € Т), with a general (n(t), t € T) in (10.1.1), is sample 
bounded if and only if 


|| РТ" z)*m(dz) < оо (10.4.6) 
Е 


and (10.2.15) holds. 

(8) Let (T, p) be a locally compact separable metric space. Then the process 
(X(t), t € T) is sample continuous if and only if (10.3.3) holds and for every 
compact subset C of T, for any countable dense subset С“ of C, we have 


m(x € E: f(t,x), t € С", is not uniformly continuous) — 0 (10.4.7) 
and 


/ sup |f (t, z)|^m(dz) < oo. (10.4.8) 
E teC- 


PROOF: (i) In view of (10.2.10) and (10.2.12), the statements 
lim, .,,A? P( sup Y(t) > A) 
teT 
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< Са 
=. 2 


| |: hy (T*:2)*(1 + B(z)m(dz) + 1 һ-(Т°;т)°(1— &G))m(dz)] 
E E 

(10.4.9) 
and 


Ti, _соде P(sup]Y()] > А) € Ca / Г“: x) mdz) < оо (104.10) 
teT E 


will imply (10.4.4) and (10.4.5), respectively. We prove (10.4.9). (The proof of 
(10.4.10) is similar; moreover, (10.4.5) can be deduced directly from (10.4.4); see 
Exercise 10.8.) 

Since there is nothing to prove if either one of the two integrals in the right-hand 
side of (10.4.9) is infinite, assume 


| fg h« Q7: 2)*(1 + B(x))m(dz) < oo, 


fg h-(T*;2)*(1 – B(z))m(dz) < oo. 


(10.4.11) 


Let Му and М» be independent a-stable random measures оп (E,£) with the 
same control measure m. (which is the control measure of M) and with the same 
skewness intensity 8 = 1. Setting 


Wit) E + B(2)) ^ M, (dz), t€ T", 


u(t) =f ftz)(1 — 800) ^ Mi(dz), te T", 
E 
we obtain 
(у(ђ, teT") = (27 Ve(w(t) -u(), te T"), 
and, since (Y (t), t € Т} is separable, we conclude 
P(supY(t) > А) P( sup Y(t) » 4) 
ter Т" 


li 


P( sup (W(t) – U(t)) > 2725) 
Єт" 


l^ 


P( sup W(t) + sup (—U(t)) > 2793). 
te" Т" 
(10.4.12) 


Set also 


2 
[ 


чз) 863)" (aa), 


= P һ_(Т°:т)(1 – 8(2) My (dz). 
E 
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By virtue of (10.4.11), W. and U, are well-defined o-stable random variables. 
They are also independent, and it follows from Proposition 3.4.1 and Proposition 
1.2.11 that for each t € T*, 


W,-W()- f (h (T*; £) — f(t, 2)) (1 + B(x)" M, (dx) > 0 a.s. 


Therefore УУ, > supper» W(t) a.s., and, similarly, U, > sup,-p-(—U(t)) a.s 
We conclude from (10.4.12) that 


Fim) ,,,A* P(Y (t) > А) < tim A*P(W, +0, > 2/23) 
—ео 


= 10| [А ћ(Т"; xz)? (1 + 8(2))т(ах) + + fr h_(T*;z)*(1 - б(®)ут(ат)], 


by Property 1.2.15 and the independence of W, and U,. This proves (10.4.9). 
The necessity of (10.4.6) and (10.2.15) follows from Theorem 10.2.3. On the 
other hand, if (10.4.6) and (10.2.15) hold, then (10.4.5) implies 


lim Хе P(sup |Y (t)| > А) < oo, 
A00 tET 


and thus Р(зиргет |Y (t)| < оо) = 1 since 0 < а < 1. This proves that 
{X (t), t € T} is sample bounded and completes the proof of the first part of the 
theorem. 


(ii) The necessity of (10.3.3), (10.4.7) and (10.4.8) for sample continuity of 
(X(t), t € T] was established in Theorem 10.3.1. It remains to prove the 
sufficiency of these conditions. We may and will assume 7(t) = 0 for every 
teT. 

We firstly show that the process { X(t), t € T} is continuous in probability 
under (10.4.7) and (10.4.8). Let tọ € Т and let B be a compact neighborhood of 
to. Let (t4, n = 1,2,...) € T be such that p(tn, ѓо) — 0 as n — oo. We may 
assume that (£4, n = 1,2,...} С B. By (10.4.7), lim, оо f (£4, x) = f(to, 2) 
7n-almost every where, and so by (10.4.8) and the dominated convergence theorem 


um f IA шут) — Д, 2)] m(dz) = 0. 
Proposition 3.5.1 implies that X (tn) — X(to) in probability as п — oo and, 
since ty was chosen arbitrarily, we conclude that the process (X(£), t € T} is 
continuous in probability. 

In view of Propositions 9.3.4 and 9.3.5, it is enough to prove that (X(t), t € 
C) is sample continuous for every compact subset C C Т; we may therefore 
assume without loss of generality that T' itself is compact. 


466 BOUNDEDNESS, CONTINUITY AND OSCILLATIONS 10.4 


Let T* be a countable dense subset of Т. According to Proposition 9.3.5, we 
must prove . 


P((X(t), t € T") is uniformly continuous) = 1. (10.4.13) 


Set, as usual, f*(1*;z) = supcr. | (t, z)| and define a new measure m, on 
(E, E) by 

mi(dz) = f*(T*;x)*m(dz). 
Because of (10.4.8), m, is a finite measure. Let M, be ап a-stable random 
measure on (E, E) with control measure тп and the same skewness intensity 8 
as the random measure M. By Proposition 3.5.5, 


(X(t), teT") = {Y (t), + ЕТ"), 


where 
Y()- Í Јолу) M (dz), te T", 


(we adopt the convention 0/0 — 0.) Moreover, by Theorem 3.10.1, 
(Y() te T*) = (CZ(t), t e T"), 


where C is a positive constant and 


Z(t) = у wr; FWP (TV tem. 


i=l 


In the preceding expression, Гу, Г2,... is a sequence of arrival times of a Poisson 
process with unit arrival rate; (М! Ji (5 ),...18 a sequence of i.i.d. random vectors, 
independent of the sequence Гү, Г2,..., taking values in E x (—1,1) and such 
that Vj has distribution m = m; /ти (Е) on E and P(3; = 1|V;) = (1--8(V)))/2. 
We must therefore prove 


P((Z(t), t € T^) is uniformly continuous) — 1. (10.4.14) 


Set g(t, x£) = f(6z)f" (1:2), t € T^, се E, and note that |g(t, z)| < 1 for 
every t and х. Fort,s € Т", 


Z(t) - 2(s)| < $T; "^ |g(t. Vi) – gls, М). (10.4.15) 

i=} 
Slightly abusing notation, denote by (О, 7, P) the probability space in 
which the stochastic process (Z(t), t € T*} is defined (even though it is 
(X(t), t € T) that was originally supposed to be defined on that space). 
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Introduce the subset Q; = {w € О: lim; .T;/i = 1 and (96 Vi), t € 
T") is uniformly continuous for each i = 1,2,...} and note that P(Q,) = 1 by 
the strong law of large numbers and (10.4.7). In order to prove (10.4.14), it is 
sufficient to show that {Z(t), t € T") is uniformly continuous for every w € О). 
But the latter statement follows directly from (10.4.15) and the dominated con- 
vergence theorem (the dominating factor is ci^ !/* for some c € (0,00); note 
that x i-/* < oo since 0 < а < 1). This proves (10.4.14). The proof of 
Theorem 10.4.2 is now complete. M 


Remark. Theorem 10.4.2 solves completely the problems of sample boundedness 
and sample continuity for a-stable processes with 0 < а < 1 and gives the precise 
asymptotic behavior of the distribution function of the supremum (of its separable 
version). As we shall see, it is much more difficult to obtain analogous results 
in the case 1 € а < 2, and there, different ideas are needed. This may seem 
surprising at first, at least as far as sample boundedness and sample continuity are 
concerned, because of the following argument. 

Let (X(t), t € T) be, say, a So S process with 1 < а < 2 and suppose that 
we want to determine whether this process is sample bounded (continuous). Let А 
be a 5) (22) (1, 1, 0) random variable, independent of the process (X(t), t € Т}. 
Then z 

Y(t) = AVe X(t), te T, 


is a S15 process (see Proposition 3.8.1). Clearly, (X(t), t € T) is sample 
bounded (continuous) if and only if (Y (t),¢ € Т} is. Since (Y (t), t € T} is 1/2- 
stable, we can apply Theorem 10.4.2 and determine precisely when it is sample 
bounded (continuous). Hence, we know precisely what happens to {X (2), t € Т} 
as well! 

Unfortunately, this procedure is not practical. The necessary and sufficient 
conditions for sample boundedness (continuity) of (Y (t), t € Т} are in terms 
of its integral representation. We would be in good shape if we could obtain an 
integral representation of (Y (2), t € T) which is explicitly related to “basic data" 
involving the original process ( X(t), t € Т} (say, to an integral representation 
of (X(t), t € Тр. But this seems to be very hard to obtain in general. We 
are only aware of one general integral representation of the sub-stable process 
(Y (t), t € Т}, the one given in Proposition 3.8.2, 


(y(t), te) 5 {ef X(tyw)M(dw), t € T), (10.4.16) 
о 
where M is а 515 random measure on the probability space (Q, F, P) – the 


probability space where the SaS process ( X (t), t € T} is defined – and X(t, w) 
is X evaluated at a fixed t € T and w € О. Applying Theorem 10.4.2 to (10.4.16) 
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gives no information on sample path properties of {X (t), t € T} because all we 
can conclude is that {X (t), t € Т} is sample bounded (continuous) if and only if 
(Y (t), t € T} is sample bounded (continuous) – a complete tautology! 

Theorem 10.4.2 has a counterpart for complex-valued SaS processes. 


Corollary 10.4.3 Let 0 < o < 1, and let (X(t), t € T} be a complex-valued 
Sa process given in the form (10.2.20). 

(i) Let T* be a separant for a separable version of (X(t), t € T). Then the 
process {X (t), t € T) is sample bounded if and only if 


] ferio mz) < го, (10.417) 


where fè (T*; x) is defined by (10.2.22). 

(ii) Let (T, p) be a locally compact separable metric space. Then the process 
(X(t), t € T} is sample continuous if and only if for every compact subset C of 
T and for any countable dense subset C* of C we have 


m(x € E: fe(t, £), t € С“ is not uniformly continuous) = 0 (10.4.18) 


and 


/ sup |/(2,2)|®т(0х) < oo. (10.4.19) 
E teC* 


PROOF: (i) The necessity of (10.4.17) has been proven in Corollary 10.3.2. 
Suppose, now, that (10.4.17) holds. Let Yı (t) = Re X(t), Y2(t) = Im X(t), 1€ 
T. The processes (Yi(t), t € Т} and (Yo(t), t € Т} are sample bounded by 
(10.2.23) and Theorem 10.4.2. Therefore (.X(t), t € Т} is sample bounded. The 
proof of (ii) is similar and is left to the reader (Exercise 10.9). Ш 


Example 10.4.4 An immediate consequence of Corollary 10.4.3 is that, for 0 < 
а « 1, every harmonizable SaS process (6.5.1) is sample continuous. 


The situation in the case 1 € а « 2 is more complicated, as we will see in the 
sequel. 


Example 10.4.5 Consider the o-stable moving average 
E . 
X(t) = J f(t — 2) M(dz), t € R, (10.4.20) 
—co 


where M is an a-stable random measure on (R, B) with Lebesgue control measure 
and skewness intensity 8, 0 « а « 1, and f is a measurable function satisfying 


Г |f (z)|* dz < со. (10.4.21) 


—©© 
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We will use Theorem 10.4.2 to show that the following is true: 

The a-stable moving average defined in (10.4.20) with 0 < а < L is sample 
bounded on an interval [a,b], —co < а < b < oo, if and only if for every 
countable set Т" С (0, 1], 


/ sup |f(t + z)|*dz < оо. (10.4.22) 
—oo teT* 


It is sample continuous if and only if there is a continuous function g: R — R 
such that 


Leb(z: f(x) # g(z)) =0 (10.4.23) 
and = 
| sup |g(t + z)|^dz < co. (10.4.24) 
—oo 0<1<1 


Applying the first part of Theorem 10.4.2, we note that (X(t), a € t < b} is 
sample bounded if and only if for every countable subset S" of (a, b), 


оо 
ji sup |f(s— a)" < co. (10.4.25) 
—oo 365" 


(See Theorem 10.2.3 and the subsequent discussion to reconcile (10.4.25) with 
(10.4.6).) It is easy to show that (10.4.25) is equivalent to (10.4.22). Indeed, 
suppose, for example, that b — а < 1 and let S* be a countable subset of [a, b]. 
Then S* — a is a countable subset of [0, 1] and, if (10.4.22) holds, 


оо oo 
J зріле 04е = | sup fe is < oo. 
t€ S* —a 


со 865 -œ 


Suppose, on the other hand, that (10.4.25) holds. Then, as above, 


ј sup | ДЕ + x)|* dz < oo 
—ooteT* 


for every countable subset T* C [0,6 — ај. Thus, 


o 
/ sup | + z)|*dz < oo 
-co ТЕТ" +0 

for every 6 > 0 and therefore (10.4.22) follows. The case b — a > 115 similar. 
For the sample continuity part of our claim, we apply the second part of 

Theorem 10.4.2 and conclude that (X(2), t € Т} is sample continuous if and 

only if for every closed interval [a,b], —oo < a < b < +оо, and for every 

countable dense subset 5" of [a, 5], Relation (10.4.25) holds and 


Leb(z € R: f(t — x), t € 5" is not uniformly continuous) = 0. (10.4.26) 
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We have already proved that (10.4.25) is equivalent to (10.4.22). It follows from 
(10.4.26) that there exists a continuous function g: IR — R such that (10.4.23) 
holds. (The proof of this fact is an exercise in real analysis and is left to the reader 
— see Exercise 10.10.) It follows immediately from (10.4.25) and (10.4.23) that g 
satisfies (10.4.24). у 

On the other hand, suppose that a continuous g satisfying (10.4.23) and 
(10.4.24) exists. Then (10.4.25) and (10.4.26) holds, and so (X(t), t € T} 
is sample continuous. 


The problem of pointwise sample continuity can be also fully solved in the 
саѕе0 < а < 1. 


Theorem 10.4.6 Let 0 < а < 1 and suppose that {X(t), t € T) is an a-stable 
process on a separable metric space (T', p). Let T* be a strong separant for 
a strongly separable version of (X(t), t € T). Let to € Т have a relatively 
compact neighborhood. Then (X(t), t € T) is sample continuous at to if and 
only if (10.3.13) holds, {n(t), t € T) is continuous at to and for some open set A 
with compact closure such that tg € A C T', (10.3.15) holds. 


The proof is left to the reader (Exercise 10.11). 


10.5 Probability tails of suprema of bounded o-stable 
processes, with index 0 < а < 2 


Let (X (t), t € T) bean o-stable process given in the standard form (10.1.1), and 
let (Y (t), t € T) be a separable version of (X(t), t € T). For a € (0,1), the 
asymptotic behavior of Р(ѕир, т Y (t) > A) as А — oo is described in Theorem 
10.4.2. For а € [1,2), however, we have only the asymptotic lower bound 
given in Theorem 10.2.3. One may wonder whether either Relations (10.4.4) or 
(10.4.5) continue to hold when o Є [1,2). Example 10.4.1 shows that this is 
not the case in general. Indeed, the a-stable process constructed in that example 
is a.s. unbounded. It turns out that the difficulties are caused precisely by the 
a.s. unboundedness of the paths. The following theorem shows that (10.4.4) and 
(10.4.5) do hold when the paths are a.s. bounded. Its proof uses some results of 
the theory of probability on Banach spaces. 


Theorem 10.5.1 Let (X(t), t € T) be an a.s. bounded a-stable process, 0 < 
a « 2, given in the form (10.1.1). Let T* be a separant for a separable version 
(Y(t), t € Ty of (X (t), t € T), defined on a probability space (О, F, P). Then 
(10.4.4) and (10.4.5) hold, i.e., 


lim A?P(supY(t) > А 
Х— о (sup (0 ) 
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= Se [f as (ria + oom) + f ^- aria ( – B6)m(as), 


and 
lin A*P(sup|Y(£)) > А) = с, | F'(G7;z) m(dz), 
A—oo {ЄТ Е 


where C, is defined in (1.2.9), h and h in (10.2.11) апа f* in(10.2.13). 


PROOF: We start with the symmetric case, i.e., 8 = 0 and 7 = 0. Let M be 
а 505 random measure on (E,£) with control measure m given by m(A) = 
Ja Р"; х)ет(ат). Theorem 10.2.3 implies that M is a finite measure and 
hence m/7(£) is a probability measure on E. Set g(t,z) = f(t,z)/f*(T*;z) 
with the convention 0/0 = 0. Then 


(Y(0, te T7) 4 { J: o(t,z) M (da), t € T} 


by Proposition 3.5.5 and {Y (t), t € T") E {S(t), t € T*) by Corollary 3.10.4 
where, in the notation of the corollary, 


S(t) = (C4m(E))/* У «er; "^ g(t, V), te T*, 


i=l 


and Vi, , V2, .. . are i.i.d. E-valued random variables with distribution m(-)/m(E). 
Define the following stochastic processes: 


Si (t) = (Сат (E)) o З eT; I: > 1)g(4, И), t€ T*, 


i=l 


oo 
S(t) = (Cam(E))'/* У er; "^ YT; € пау), te T*. 

i=l 
Obviously, S(t) = Sı (t) + S2(t) for any t € Т“. The processes {5 (t), t € T") 
and {S2(t), t € T") are independent because the properties of Poisson random 
measures ensure that ter T: > 1)g(t, Vi), t € T*}, 2 = 1,2,...) and 
егег; € раб Vi), t € T"), i = 1,2,...} are independent Poisson 
random measures on RT” (see, e.g., Resnick (1987), Section 3.3.2). Note also 
that (S;(t), t € T^) is the sum of an a.s. finite number of bounded functions. 
Therefore (52 (5), t € T^) is an a.s. bounded stochastic process and, consequently, 
(Si(t), t € T") is also a.s. bounded. 

It follows from Proposition 2.7 of Rosinski (1990) that (5; (t), t € T*) is an 

a.s. bounded symmetric infinitely divisible process whose characteristic function 
satisfies 
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-In Eexpi У, 0(£)5i(t) 
teT* 


oo 
= (Е). J / [1 - cos((Ca(E) ги“ Ме Y eot =) |а) 
і Е teT* 
(10.5.1) 
for every {0(t), t € T") with finitely many non-zero coordinates. We claim that 
there is an є > 0 such that 


Eexp(e sup [Si (01) < со. (10.5.2) 
teT- 


To show this, identify 7* with N = (1,2,...) for simplicity and take an arbitrary 
sequence (aj, j > 1} of real numbers converging to zero. Let Zj = 25: (j), j = 
1,2,.... Since 2; — 0 a.s. as ј — оо, the vector Z = (21, Z2,...) can be 
viewed as a symmetric infinitely divisible random vector taking values in the 
separable Banach space cg of sequences of real numbers converging to zero with 
the supremum norm || [|со, ће., |1211 = sup;>; |2;|. The dual (co)! of co is 
the space 1! of absolutely summable sequences (Reed and Simon (1972), Section 
I.2). It follows from (10.5.1) and the lebesgue dominated convergence theorem 
that for any y = (1,7, ...) € ЇЇ = (о), : 


— In Eexpi(y, Z) = —In Бехр{+ Y yz} 


j=l 


= (EY! / x Í «(Сатана naa ane 


= f (reos n) Flay), (10.5.3) 


where F is the image of the measure %(Е)-! (Lebxm) on [1, со) x E under the 
transformation ф: [1, 00) x E — ср given by 


plu, 2) = (c«m GE)" чи ^ (a, g(1, 2), 029(2, 2), .. 3 


By virtue of (10.5.3), F is the Lévy measure of the symmetric infinitely divisible 
random vector Z with values in со. Since |g(j, z)| € 1, we have for и > 1 and 
recE, 


lgu, z)]loo = (Ca (E)) ги“ Уз sup la;g(,2)| € (Camm(E)'/* зир јад). 
jz ЕРА 
Therefore 


F(ty € ox {уй > (С„т(Е)) "^ sup aj) )= 0, 
j21 
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1.е., the Lévy measure F has bounded support. But de Acosta (1980), Corollary 
3.3, shows that an infinitely divisible random random vector Z on a separable 
Banach space with norm || - ||, whose Lévy measure has bounded support, must 
have all exponential moments finite, i.e., for any 6 > 0, Eexp(6]|Z|) < oo. 
Since here Z = (215) (j), j 2 1) isa vector in со, we have, for every 6 > 0, 


Eexp G sup |ау[[$ (01)< оо. (10.5.4) 
22 


Since (10.5.4) holds for every sequence {a;, j = 1,2,...} converging to 
zero, then (10.5.2) holds, because if (10.5.2) fails for every є > 0, we may 
choose a sequence of positive integers Mm [ co as m — oo such that 
Eexp( E maxi<j<Mm |5,(1)]) > m. Then, setting a; = 1/m for Ma < 
j € Ма, m = 1,2,..., Мо = 0, we obtain a sequence converging to zero for 
which (10.5.4) fails with 6 = 1. This contradiction proves that (10.5.2) holds for 
some e > 0. 

We now turn to (S (1), t € T*). The number of l';s with values in the interval 
(0, 1] is a Poisson random variable N with mean 1, and given JV, the T;s have 
the same distribution as № i.i.d. U (0, 1) random variables arranged in increasing 
order. Reasoning as in the proof of Theorem 1.4.2, we have the representation 


N 
(S), t € T^) = (C4m(E)) ^ S^ aU; "^g(t, Vj), te T", (10.5.5) 
i=l 
where N is Poisson with mean 1, independent of the sequences {€),€2,...} 
and (И, V2,...}, and where {U),U2,...} is a sequence of i.i.d. U(0, 1) random 
variables independent of the other random quantities appearing in the right-hand 
side of (10.5.5). 
For any A > 0, we have 


P( sup 52(%) > А) 
teT- 


N 
= AED V^ ОУ V, 
= P( sup (C. R(E)) ^ Say" g(t, Vi) > А) 


i=l 


N 
< P((Cam(E))Y* У sup 60, Ygl, V) > A) 


i=l 
N 
=P( W: > л), 
i=l 
where W; = (C4i(E))/* Süp;er- eU; "g(t, Vi), i-—1,2,.... Set 


Са || hirta + f naria men). ess 


Н => 
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and observe that 


P(W; > А) 


|| 


1 тууат 1а Pa (1; Vi) 
P (с.к) = >л) 


І " ijah- (T*; V.) 
+ =P | (С, Е Мату; Ша 2-01 » Mi) 
;? (testeur > А 
= АН", 
for À > (С.Ӯ(Е))!/°, because for such А, 


P (v. « V OSEE.) 


ha (T*; М) 
f*(T*; v 


Хуе C. / һь(Т*;х)°т(ахт), 
Е 


since V; has distribution m/m(E) with m(dr) = f*(1*;z)9*m(dz). Use now 
Exercise 10.12 to conclude 


li 


AT SOSR(E)E 


Ш 


lim. сода Р( sup S(t) > А) € Н“. (10.5.7) 
зет“ И 


On the other hand, for any А > 0 and 0 < 0 < 1/2, 
P( sup S;(t) > А) 
„ет“ 
= 1 
=e (sere. AE) Y iU; "^ g(t, V) > a) 
= 1 
> a m Va, тј“ а А 
> velop (Dates eiU! "g(t, V.) > МЕ +6), 


— уа AO. ps 
led КС%(Е))!/%;0; у g(t, Vj)| € LT Vj = 1,...,%, ј 7) 


е)" 


m (Com(E E) *eqU; "g(t, Vi) > Х1 +6)), 
зет“ 


where (А) = Р(воргет- |(С„т(Е)) се "^g(t,V)| < А). For A > 
(C. m(E))"/5, 


e AB nol 
> у, j -12% *Y—o ~a Р 
FUA 5) > л) ЫС n a um G 2:17] 
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Therefore, by Fatou's lemma, lim, ,,,A? P(supyep- S2(t) > А) > H*(1--0) 9 
Since we may take Ó arbitrarily close to 0, we obtain, using (10.5.7), 
lim A*P( sup S2(t) > A) = Н". (10.5.8) 
A00 зет“ | 
Our claim (10.4.4), in the symmetric case, follows now from (10.5.2), (10.5.6), 
(10.5.8) and Lemma 4.4.2. 
To prove (10.4.4) in general, let (7 (5), t € Т}, + = 1,2, be independent 


copies of (Y (t), t € T}, and let Z(t) = У (t) — Yo(t), t € T. Then the process 
(Z(t), t € T} is SaS and applying (10.4.4), we obtain 


lim A? P(sup(Yi(t) — ¥2(¢)) > А) = 2H*. (10.5.9) 
A090 teT 


From Theorem 10.2.3, we need only prove that 


Пру „ода P(sup Y (t) > A) 
tET 


< E[S hT: a U + BE) + + [i- (7:290 - шул). 

(10.5.10) 

Suppose, to the contrary, that there is a sequence A; f oo as k — oo such that for 
some e > 0, 


Jim AZ P(sup Y(t) > Ax) 


799) teT 
ма h + ary d 
> Se[[ n eris + есеју) + [ 8-520 – (8) таз] + 
Then for every M > 0, 
lim, 0. — M)? P( sup(¥i(t) - Ya(t)) > № – M) 
teT 
> lim, (Ак — M)*P(supYi(t) > A, sup {¥2(t)| < M) 
зет teT 
+ їй, „(Ак — M)*P(sup(—¥x(t)) > Ax, sup |¥i(é)| < M) 
teT teT 


> (2H* + e)P( sup |Y (t)| € M). 
teT 


Since M can be taken arbitrarily large, we obtain a contradiction to (10.5.9). This 
proves (10.5.10), and thus establishes (10.4.4). As we have seen before, this also 
implies (10.4.5). The proof of the theorem is now complete. li 


Remark. Theorem 10.5.1 follows from Theorem 4.4.5 when T = (1,...,n). 
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10.6 The oscillation process 


We consider in this section a more delicate characteristic of the sample paths, 
namely their oscillations. 

Let {X(t}, t € T) be a stochastic process on a locally compact separable 
metric space (T, p) and let То be a strong separant for a strongly separable version 
of (X(t), te T). 


Definition 10.6.1 The stochastic process 
Wx (t) = lim, t, «nen |X (t2) – X(6)], t € T, 
that takes values in [0, oo] is called the oscillation process of ( X(t), t € T}. 


We leave it to the reader to verify that different choices of Tọ yield different 
versions of the same oscillation process. In fact, much more is true (see the remark 
following Property 10.6.10). 

The following is an immediate consequence of the definition of the oscillation, 
the properties of a strong separant (Proposition 9.2.4) and Propositions 9.3.4 and 
9.3.7. 


Proposition 10.6.2 For any fixed to € T, (X(t), t € T) is 
(i) sample bounded at to if and only if W (to) is finite a.s., 
(ii) sample continuous at to if and only if W (to) = 0 a.s. 


Itó and Nisio (1968) proved that the oscillation process of any Gaussian 
process continuous in probability is deterministic (non-random) in the following 
sense, Let (О, F, P) be the probability space on which such a process {X (t), t € 
Т} is defined. Then there is an event Од C Q with P(Qo) = O anda (non-random) 
function ах (t), t € Т, such that Wx (t, ш) = ах (t) for every w € Об and every 
t € T. This turns out to be false, in general, for stable processes. 


Example 10.6.3 Let (L(t), 0 € t € 1} be the SaS motion. We know (Exercise 
9.5) that this process is pointwise sample continuous and thus, by Proposition 
10.6.2, Wx (t) = 0 a.s. for every t є [0, 1]. Wx is not deterministic in the above 
sense because if it were, we would have ох (t) = О for all £ € [0, 1]. It would then 
follow from Proposition 9.3.4 that the 505 motion is sample continuous which, 
as we know, is not the case. 


To characterize the o-stable processes for which the oscillation process is de- 
terministic, we will use their integral representation (10.1.1) rather than continuity 
in probability. 

Recall that, here, (7, p) is a locally compact separable metric space. We 
consider the subclass of a-stable processes оп Т satisfying the following condition: 
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Condition 10.6.4 {Х (2), t € Т} has a representation (10.1.1) with y: T — R 
continuous and such that for every countable dense subset T* of T and every 
compact subset C of T, 


m(z: the function f(-, 2): Т" ПС — Ris not uniformly continuous) =0. 
(10.6.1) 
We will use the following technical result. 


Lemma 10.6.5 An a-stable process {X (t), t € T} satisfies Condition 10.6.4 
if and only if (X(t), t € T) has an integral representation (10.1.1) with the 
following properties: 


e n: T — R continuous, 
• f(,2): T — R continuous for every т € E, 
e there is a probability measure А on (E, Є) equivalent to the control measure 
m. 
PROOF: The sufficiency part is trivial. To prove the necessity, suppose that 
(X(t), t € T) satisfies (10.6.1). Let T* be a countable dense subset of Т, and let 


Ео= {жє E: forsomet € T" and for some rational r > 0 
such that the closed ball B(t,r) is compact , 
the map f(-,z): Т" GB(t,r) +R 
is not uniformly continuous}. 
Observe that m( Ер) = 0 and the limit lim, ,;, зет“ f(s, x) exists for every t € T 
and x € Eg. Therefore, the function 0(:, т): Т — R, given by 


l lims—t, ser- f(s,z) ifc € Eg, 
0 


96,2) = if x € Eo, 


is well defined and continuous for every z € E. 
Fix any t € Т and let Eo(t) be defined as Ep but with Т" U {t} replacing Т". 
Then m(Ep(t)) = 0. Clearly, for each z € Eo(t)*, 
бт) = _ lim. (9,2) = 962), 


з— 


and so for every t € T, 
m(z € E: f(t,z) # g(t, 2)) = 0. 


Thus, a.s., for every Є Т, 


x()- ГА o(t,2)M (dz) + т) = [А o(t,2)M (de) + n(t), 
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where 
E, = | {є E: |g(t, z)] # 0). 
teT 

Note that E4 € E since g(-, x£): Т — R is continuous for every x Є E, and thus 
Ex = Uer. (z € E: |9(%,х)| # 0). Moreover, m is o-finite on E4 (Exercise 
10.14). Using Exercise 10.4, conclude that there is a probability measure А on 
(E}, EN E+) equivalent tom. Ш 

Wx(t) is the oscillation of X at a point t We now define Wx (C), the 
oscillation of X on a set C. This will allow us to overcome measurability 
difficulties when dealing with {W x (t), t € Т}, which is generally an uncountable 
set of random variables. 


Definition 10.6.6 The oscillation of a process (Х (6), t € T) on a set C C T is 


Wx(C) = lim |X(t) ~ X(t2)], 


where the limit superior is taken over all tı, t2 € Ту such that 4(5,, #5) — 0 and 
d(ts, C) + 0. 


It is easy to verify the following properties of the oscillation on a set. (If U 


st 
and V are random variables, we write U > V to indicate that U is stochastically 
greater than V, i.e., P(U > А) > P(V > А) forall A.) 


Proposition 10.6.7 (i) Wx ({t}) = Wx (t) a.s. for every t € T. 
(ii) Wax(C) = |a|Wx (C) a.s. for every reala, C C T. 


(iii) Wx4y (C) < Wx(C) + Wy (С) а.з. for every C С T, where {X(t), t € 
Т} and (Y (t), t € Т} are stochastic processes defined on the same prob- |. 
ability space. ; 


(iv) Suppose additionally in (iii) that the set C is compact and that (Y (t), ЄТ} 
is sample continuous. Then Wx „у (C) = Wx(C) as. 


(v) Suppose additionally in (iii) that the set C is compact, and that (Y (t), t € 
T) is independent of (X(t), t € T) and continuous in probability. Then 


Wx+y (C) È Wx(C). 


PROOF: We prove only (v) the rest is left to the reader. See Exercise 10.15. 

We can assume that {X(t), t € Т} is defined on the probability space 
(Qi, Fi, Pi), and (Y (t), t € T) is defined on a different probability space 
(05,75, Pa), where СТ is the c-algebra of cylinder sets. We view the three 
stochastic processes (X (t), t € T), (Y (t), tE T) ana (X (t) -Y (2), t € T} as 
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defined on the product probability space (О; x Q2, Fi x Jo, P x 1 у). Let To be 
a common strong separant for a strongly separable version of {X (t), ¢ € Т} and 
a strongly separable version of (Y (t), t € T). Let Wx(C) and Wx+y (C) be 
defined by the same Th and regard the random vector (Wx (C), Wx-.v (C)) as an 
element of the product space. The set А = ((wi,u2) € Qı x О»: Wx 4v (C) 2 
Wx(C)) is then in Fy x Fy. 

In order to establish the result, we prove (P, x P;)(À) = 1 by using Fubini's 
theorem as follows: for a fixed w; € О, there are two sequences depending on 
Ut; (89, n = 1,2,...} € To, = 1,2, апаа point tọ € С such that as n — со, 
P > to, i= 1,2, and 


lim [X (£7) – Х(@2))| = Wx(C). 
rh OD 


Since (Y (t), t € Т} is continuous in probability at to, there аге subsequences 
(D, & = 1,2,...}, i = 1,2, and an event Ае А with РА) = 1 such 
that lim, s, Y (19,05) = Y (tow), i = 1,2, for every и; € Ал. Clearly, 
(wiw) € A for any v) € Aw. Thus Jo, 1a (ui, 2) Poldan) = | for all 
wi € Qj, which implies (P, x P)(4) 21. ИМ 


We shall now use the notion of oscillation on sets to derive sufficient conditions 
for the oscillation process {Wx (t), t € Т} to be non-random. 


Theorem 10.6.8 Let (T, p) be a locally compact separable metric space and 
let (X (t), t € T} be ап a-stable process satisfying Condition 10.6.4. Then the 
oscillation process {Wx (t), t € T} is non-random, i.e., there is an event са 
with P(Qo) = 0 and a deterministic function ax: Т — R+ U (oo) such that 
Wx(t) = ax (t) for every w € Qo and every t € T. 


PROOF: Our argument depends only on the distributional properties of the os- 
cillations Wx (C) on compact sets C, which are the same for all versions of 
{X(t), t € T). We may therefore assume, without loss of generality that the rep- 
resentation (10.1.1) is of the form prescribed by Lemma 10.6.5 and that 7(%) = 0. 
Let A be a probability measure on (Е, £) equivalent to the control measure 7 and 
let (dz) 
a m 
(т(2))° = dz) , TEE. 

We suppose that a 34 1 as the case œ = 1 is similar to the case 1«a < 
2 considered below. Using Proposition 3.5.5 and Theorem 3.10.1, we obtain 


(X(t), t€ T) # {сҮ (t), t € T} where c > 0 and 


SOLOS barr "rores va P? f теле, z)p(z)X(dz)). 


E 


i=l 
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As usual, Гу, I5,... is the sequence of arrival times of a Poisson process with 
unit rate, "i J [3 ),-.. is a sequence of i.i.d. random vectors such that V; has the 
distribution À on E, 


Р(ъ=1 


и) -1- P(v L--l 


ф-н 


(B(-) is the skewness intensity of the random measure M in (10.1.1)) and the 
two random sequences are independent. The constants ње) are given in Theorem 
3.9.1. 

Let C C Т be a compact set. We firstly show that the oscillation Wx (C) is 
non-random. 

The case 0 < а < 1 is particularly straightforward because Ko = 0 for every 
i and Proposition 10.6.7 shows that for every N > 1, Wy(C) = Wy, (C) a.s., 
where 


Үн = $^ wr; ^r(W)/(5 И), te T. 


i=N+t 
Let &1,€2,... be 11.0. standard exponential random variables such that Г; = 
ey +--+ eji, + = 1,2,---. Lets be an arbitrary permutation of the indices 
{1,2,---,N} and 

N 


-)/a 
Y"(é) = У ад (exc) Teu e«(i)) 1 т(Ул (у) (t Vra) +Yn(t), te T. 
i=l 
Applying Proposition 10.6.7, we obtain Wy«(C) = Wy,(C) as. Hence, 
Wy«(C) = Wy (С) a.s. for any N > 1 and any permutation 7 of {1,2,... ,N). 
The Hewitt-Savage zero-one law applies and yields 


Wx(C) = lc|Wy (С) = constant =: ох (C) a.s. (10.6.2) 


We now turn to thecase 1 < o < 2. Letg(t) = fp r(z)J(t, z)B(z)A(dz), t € 
T. If for each t € C, 
g(t) = Ш 9(t«), (10.6.3) 


p tnt, tn ет 
then the same argument as in the case 0 < о < 1 applies, and (10.6.2) still holds. 
Suppose, now, that (10.6.3) is violated at a point tọ € C. Consider а closed 
ball B(to,r), т > 0, and the integral 


J, (to) = sup — |f(& z)|*m(dz). 
E teTon B(to,r) 


If J,(to) < оо for some r > 0, then (10.6.3) holds at to by the dominated 
convergence theorem. Thus J, (to) = oo forall r > 0. Applying Theorem 10.2.3, 
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we conclude that (Y (t), t € ToN B(to, r)) is not a.s. bounded for any r > 0 and 
hence, by the zero-one law (Theorem 9.5.4), 


P(w: sup  |Y(t)| = oo forall r > 0) = 1. 
tEToNB(to,r) 
This implies Wy (tọ) = oo a.s., so (10.6.2) still holds (with an infinite constant). 
We shall use (10.6.2) to conclude the proof of the theorem. 
Let A be the collection of finite intersections of closed balls of the type B(t, а), 
where t € To, а > 0 is rational and such that B(t,q) is compact. Since A is a 
countable collection of compact sets, 


P(Wx(C) = ох (С) forevery C € A) = 1. (10.6.4) 


. Let Оў denote the event in (10.6.4). Fixing w € Оё and t € Т, choose r > 0 
such that 8(%, г) is compact, and choose a sequence (t4, n = 1,2,...) © To 
such that p(tn,t) < т27(®+1), n = 1,2,.... Choose also rational numbers 
да, т = 1,2,..., such that 2(#,, 6) € ал € 2p(tn, t). Then 


Са = []Вбрау), n= 1,2,... 
j=) 


із a decreasing sequence of A-sets, and {t} = Z, Cn. Hence (Exercise 10.16), 


n=! 


Wx(t) = lim Wx(Cy), (10.6.5) 


which, of course, does not involve w € Q§. This completes the proof of the 
theorem. if 


The following is an immediate and important corollary of Theorem 10.6.8. 


Corollary 10.6.9 Let (T, p) be a locally compact separable metric space, and let 
(X(t), t € Т} be an a-stable process satisfying Condition 10.6.4. If the process 
{X(t), t € T) is pointwise sample continuous, then it is sample continuous. 


PROOF: By pointwise sample continuity and Proposition 10.6.2 we conclude that 
in Theorem 10.6.8, œx (t) = 0 for every t € T. It now follows from Proposition 
9.3.5 that (X (t), t € T) is sample continuous. Ж 


We have seen that an a-stable process {X(t), t € Т} satisfying Condition 
10.6.4 has a non-random oscillation function (ах (t). t € T). What are possible 
shapes for ох (-)? Recall that a function f: T — [—оо, oo] is said to be upper 
semi-continuous if for every t € Т, f(t) > lim, 7 (5). 
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Property 10.6.10 The oscillation function {ax(t), t € Т} is upper semi- . 
continuous. 


The proof is left as an exercise. 


Remarks 


1. This is an important example of a situation where the knowledge of the 
finite-dimensional distributions is clearly insufficient. If we are told that 
the oscillation process (Wx(t), t € T) is 0 in the sense of the finite- 
dimensional distributions, we cannot conclude that {X (t), t Є Т} is sample 
continuous because the 505 motion, 0 < a < 2, which is not sample 
continuous, also has oscillations 0 (Example 10.6.3). In order to reach the 
desired conclusion we would need to know additionally that the oscillation 
process is non-random, and this fact can certainly not be determined by the 
finite-dimensional distributions of the oscillation process. 


2. Choosing different 105 provides oscillation processes which are not only 
versions of each other but also share some additional properties: they are all 
non-random under Condition 10.6.4 (Theorem 10.6.8) or all random under 
some other condition (Theorem 10.11.1). 


3. The oscillation process {Wx(t), 0 € t < 1} of a Poisson process 
(X(t), 0 € t € 1) is random and takes values in (0,1); the value 1 
at t = tg indicates that X has a jump at to. 


4. We noted that the oscillation process of a (symmetric) stable motion is also 
random. Now a stable process can be viewed as an integral with respect 
to stable motion. Theorem 10.6.8 can then heuristically be understood as 
follows: if the integrand is not uniformly continuous, then we may notice 
the individidual jumps of the underlying stable motion and the resulting 
oscillation may be expected to be random. Condition 10.6.4, therefore, 
requires the integrand to be uniformly continuous. The condition is very 
close to being necessary (Theorem 10.11.1). 


5. The same heuristic argument explains why Condition 10.6.4 is also a nec- 
essary condition for sample continuity (Theorem 10.3.1.) 


10.7 Thecase0co«1 


Property 10.7.1 Let (X (t), t € T} bean acstable process, 0 < а < 1, satisfying 
Condition 10.6.4. Then its oscillation function {œx (t), t € T} takes values in 
the two-point set (0,00). 


10.8 THE CASE1 <a «2 483 


PROOF: . Assume, without loss of generality, that 7(t) = 0 for allt c T. Then 
(X(t), t € T) is strictly a-stable, and by Proposition 10.6.7, for every t € T, 


ax(t) 


| 


Wx(t) = И лаху) (t) = 27 Ws (0) 
< 27V*(Wzx (t) + Wx,(t)) = 217/50 y (t) as., 


where (Х (8), t € T}, i = 1,2, are independent copies of {X (t), t € Т}. The 
last relation implies ох (t) € (0,00). Ш 


We are now able to describe fully the sample path behavior of a-stable pro- 
cesses, 0 < o < 1, satisfying Condition 10.6.4. 


Theorem 10.7.2 Let (X(t), t € T) be an a-stable process, 0 < а < 1, satisfy- 
ing Condition 10.6.4. 


(i) There is an open set Toon С T such that {X (t), t € T} is sample continuous 
оп Teon and is not sample bounded on any open set A such that ANTS, # ®. 


(ii) For every to € T, (X(t), t € T) is either sample continuous at to, or is 
not sample bounded in any neighborhood of to. 


(ii) If (X(t), t € T) is sample continuous at tọ € T, then it is sample 
continuous in a neighborhood of to. 


PROOF: (i) The set Ти = {t € T: ox (t) = 0) is open by Property 10.6.10 
and has the required properties. 

(ii) The statement follows from (i) since either to € Teont or to € Te. 

(11) Sample continuity at to implies £o € Тоом. The claim follows because 
Teont is open. B 


10.8 Thecasel<a<2 


What happens іп the case 1 < о < 2? Can the oscillation function take values 
other than 0 or оо? The answer to the latter question is “yes,” as the following 
example demonstrates: 


Example 10.8.1 Let 1 < a < 2,let Vi, V? ... be a sequence of i.i.d. SaS random 
variables, and let W) = Vi, W2 = – И, Из = 2- (И + VW. = 27 (И = 
Va), Ws = 271(—И +%),И% = 27! (—Vi — V2), Wy 37 (V, + Va + V5), ete. 
By the strong law of large numbers, 


lim, 4,W, = lim n^! (JVi| +... + Vat) = Иа... 
n-oo 
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Now let X(0) = 0, X(1/n) = Wn, n = 1,2,..., and define X(t) for all 
other £ € (0,1) by linear interpolation. The process {X(t), 0 € t < I} is 
SaS and satisfies Condition 10.6.4. However, ax(t) = 0 for + € (0,1] and 
ax(0) = E|Vi| € (0,00). For a similar construction in the case a = 1 see 
Exercise 10.18. 


The following properties of the oscillation function hold for all 0 < a < 2. 
(They follow trivially from Property 10.7.1 in the case 0 < a « 1.) 


Proposition 10.8.2 Let (X(t), t € T} be а SaS process satisfying Condition 
10.6.4. Then, for each to € Т, 


= 1 
P (limi... teT X(t) = X (to) + 7x (to), 
К 1 
lim, ten X(t) = X(to) – 50x/(to)) =1. (108.1 
PROOF: Let 


Ux (to) = limi, teTy (X(t) — X(to)). (10.8.2) 


Since (X (8), t € T} satisfies Condition 10.6.4, conclude that Ux (tg) is, in fact, 
a constant, i.e., there is a (ѓо) € [0, oo] such that the event О = {w: Ux (to) = 
B(to)} occurs with probability 1 (see Exercise 10.19). By the symmetry of 
{X(t), t € T), we have Ux (to) = Vx (to), where 


Vx (to) = Tim, 4, ien (X (to) – X (2)). 


Therefore, the event О; = {w: Vx (to) = (to)) occurs also with probability 1. 
Let Ор be the null event of Theorem 10.6.8. For w € Ос N Qı n Оз, we have 
ax (to) = Tims, а, «en X (ti) – Х(%)| 
= lime, 1, uen (X(ti) — X (to)) + lima, ner (X (to) — X (62) 
== 28(%), 


i.e., B (to) = tax (ё). This proves the result. M 


10.9 The level sets of the oscillation function 


Condition 10.6.4 neither implies nor is implied by continuity in probability (Ex- 
ercise 10.20). Nevertheless, the following result holds: 


Proposition 10.9.1 Ler (X(£), t € T} be an a-stable, a # 1, ог 515 process 
satisfying Condition 10.6.4. If there is ato € Т such that ох (to) < оо, then there 
is апт > 0 such that {X (t), t € B(to,r)) is continuous in probability. 
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PROOF: Let {t,, n > 1) C Т be such that tn — tg as n — co. We shall prove 
that X (to) = рит, _ А (tn). Let To be, as usual, a strong separant for X. We 
can assume, without loss of generality, that {t,, n > 1) C Ту, since this will not 
affect ах. The assumption оҳ (to) < oo implies 


P( sp |X (£)| < 00) = 1 
t€ Tyr B(to,r) 


for some r > 0, and so 


/ зир | f(t, z)|*m(dz) < oo (10.9.1) 
E 


t€ To B(to,r) 


by Theorem 10.2.3. Relations (10.6.1), (10.9.1), and the dominated convergence 
theorem then yield 


lim / Ро, 2) — fts, 2)| m(dz) = 0. 
n-oo E 

Applying Proposition 3.5.1, we conclude that X (to) = plim,, |... X (tn), i.e., the 
process (X(t), t € T) is continuous in probability at £g. Obviously, a x (t) < oo 
forevery t € B(to, т), and the same argument shows that the process is continuous 
in probability at every point of B(to,r). M 


We have now the tools needed to prove 


Property 10.9.2 Let (X(t), t € T) be an a-stable, а # 1, or 515 process 
satisfying Condition 10.6.4. Then for every e > 0, the set 


T. = (t€ T: ax(t) € [600)) 


is nowhere dense. 


PROOF: Suppose firstly that the a-stable process (X(t), t € T} is symmetric, 
and assume to the contrary that there is a non-empty open set А C Т such that Te 
is dense in A. Property 10.6.10 implies ох (t) > є for every t € A. Now take а 
to € Т, П A and observe that there is апт > 0 such that e < ax(t) < oo for all 
t € B(to, т). Let Qo be the null set in Theorem 10.6.8 and 


| 


— 1 
Q= [и єбє: X(t) = fm, uen X(u) – zax(t) Vt € N B(to т), 


irc 1 
X(to) = Ши, ven X(u) – 52x (to)} 
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By Proposition 10.8.2, P(Q,) = 1. Fixing an w € Q}, we have 


A 1 
X (to) lim, s, “ЄТ X(u) = 5ах(ю) 
= Шу, vens (tim... sem X(s) — 5ах(ш) – 59x (to) 


Iro om AT I 
< -3€ + limyto, чет, liMsu, sem Х (3) — 5x (to) 


IA 


1 — 1 
56+ limus, мєт X(u) — 59x (to) 


1 
= -3€t X (to). 


This contradiction proves our claim in the symmetric case. 


In the general case a Æ 1, let {X;(t), t x d be two independent e 
of (X(t), t € T), and let Y(t) = Xi(t) - X2(t), t € T. Then (У (0), t 
Т} is a SaS process satisfying Condition "e Let ах and су denote М 
corresponding oscillation functions. Suppose firstly ox (to) < со for some to € 
T. Then (X(t), t € Т} is continuous in probability in a neighborhood of to 
by Proposition 10.9.1. Proposition 10.6.7 (v) implies av (to) > ax(to). If 
ах (to) = оо, then ay (tọ) = оо as well (see the proof of Theorem 9.5.4). Using 
Proposition 10.6.7 (iii), we conclude that, in all cases, ах (t) € ay (t) € 2ax || 
for every t € Т. Hence Т, is a subset of the set TY = (t € T: ay (t) € [є,оо)} 
Since we have proved that ТУ is nowhere dense, the set Т, is also nowhere dene: 
and the proof 15 now complete. | 


Remark. We supposed that the process is symmetric in the case а = 1. The 
above argument shows, however, that if the process is 1-stable, satisfies Condition 
10.6.4 and is continuous in probability, then Property 10.9.2 holds as well. 


10.10 A sample path alternative 


Recall that the Belyaev's alternative states that the sample paths of a stationary 
Gaussian process are either a.s. continuous or a.s. unbounded. We now state 
a corresponding alternative for the sample paths of either a stationary a-stable 
process or a self-similar a-stable process. 


Theorem 10.10.1 Le: {X (t), t € T) be an a-stable process satisfying Condition 
10.64. ја = 1, assume additionally that {X (t), t € T} is either symmetric ог 
continuous in probability. 
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(0 Suppose that (Т, р) is a locally compact separable metric group, and 
{X(t), t € T) is stationary. Then either (X(t), t € T) is sample 
continuous or {X (t), t € T} is not sample bounded in any non-empty open 
subset of Т. 


(ii) Suppose Т = (0, оо), and that (X(t), t € (0,00)} is H-self-similar (i.e., 
{X(ct), t € (0,00)} = (c? X(t) t € (0, 00)} for every c > 0). Then the 
conclusion of (i) holds as well. 


PROOF: (i) The stationarity of {X(t), t € T) implies that (ox (1), t € T} isa 
constant function and it follows from Property 10.9.2 that either ах (£) = 0 for 
every t € T, or ax(t) = oo for all t € T. In the former case, (X(t), t € T) 
is sample continuous (Proposition 10.6.2 and Corollary 10.6.9), whereas in the 
latter, (X (t), t € T} cannot be sample bounded in an open ball around any given 
point in T' (Proposition 10.6.2). 

(ii) It is easy to check that the a-stable process (Y (t) = e-P*X(e*), t € 
R} is stationary. But (.X (t), t € (0, оо)} is sample continuous if and only if 
(Y (0, t € R} is, and there is an open set A in (0, co) such that {X (2), t € A) is 
sample bounded if and only if there is an open set A in R such that (Y (£), t € А) 
is sample bounded. Part (i) now implies the result. M 


Let us summarize our findings. We proved that any a-stable process 
(X(t), t € T) satisfying Condition 10.6.4 has a non-random oscillation func- 
tion {ох (2), t € T) which is upper semi-continuous. If 0 < а < 1 then, 
this function is, in fact, a function from Т to the two-point set {0,00}, whereas 
if 1 € а < 2, the function must have nowhere dense level sets of the form 
(t € T: e < ax(t) < oo). The same is true in the case а = 1 if (X(t), t € T] 
is, additionally, either symmetric or continuous in probability. 

It turns out, at least in the case Т = В, that the oscillation function has, in 
general, no additional properties, i.e., the following is true: 


Proposition 10.10.2 Let d > 1 and let (o(t), t € В} be an upper semi- 
continuous function R4 — [0, оо] such that for every € > Othe set (t € В: a(t) € 
[e, o) ) is nowhere dense. Then there isa SaS process (X (t), t € RP), 1 < & < 
2, continuous in probability and satisfying Condition 10.6.4, whose oscillation 
function is precisely (o(t), t € R}. If (o(t), t € В} takes values in {0,00}, 
then one can choose {X(t), t € R4) to be a 805 process with 0 < а < 1. 


The proof of Proposition 10.10.2 follows closely the corresponding proofs in the 
Gaussian case œ = 2 given by Иб and Nisio (1968) and Jain and Kallianpur 


1Тһе parameter space Т of a stationary process must be a group, e.g., Т = R. 


488 BOUNDEDNESS, CONTINUITY AND OSCILLATIONS 10.11 


(1972). We explain in Exercise 10.23 how to adapt the Gaussian construction to 
the stable case. 


10.11 How strong is the basic assumption? 


We have been assuming that Condition 10.6.4 holds. But must any integral rep- 
resentation of an a-stable process (X(2), t € T} with non-random oscillation 
satisfy that condition? Of course, the requirement that (7(8), t € Т} be continu- 
ous is not necessary for (.X (t), t € Т} to have a non-random oscillation. What 
about the second part of Condition 10.6.4, namely (10.6.1)? 

Observe that the well-balanced symmetric linear fractional stable motion (Ex- 
ample 3.6.5) with H < 1 ја is not sample bounded on any interval of positive 
length (see Example 10.2.5) and thus its oscillation process {Wx (t), t € R} is 
non-random; in fact, œx (t) = oo for every t € R. Since, clearly, the represen- 
tation (3.6.4) of the well-balanced symmetric linear fractional stable motion does 
not satisfy Condition 10.6.4 when H < 1/а, we have a counterexample. 

It turns out that the above counterexample points to the only way that we can 
have a non-random oscillation when the integral representation (10.1.1) does not 
satisfy the second part of Condition 10.6.4: this non-random oscillation must be | 
infinite. More precisely, the following holds: 


Theorem 10.11.1 Let (X(t), t € T} be an a-stable process given in the form 
(10.1.1). If а = 1, suppose, additionally, that (X(t), t € T) is continuous 
in probability. Suppose that the oscillation process (Wx(t), t € T) is non- 
random and finite, i.e., there is an event Q € Q with P(Qo) = 0 and a function 
ax: T — R4 such that for every w € QS, every t € Т, Wx(t) = ax(t). Then 
for every countable dense subset T* of T', every compact subset C of T, 


m(x: the function f, 2): T* ПС — R is not uniformly continuous) = 0. 


Remark. The conclusion of Theorem 10.11.1 holds if (X (£), ¢ € T} is $15; in 
this case, one does not need to assume that X is continuous in probability because 
continuity in probability follows from the argument in the proof of Proposition 
10.9.1. 


PROOF OF THEOREM 10.11.1: The assumptions of the theorem and the argument 
in the proof of Proposition 10.9.1 imply that {X(t), t € Т) is continuous in 
probability. Let Т* be a countable dense subset of T' and let C be a compact 
subset of Т. Since С is compact, 


Wx(C) = sup ax (8) =; ax(C) < оо а. 
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as o x is, obviously, upper semi-continuous. In particular, Wx (C) is non-random. 
Let (X;(2), t € T], i = 1,2, be two independent copies of {X (t), t € Т}, and 
let Y (t) = X, (t) — X(t), t € T. Then (Y (t), t € T} isa 505 process with an 
integral representation 


Y(t) =2\/° | Къз) M (dz), t € T, 
E 


where М is a SaS random measure on (Е, £) with control measure m. Note that 
by Proposition 10.6.7, Е 

Wy(C) € 2ax(C) as. 
and, in particular, (Y (t), t € С} is sample bounded. Applying Theorem 10.2.3 
we obtain 


|| f'(T' n Ci;z)*m(dz) < oo, 

E 

where f* (T* C; x) = sup,er-nc |f (t, z)|. Therefore (Y (t), t € T* N C) has 
the following integral representation: 


f(t, з) * ж 
o= f, = т. Fü-nas Md ter nc, 


where E, = {x € E: f*(T*NC; x) = 0) and М" isa 505 random measure on 
(E, Е) with a finite control measure m” (dz) = 2 7" (ТС; z)*m(dx). Applying 


Theorem 3.10.1, we obtain (Y(t), t € T^ n C) = (Z(t), t € T* n C), where, 
in the notation of that theorem, 


ја jocum f(t, Vi) tëe T nC. 
Z(t) = (Cam*(E)) » ТЕСР 
In particular, 
lima, ,t,) +0, t,ner-ne |Z (ti) – Z(t2)| < 2ax(C) as. (10.11.1) 


We now use a “trick” similar to the one we applied in the proof of Theorem 10.2.3. 
Let €) = ej, €; = —є{, i > 2, and define 


7 * a = ~ p-l/a f(t, Va) * 
Z(t) = (Ст (Eg) 27r FP AsV,’ teT*nC. 
Then {Z(t), te TNC} & (Z(), te T* n C). 1000) = 20) + Z(t), t€ 
T* NC, then by (10.11.1), 
r7 V? r*(T* n C; Vi) Tima, o, tuneren | бо Vi) – А, И) 
= баа) 0, «erac (Cam (В)у ^ |U(&) — U()] 
< (Ст (E)) "^ ax (C) as. | (10.11.2) 
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This implies 
m*(z € Е: lima, t2)~0, «ser-nc [/(t52) – f(55,2)| £0) = 0. (10.113) 


Indeed, suppose that (10.11.3) does not hold. For any V, belonging to the set on 
the left-hand side of (10.11.3), there is a positive probability that the left-hand 
side of (10.11.2) exceeds the constant on its right-hand side (this happens when 
T is small), and thus, by Fubini's theorem, (10.11.2) is violated. 

Observe lastly that (10.11.3) is equivalent to the statement of the theorem. W 


10.12 Exercises 


Exercise 10.1 Prove that fractional Brownian motion is sample continuous. 
Hint: Prove that E(X(t) — X(s))?^ = c?^|t — s^, n > 1, and use Kol- 
mogorov's criterion for sample continuity. 


Exercise 10.2 Let ug > О and define um = 2^u,, ,--u9. |, m > 1, forsome 
а > O and Ó є (0,1). Show that the limit 1 = Ит, 27" сила exists and is 
finite. 

Hint: Use 0 < 2709 < 2799 < ... to show that the limit exists and is 
non-negative. To prove that it is finite show that for k > 1 and m satisfying 
aun > 1, 


k 

Hu ua, 5 эче [| (1 4 27707972) 
j=l 
oo 


IA 


2-m/e 2—5(1—®)/« |. 
= ехр{ } 


Exercise 10.3 Let an Є (0,1), n > 1. Show that [12 a, > 0 if and only if 
уо (1— ал) < oc. | 


Exercise 10.4 (i) Let (Е, £, т) be a c-finite measure space. Construct а proba- 
bility measure P on (Е, £) equivalent to the measure m. 

(ii) Give an example of a measurable space (E,£) on which there are two 
equivalent measures, m and P, where P is a probability measure and m is not 
o-finite. 


Exercise 10.5 Prove Corollary 10.3.2. 


Exercise 10.6 Prove Theorem 10.3.3. 
Hint: You may find it useful to use the zero-one law of Theorem 9.5.4 (i) to prove 
that {X(t), t € Т} is sample bounded in a neighborhood of fo. 
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Exercise 10.7 (i) Let 1 < а < 2, (ал, n > 1} be a sequence of positive numbers 
satisfying (10.4.1) and (10.4.2) and let b, = an(n(n + 1))'/*. Let 


1 
х@) = ] f(,2)M (dz), 0 & t € 1, 


where M is a SaS random measure on ((0, 1), B) with Lebesgue control measure 
and define the functions ([(6, 2), x € (0,1)), 0 < t < 1, as follows: 

Let = 0.410... be the binary expansion of at € (0, 1). For N = 1,2,..., 
define | 


Ту = ft € (0,1): £20.44... di =0 Vi € N — 1, 
where dy = 1, Фу = ldi — 0 Vi x 2N +2}. 
Forat € Ty let A(t) = (i € {N + 1,...,2N): d; = 1) and set 
Ьа Ме (<i), 4] andn+N Е A(t), 
f(t,z)-4 —ћ, ifze (sy, 1] апап < Nbutn+N g A(t), 
0 otherwise. 


To complete the definition of f, set f(0, £) = f(1,z) = 0 Yx є (0, 1) and define 
J(t, x) for the remaining ts in (0, 1) by interpolating linearly between the ts in 
Uva TN U {0, 1}. 

Show that {X(¢), 0 € t € 1} is a well-defined 505 process. Show also that 
the kernel f(t, 2) is strongly separable, that 


[ 

|| sup [/(t, x)| dx < оо, 
0 0<:<1 

but (X(t), 0 € t € 1) is not sample bounded. 

Hint: For the last question, define Zn = {(n(n + 1) /* M((.L. 

as in the text, that У 7^ | a4|Z4| = co a.s. 

(ii) Of course, the 505 process in (i) is also not sample continuous either, 
but this is not a good counterexample for sample continuity because the functions 
{/(Ф ж), t € (0, 1]) are not uniformly continuous on rational numbers for any 
те (0,1). We can easily overcome this point. Let 2, be defined as above and 
let Sy = yai @n|Zn|. You showed in (i) that Sy Т oo a.s. as N — оо. 

Show firstly that there is а non-decreasing sequence of integers (Ка, п = 
1,2,...) such that kn Т oo as n — co, and limy_.oo Sy — Sky = co as. 


1])) and show, 


nOn 
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For t € Ту, redefine f(t, x) as follows: 
b, = fx € (xt, AJ andky Сп < Мапдп+ М є A(t), 
f(tz)-4 -b. ifze(.L,llandky <n <N forn+N g A(t), 
0 otherwise, 


and, as before, define f(t, x) for the rest of the ts by linear interpolation. 
Show that the resulting kernel f (t, x) is strongly separable, that { f(t, z), 0 < 
1 € 1} is continuous for every z € (0, 1) and that 


1 
| sup |f(t, x)|?dz < oc. 
9 ] 


ге 


Show that {X(t), 0 < t € 1} is not a.s. bounded and therefore not sample 
continuous. 


Exercise 10.8 Give a direct argument showing that (10.4.10) implies (10.4.5). 
Hint: Define a new a-stable process W ((t, d)) = (—1)2X(t), t € T, d € (0,1). 


Exercise 10.9 Prove the second part of Corollary 10.4.3. 
Exercise 10.10 Let f be a measurable function R — R satisfying 
Leb(z € R: f(T + т), т € Ф is not uniformly continuous) = 0, 


where Q denotes the set of rationals. 
(i) Show that for any zo € R there cannot exist two numbers a > b such that 
for every 6 > 0, 


Leb(z € R: f(x) > a, |x — zo| € б) > 0, 


Leb(z € В: f(x) € b, |z — zo| € 6) > 0. 


Hint: You may find it useful to prove first that for any two measurable sets A,B 
with Leb(A) > 0, Leb(B) > 0 there are points r € А and y € B such that 
z-ycQ. 


(ii) For an хо € R, define 
або) = sup{a € R: Уб > 0, Leb(z: f(z) > a, | — zo] <6) > о), 
b(zo) = int (5 € R: V6 > 0, Leb(z: f(z) < b, lz — 20] < б) > o}. 
Show that a(zo) = b(zo). 
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(iii). Show that the function 


g(z) = a(z) (= 6(2)), TER, 


is continuous. 
(iv) Prove that Leb (2: g(x) # f(z)) = 0. 


Exercise 10.11 Prove Theorem 10.4.6. 

Exercise 10.12 Let ИЛ, W2, ... be i.i.d. random variables such that 
lim A°P(W, > А) = Н 
A> 00 


for some a > 0. Let N be a Poisson random variable with mean m, independent 
of the sequence Wi, W2,.... Show that 


Jim. дер (У: W; > А) = mH. 
i-l 


Exercise 10.13 Let (Т, d) be a separable metric space and let Tọ and Т, be the 
respective strong separants of two strongly separable versions of a stochastic 
process (X (£), t € T). Set 


W;(t) = Time, t,t, нљет; |X (t2) = X(t)], t € T, i= 0, 1. 
Show that (Wo(t), t € T) = (Wi(t, t e T). 


Exercise 10.14 Let (Е, Є, т) be a measure space and suppose that there is а 
never-vanishing function g : E — R such that g Є L? (m) for some a > 0. Show 
that m must be o-finite. 

Hint: Let Во = {x : |0(т)| > 1}, В, = (2: (п + 1)! «lg(z) €&n^!, n= 
1,2,..., and note that m( Bn) < oo for each n. 


Exercise 10.15 Prove the rest of Proposition 10.6.7. 
Exercise 10.16 Prove Relation (10.6.5). 
Exercise 10.17 Prove Property 10.6.10 of the oscillation function. 


Exercise 10.18 Let Vi, V;,... be a sequence of i.i.d. 515 (Cauchy) random vari- 
ables. Use the weak law of large numbers (Theorem VII.8 II of Feller (1971)) to 
conclude that there are numbers (ал, n > 1) such that lim, ооо! SL, [Vil = 
I a.s. Use this to construct, as in Example 10.8.1, a 515 process (Х (8), 0€ t € 
1} satisfying Condition 10.6.4 such that its oscillation function (o(t), 0 € # € 1) 
takes values outside the set (0, oo]. | 
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Exercise 10.19 Let {X(t), t € T} be an a-stable process satisfying Condition 
10.6.4, and let (Ux (t), t € Т} be defined by (10.8.2). Show that there is a 
function 8: T — [0, oo] such that for every t € T, P(Ux (t) = B(t)) = 1. 


Exercise 10.20 (i) Construct an example of a SaS process satisfying Condition 
10.6.4 but not continuous in probability. 

(ii) Construct an example of a SaS process continuous in probability which 
does not satisfy Condition 10.6.4. 
Hint for (i): Let T = [0, 1] and m = Leb. Let f(4,2) = n^ a(x), n- 
1,2,..., (0, х) = 0, and define the rest of f(t, х) by linear interpolation in t. 
Hint for (ii): The SaS Lévy motion. | 


Exercise 10.21 Let d > 2, and let M be а SaS random measure on (R7, 54) 
with d-dimensional Lebesgue control measure. Let 0 « H < 1, and define for 
ЄВ 


же = | (ие — рари) M (a), 


where х = (1,...,24), 1 = (1,..., 1) and [Ix] = (322, 22)". 

(i) Show that (X(t), ¢ € R} is a well-defined SaS process, continuous in 
probability and satisfying Condition 10.6.4. 

(ii) Show that (Х (5), t € R} is H-self-similar and has stationary increments. 
Gii) Show that (X(t), t € R} is sample continuous (and hence bounded on 
bounded intervals) if H > 1/a, а > 1. Recall that it is not sample bounded on 
any interval of positive length if Н < 1/a (Example 10.2.5). 


Exercise 10.22 Modify the construction of Example 10.8.1 to construct a 505 
process (Х (8), 0 € £ € 1), 1 € а < 2, satisfying Condition 10.6.4 and having 
the following property: for given 0 < u < v < 1,a > 0, 

G) X(t) =0a.s 0 <t <u, 

(ii) {X (0), u < t € v} is sample continuous, 

(ii) limu X (t) = a a.s., 

(iv) X(t) = X (и) a.s. for all t € fv, 1]. 


Exercise 10.23 Follow the proof of Theorem 4(b) of Itô and Nisio (1968) in order 
to construct a 505 process {X(t}, 0 € t € 1) with a given oscillation function. 
Go through the following steps: 

(i) Given0 <a < 2,0 € u < v < 1 and e > 0 construct a 505 process 
(X(t), 0 € + < 1) satisfying Condition 10.6.4, continuous in probability, and 
such that 

(a) X(t) = 0 a.s. for every t 6 (u,v), 

(b) ах (8) = co for every t € [u, v], 
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(C) a xq) < € for every t € (0, 1]. 

Here o xq) is the scale parameter of the 55 random variable X (t). 

Hint: Use Exercise 10.21 and follow the proof of Lemma 6.1 of Itó and Nisio 
(1968). 

(i) Given 1 < a < 2, a > 0, € > O and 0 € и < v < 1, construct a SaS 
process {X(t), 0 € t < 1) satisfying Condition 10.6.4, continuous in probability 
and such that 

(a) (X (t), 0 X t X 1) is sample continuous, 

(b) X(t) = O a.s. if t g (u,v), 

(с) o x (s) < € for every t € [0,1], 

(4) P(| supycecy X(t) — al > е) < e 
Hint: Use Exercise 10.22 and follow the proof of Lemma 6.2 of Itó and Nisio 
(1968). | 
(iii) Let (o;(2), 0 € t € 1} be two upper semi-continuous functions such that 
the sets {t € [0,1]: os (£) > 0), 2 = 1,2, are nowhere dense. Let {X (t), 0 <t < 
1} bea 505 process, 1 < о < 2, continuous in probability, satisfying Condition 
10.6.4, such that ах (t) = a(t) for all £ € (0, 1]. Show that for every є > 0 
one can construct а 50:5 process ( Х2(#). 0 € t < 1), continuous in probability, 
satisfying Condition 10.6.4 and independent of the process (Х (8), 0 € t < 1), 
such that 

(a) ах, +x, (2) = on (t£) + a(t) for every t € [0,1], 

(b) хас) < € for every t € (0, 1], 

(c) for a separable version (Y2(t), 0 € t € 1} of {X2(t), O < t < 1} we 
have 

> sup ox(t)) € e. 
P( sup, |] > sup оз )) 
Hint: Follow the proof of Lemma 6.3 of Itó and Nisio (1968). In the сазе а = 1 
you will need a slightly different argument to show that {X2(t), 0 < t < 1} is 
continuous in probability, and you will have to show additionally that {X2(t), O< 
t < 1} satisfies Condition 10.6.4. 

(iv) Let {a(t), 0 < t < 1) be an upper semi-continuous function [0,1] — 
[0, со] such that, for апу є > 0, the set {t € (0, 1]: e < a(t) < оо} is nowhere 
dense. Prove that there is а SaS process (X(t), O S: < 1}, 1 <о < 2, 
continous in probability, satisfying Condition 10.6.4 and such that а x(t) = a(t) 
for all # € [0, 1]. 

Hint: Follow the proof of Theorem 445) of Иб and Nisio (1968). | 

(v) Let {a(t), 0 € t < 1) be an upper semi-continuous function [0, 1] — 
(0,00) and let 0 < а < 1. Constact a 525 process (X(t), 0 < t < 1} 
continuous probability, satisfying Condition 10.6.4 and such that ax (t) = a(t) 
for every t є [0,1]. 
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Hint: The set To = (t € [0, 1]: a(t) = 0) is open and hence is a countable union 
of open intervals. Write Ту = о (an: bn), where (an, b.) are disjoint open 
intervals. For n = 1,2,..., define 


bn 
x()- / Тајм (dz), an < t < b, 


in such a way that (X (2), an < t < bn} is sample continuous, lim, 4, |X (#)] = 
lim, 44, ХО) = со, 0 x(j) — 0 ast — an, t — bn, and for any 2 € (an, bn), 
lim, а, f(t, 2) = limp, f(t,2) = 0. 

Then define X (t) on the closed set Ты = (t € (0, 1): a(t) = oo) as follows: 
if t is a boundary point of То, set X(t) = 0 a.s.. If J = [a,b] is a maximal 
subinterval of Tyo, then define on (a, b) 


b 
х@ = J f(t,z)M(dz), a < t « b, 


in such a way that ( X(t), t € (a, Б)} is nowhere bounded, continuous in proba- 
bility, іл, а О хе) = lime» 0x (о) = 0, and for every т € (a,b) 


lim f(t, x) = lim f(t, £) = 0. 


(vi) Generalize the above construction to get 50:5 processes on [0, 1]? with a 
given oscillation function. d 
Hint: Follow the proof of Theorem 4 of Jain and Kallianpur (1972). 

(vii) Prove Proposition 10.10.2. 


Chapter 11 


Measurability, integrability 
and absolute continuity 


In this chapter, we consider the integrability of o-stable processes. For a process 
to be integrable, it must be measurable, and we have already seen in Chapter 9 
that not all stochastic processes have a measurable version. We give in Section | 
11.1 necessary and sufficient conditions for measurability in terms of the integral 
representation of the process. 

Suppose that the a-stable process is given as {X(¢) = fp f(t, x)M (dx), 
t € T). In Section 11.2 we consider the integrability of that process with respect 
to t. More precisely, we investigate whether J;(X) = fy |X (£)|?v(dt) converges 
or diverges with probability 1, fora given p > O and o-finite measure v. Necessary 
and sufficient conditions for convergence are given in Section 11.3. 

In Section 11.4 we determine conditions under which we can change the order 
of integration. Theorem 11.4.1 states that if f | X (£)|v(dt) < oo a.s., then the order 
of integration can be changed, i.e., fp X(£)v(dt) 5 Је Ју F(t, т)и(а))М (dz). 

In Section 11.5 we investigate properties of the random "L?-norm" 
(Jp(X))!/? = ( fy |X (£1? v(dt))/*. The random variable (Jp(X))!/? is a norm 
on the sample paths of {X (t), t € T) when p > 1. Theorem 11.5.1 specifies the 
asymptotic behavior of P{(Jp(X))!/? > A}, p > 0, as Х — œ if Jp(X) < oo 
а5. 

This last result is used in Section 11.6 to obtain an inversion formula for 
the harmonizable SaS process Z(t) = f° e**M(dz), —oo < t < оо. The 
process Z can be viewed as a Fourier transform of the random measure M. 
Theorem 11.6.1 provides an inversion formula that expresses M in terms of Z. 

In Section 11.7 we consider absolute continuity. Absolute continuity implies 
the existence of a derivative. Let AC?{a, b] denote the set of all absolute con- 
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tinuous functions ¢ on the interval (a, b] such that the derivative ф of $ satisfies 
T. Фуа: < оо, p > 1. Theorem 11.7.4 gives necessary and sufficient con- 
ditions for an a-stable process, X(t) = fp f(t, z)M (dz) + пе), t € [a,b], to 
have an absolute continuous version in LP [a,b], p > 1. The conditions involve 
the functions f and 7. 


11.1 Existence of a measurable version 


Let (X(t), t € T} be an a-stable process on a separable metric space (Т, p). 
How can we find out whether the process admits a measurable version? The 
following theorem givés a necessary and sufficient condition. It has a number of 
important corollaries which will be stated below. ` 


Theorem 11.1.1 Let (X(t), t € T) be an a-stable process, 0 < a < 2, with an 
integral representation (10.1.1). The process X has a measurable version if and 
only if the following conditions hold: 


(a) There is a (jointly) measurable function g: T x E — R such that for every 
{ЄТ 


m(z € E: (ё, z) Æ g(t,x)) =0 
(i.e., the kernel f (t,z), t € T, x € E has a measurable modification. 


(b) There is a set Ey € E such that the restriction of the control measure rn to 
Е is a-finite and m(Eog(z € Е: f(t, x) # 0)) = Ofor everyt € T (ie., 
the measure m is essentially a-finite). 


(c) The function т: T — R in (1 0.1.1) is measurable. 


Moreover, if (X (t), t € T} has a measurable version, then the linear subspace 
of L (Е, Є, т) spanned by the functions {f (t, -), t € T} is necessarily separable. 


PROOF: Suppose firstly that conditions (a)-(c) of Theorem 11.1.1 hold. Let n be 
a probability measure on (E, £) equivalent to the measure m restricted to Ej and 


r(z) = Coe z € Её. 


set 


dn{x) 
Proposition 3.5.5 and Theorem 3.10.1 imply 


(x(t), teT} = {су гу glt, Vjr(Vj) — а (0,2) + 100, t € T), 
j=! 
(11.1.1) 
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where C > 0 is a constant, and, as usual, (0; 2) j 2 1) and {T}, j 2 1} are 
independent sequences: the first consists of i.i. d random elements in E x {—1,1}, 

and the second of arrival times of a Poisson process of unit rate; V; has distribution 
non E, Рбу = Цу) = 1 – Py = -1Vj) = (1 + (,))/2 and 


aj(o,t) = 4 ( 1 D y~? sinu du — 27/32 in 2) fo g(t, z)B(z)m(dz), 
= - G - 12) feet (5 z)8(z)m(dz) 

(11.1.2) 
in the cases 0 < а < 1, а = land 1 < o < 2, respectively. Recall that the series 
on the right-hand side of (11.1.1) converges with probability 1 for every t € T. 
For k — 1,2,..., define 


k 
X(t) = er Vj)r(V) – а (0,0) + (0), t € T, 


and observe that the functions a;(o,-): T — R are measurable under Condition 
(а) of the theorem. Therefore the processes (X&(t), t € T), = 1,2,..., are 
all measurable. Let 
Y(t,u) = lim, „е X&(£,w) ifthe limit exists, 
0 otherwise. 


Then (Y (t), t € T) is a measurable process (since it is the pointwise limit of 
measurable processes) and it is a version of (X(t), t € Т} by virtue of (11.1.1). 

We now turn to the converse and suppose that {X (t), # € Т} has a measurable 
version. Let (X(t), t € T} be an independent copy of {X (t), t € T} and let 
Z(t) = 2- Vo (X(t) — X(t), t € T. Then (Z(t), t € T} isa 505 process that 
has a measurable version and the representation 


(26), teT) ( [A f) (аз), te Т}, 


where M is а SaS random measure on (E,£) with the same control measure 
тп as M. Theorem 9.4.2 implies that {Z(t), t € T) satisfies Condition S and it 
follows from Proposition 3.5.1 that the linear subspace of L*(E, €, m) spanned 
by the functions {f(t,-), t € T) is separable. Therefore the set (А), t€ 
T) € L*(E,£,m) is separable as well. Let T* be a countable subset of T 
such that for every t € T there is a sequence (£4, n = 1,2,...) € T* such 
that f(tn,-) — f(t,-) in L°(E,E,m) as n — оо. It is easy to verify that 
Eo = (x € E: f(t, т) # 0 for some t € T*}* satisfies Condition (b) of Theorem 
11.1.1 and 


1200), te T}4 ГА леа) (dz), t e Т}. 
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Let n(dz) and r(x) be defined as before. Theorem 3.10.1 implies that the 505 
process 


oo 
W(t) = У gr; "^ f(t, УУ), t e T, 

j=! 
is (up to a multiplicative factor) a version of {Z (t), t € Т} and therefore possesses 
a measurable version. Here, (ej, j > 1), (Ej, j > 1) and (Vj, 7 > 1) are 
independent sequences of, respectively, Rademacher random variables, arrival 
times of a unit rate Poisson process and i.i.d. random elements in Ё with common 
law n. Of course, the choice of the space on which these three sequences are 
defined is arbitrary. Let us choose this space to be (О, x О) x Q3, Fi x Fo x 
Fy, P, x P; x Pa), such that (6), j > 1} is defined оп (Dj, Fi, P), (T5, > 1) 
is defined on (Q2, F2, P2) and (Vj, 7 > 1) is defined on (Q5, 73, Рз). More 
specifically, let (Оз, F3, Ра) = (E, E, n)" so that each Vj is defined on a separate 
copy of (E, £,n), and let У (2) = z, x € E. 

Now define €j = —€;, j > 2, € = є, and let 


W(t) = У аут, "^ F(t, Vjr(Vj), t e T. 
j=l 


Clearly, {W(t), t € T} is a version of (W(£), t € T) and, as such, has a 
measurable version. But, by Theorem 9.4.2, 


2r e f(t, Vi)r(Vi) = W(t) + We), te T, 


has a measurable version as well. It then follows from Theorem 9.4.2 that there 
is a (jointly) measurable stochastic process {U (t,w1, w2, £), t € T} defined on 
the probability space (Qi x Q х E, Fı x Fz x E, P, x Рх п) such that for any 
teT 


Py x P x n((ui,02, 2): Зе (оу ЈГ, (с) *r(z) f (t, 2) x: U(t, wu, 2)) = 0. 
In particular, for any t € Т and n-almost every z € E, 


Py x Ри (ил, ил): ге (ел) Г (из) r(x) F(t, 1) # U(t un, o2, 2)) = 0. 
(11.1.3) 
Define 


U (t,01,02, 2) . @ 
g(t, z) = k |: 2e (wi Twn) eria ze oT Таа) P (10 Pr (un) ifz € Eg, 


and g(t,z) = 0 otherwise. Then g(t, x) is a (jointly) measurable function such 
that foreveryt € T 


m(x € Eg: f(t, 2) # оба) = n(x € Eg: f(t,2) #09062) = 0 
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and 
m(z € Ep: f(t,x) # g(t,z)) < m(r € Ep: т) #0) = 
Thus g(£, т) satisfies Condition (1) of Theorem 11.1.1. 

It follows from the already established sufficiency part of the theorem that 
the a-stable process {X(t) = X(t) — (t), t € T) has a measurable version. 
This means that (78) = X(t) — X(t), t € T} has a measurable version and, 
hence, must be measurable (see Exercise 9.14). The proof of the theorem is now 
complete. Ш 


Remark. Аз the preceding proof shows, the sufficiency part of the theorem 
continues to hold when the parameter space (Т, 7) is any measurable space (not 
necessarily Borel). 


Theorem 11.1.1 has a number of important consequences: 


Corollary 11.1.2 A strictly a-stable, а # 1 or S1S, process (X(t), t € T) has 
a measurable version if and only if it admits an integral representation of the form 


(X(0, te T) = ( оома), te T), (11.1.4) 


where M is a totally skewed to the right a-stable random measure with Lebesgue 
control measure and where f is jointly measurable and in L? for each t. 


This corollary is an immediate consequence of Theorem 11.1.1 and the general 
representation theorem for strictly stable processes in Theorem 13.2.1 given in the 
chapter on integral representation. 

The next corollary follows easily from the proof of Theorem 11.1.1. 


Corollary 11.1.3 Let (X(t), t € Т} be an a-stable process, 0 < а < 2, 
with an integral representation (10.1.1), and suppose that conditions (а)-(с) of 
Theorem 11.1.1 are satisfied. Then ( X(t), t. € T) has the measurable version 
{Y (t), t € T), where fort € T, 


Y () = CY? У JT glt, Vj)r(V;) – аз(а, £)) + 18) 
j=l 


if the series converges and Y (t) = 0 if the series diverges. Here, 
dm(zx)\ Ve 
r(z) = = (aaa) ‚тє ES, 


n is a probability measure on E equivalent to the measure m restricted to 
Eg, (3), j > 1) and {T}, j > 1) are independent sequences of, respec- 
tively, tid. random vectors in E x (—1,1) and arrival times of a unit rate 
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Poisson process, V; has law n, 


and C, and a;(a,t) are given, respectively, by (1.2.9) and (11.1.2). 


Remark. We have discussed measurability of real-valued a-stable processes. The 
results apply also to the complex-valued case after some obvious modifications. 


Example 11.1.4 By applying Theorem 11.1.1, we conclude immediately that 
the SaS Lévy motion (Example 3.6.1), any 505 moving average (Example 
3.6.2) , the well-balanced S&S linear fractional stable motion (Example 3.6.5) 
and the log-fractional S&S stable motion (Example 3.6.6) all have measurable 
versions. (This is true as well for their corresponding skewed analogs.) The 
harmonizable S&S process of (6.5.1) and its real counterpart (Example 6.2.5) also 
have measurable versions. The sub-Gaussian and sub-stable 50:5 processes have 
measurable versions if and only if the underlying Gaussian or stable processes do. 


11.2 Integrability of the sample paths of stable 
processes 


Let (X(t), t € T) be a measurable a-stable process on a measurable space 
(Т, Т), let v be a non-negative o-finite measure on (T, T) and let p be a positive 
number. We want to determine whether or not the sample path integral 


Jp(X) = [ X(t)? (at) 


converges. 

We start with two observations. Firstly, because {X (t), t Є T} is measurable, 
Fubini's theorem implies that J,(X) is a well-defined random variable (taking 
possibly the value +00). Secondly, as in the case of sample boundedness and 
sample continuity, there is a zero-one law for sample integrability. 


Theorem 11.2.1 Let (X(t), t € T) be a measurable a-stable process on a 
measurable space (T, T), let v be a o-finite measure on (T, T) and let p be a 
positive number. Then 


Р(ш: I |X(t,w)|Pu(dt) < со) = 0 or 1, 


and the left-hand side depends only on the finite-dimensional distributions of 
{X(t), + ЕТ). 
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PROOF: Let (0,7, P) be the probability space on which the process X = 
(X(t), t € T) is defined, and let M be the family of all measurable stochastic 
processes indexed by T defined on the probability space ($, 7, P) = (Q, F, РЈ“ 
and depending only on finitely many coordinates of the product space. Say that a 
measurable function f on T has the property P if < L?(T,T,v). Now apply 
Theorem 9.5.4. Of all its conditions, the only one that cannot be trivially verified 
is Condition (v). To show that it is satisfied, one needs only to prove that for 
X є М, the probability PG: Ј IX (#,3)|Pv(dt) < оо) depends only on the 
finite-dimensional distributions of X. (Recall that X є M implies that X is 
defined on (Q, Р, Р). 

It is obviously sufficient to consider the case where и is a probability measure. 
Let 71, 7,... be a sequence of i.i.d. T-valued random variables with common law 
v defined on a different probability space (Q;, F}, P;). Then fp |X(t)|"v(dt) = 
Ej|X (п)|Р. Exercise 1.24 implies 


Р, (oi € О: lim n7"? X (z(u1),0) -0) 21 (112.1) 


for any 0 € A, where A = (0 € Ө: f,.|X(t,G)|?v(dt) < oo). Therefore, by 
Fubini's theorem, 
P(A) = Bx P, (0,1): О € A, lim n? X (та(ил),0) = 0). 

т—од 

Exercise 1.24 and Fubini's theorem also imply 
P x P (бист): © # A, lim n-X(r.(),9) = 0) =0. 
n= 

Therefore 


P(A) Êx Pi (@,w1): Jim п УР (та (wi), 0) = о) 


li 


Е |Р є & tim n™"PX (ralon), â) = o). 
п-— со 
Now, for every fixed ол € (31, the probability 
P(o € Ө: lim по УРХ(т(ил),0) = 0) 
n—oo 


depends only on the finite-dimensional distributions of {X (t), t € T') and hence 
the same is true for Р( А). Therefore Theorem 9.5.4 applies and the proof is now 
complete. И 


We have just seen that the finite-dimensional distributions of a measur- 
able a-stable stochastic process {X(t), і € T) determine the probability 
P( Jy |X (t)|Pv(dt) < oc). In fact, if that probability equals 1, they determine the 
distribution of the random variable f} | X (£)|P(dt) (see Exercise 11.3). 
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11.3 Conditions for integrability 


We have seen that the sample path integral is either finite a.s. or infinite a.s. Under 
what conditions is it a.s. finite? 

Let (X(t), t € T) be a measurable a-stable process with an integral repre- 
sentation 


хе) = f. ъз) М(х) + то), t € T, 


i.e., it is given in the standard form (10.1.1), and assume that (7, p) is a separable 
metric space. We may and will suppose without loss of generality that the kernel 
f: T x E — R itself is jointly measurable and that conditions (b) and (c) of 
Theorem 11.1.1 are satisfied. Let v be a non-negative o-finite measure on (7,7) 
where 7 is the Borel c-algebra on T' generated by the metric p. We shall make 
these assumptions throughout the remainder of this chapter unless stated otherwise. 

The following proposition gives necessary integrability conditions on f for 
(X(t), t € T) to have integrable sample paths. 


Proposition 11.3.1 Let (X(t), t € T) be a measurable o-stable process, 0. « 
a < 2, with integral representation (10.1.1) and let p > 0. If 


Р < оаз, 
then " 
[ Cf ure emen) v(dt) « co (11.3.1) 
and 


| ( [А ера) тав) < =. (11.3.2) 


PROOF: We may assume without loss of generality that both m and v are prob- 
ability measures. Let (Q, F, P) be the probability space on which the pro- 
cess {X(t), t € Т} is defined, and let 7,75,... be a sequence of iid. T-. 
valued random variables with common law у defined on a different probability 
space (Qi, Fi, Ра). Then for P-almost every w € Q, EjX(n,w)? < со 
and thus Exercise 1.24 implies that limp_.o9n7'/?X(tm,w) = 0 P-as., so 
that, by Fubini’s theorem, for P,-almost every choice of ту,7,..., we have 
P (lim, ооп X(r4) = 0} = 1. Appealing to Theorem 10.3.1, we conclude 
that for P} -almost every choice of 71,72,..., 


a sup (n7 УР (та 2)|) m(dz) < co. (113.3) 


n2! 


11.3 CONDITIONS FOR INTEGRABILITY 505 


Let 21, Z2,... be a sequence of i.i.d. E-valued random variables with common 
law т living on a still different probability space (Q5, Fz, Р). Exercise 1.24 and 
Fubini's theorem imply that (11.3.3) is equivalent to 


sup supn—!/? 5-1/2 (та, Z;)| <œ P, x Pras. (11.3.4) 
n>1j>1 


This is the crucial relation. To derive, say (11.3.2), use (11.3.4) and Fubini’s 
theorem to conclude that for P;-almost every choice of Zi, Z2,..., 


sup n^ "(sup j~'/*| f(t, Zj)]) < oo Pr-ass.. 
n>! 521 


Therefore, by Exercise 1.24, for every such 21, 22,..., 


oo 


V 


E (supi Меј, Z)” 
РРА! 


Јао 20р) ад 


IV 


sapje | |, 2 Рад. 
3>1 т 
Applying Exercise 1.24 once again, we obtain 


а/ af 
[Uf ue man)" tam = во | ue zorra) < oo 
Е JT T 
proving (11.3.2). The proof of (11.3.1) is identical. M 


Remark. It tums out that both expressions in (11.3.1) and (11.3.2) play an 
important role in the distribution of the integral fy | X (£)|^v(dt) when it is finite. 
We will return to this point in the sequel. 


Let log, т = log z if т > 1 and 0 otherwise. 


Theorem 11.3.2 Let (Х (8), t € T) be a measurable a-stable process, 0 < а < 
2, with an integral representation (10.1.1). If а = Y, we assume that the random 
measure M is symmetric. Let p > 0. Then fy |X (t)|Pv(dt) < оо а.з. if and only 
if 
J moriam «oo (11.3.5) 
T 


and one of the following conditions holds: 


I (J. (Е, emaa) v(di) < co when 0 < p < o; (11.3.6) 
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Í | |Г@, ®)|® [1+ log, A(t,)] m(dz)w(dt) < со when p= о, (11.3.7) 
ТЈЕ 


wh | 
и A(t,z) = HG" Ју Se ба оу mado) (du). 
МЕ Ту iem) f, LF Gu aerlu) 


f, (f f(t, TON m(dz) < co when p > а. (11.3.8) 


PROOF: We will not give a proof in the case p = c because the one we know 
makes use of facts that fall outside the scope of this book. We refer the reader to 
Rosinski and Woyczyfiski (1986) and Kwapień and Woyczyriski (1987) instead. 
Suppose p 5 a, and assume firstly that т(ї) = 0, and М is а 505 random 
measure. 


Case 1. 0 « p « а. The necessity of (11.3.6) follows from Proposition 11.3.1. 
On the other hand, (11.3.6) implies 


E f. IX (2) v(dt) = Cap | ( Í, Uam) Vidi) < оо, 


where Сар is a positive constant depending only on o and p. Thus 
Jr |X Pv(dt) < oo a.s. 


Case 2. p > а. The necessity of (11.3.8) follows once again from Proposi- 
tion 11.3.1. On the other hand, suppose that (11.3.8) holds. Then f(x) € 
LP(T, T ,v) for almost every x € E and (assuming once again that m is a proba- 
bility measure), 

ЕЈ, 2 Прости) <% (11.3.9) 
where Z is an E-valued random variable with law m. Let Zi, Z2,... be iid. 
copies of Z. Consider 


oo 
S(t) = Y^ eT; "FG, 2), t€ T, 

j= 
where {ejj > 1} and {Ij,j > 1} are independent sequences of, respectively, 
Rademacher random variables and arrival times of a unit rate Poisson process, 
independent of the sequence (Z;, j > 1}. We know that the series 5 (t) converges 
a.s. for every t € Т, and that (S(t), t € Т} is a measurable version of (X (t), t € 
T) up to a multiplicative constant. 

It is now sufficient to show that the series 


5 = ba f, 27) 
j=l 
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is a well-defined element of LP(T, T, и), i.e., it converges as. in LP(T, T, v). 
Indeed, S € LP(T,T,v) as. means f.|S(t)"w(dt) < оо a.s. and, since 
(S(t), t € T) is, up to a constant, a measurable version of (X(t), t є T}, 
we have [..|X(t)|Pv(dt) < оо as. as well by Theorem 11.2.1. Consider two 
cases: 


1. Case а <р € 1. Then 


J |5 or” ft, Z) v(an < | S rjf, Zj)pv(at) 
T ј=№ Tj-N 


= S rf 2,15 тоу 02s. a5 N — oo, 


by (11.3.9) and Theorem 1.4.5. 


2. Case р > 1. We can assume that the sequences {T}, j > 1) and {Z}, j > 1} 
are defined on a probability space (Q1, Fi, Р) and the sequence (ej, j > 1} is 
defined on a different probability space (Q2, Fz, P2). By Fubini's theorem it is 
enough to prove that for P; -almost any ил € © the series of independent random 
variables 


У гума), Zi) 
је! 


converges P5-a.s. in LP(T, Т, v). By the Itó-Nisio theorem (Ид and Nisio (1968)), 
it is enough to prove that we have L! convergence in L?(T,T, v), i.e., 


lim E» er r5 (ол) f(- (5 2;(ш «),, e ED P, -а.5. 


M,N-—co 
(11.3.10) 
Suppose, firstly, 1 € p € 2. Then 


(|$: өг Гуе) С. Zla) 


= “ш gr; wid F(t, zy [ van) " 


НЕ), 


(2 f b» qr; Vor) F(t, Zion) van) 
j=N 
(Jensen’s inequality, p > 1) 
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"NE 
« (Дају or; eres zov) van)" 
| (Јепзеп "5 inequality, p < 2) 


(/ (E гу eor zia)" 


j=N 


1A 


M 
(f У TP (1) f(t, 2; (еп) Ри(4)) ue (since p < 2) 
TN 


M 
(25 T; (uy) f(., ®;(ол))Ї тут иу) ii 


јем 


which tends to zero Р. -а.5. as M, N — оо, by (11.3.9) and Theorem 1.4.5. 
If p > 2, 


Р ors nre мыз], T 


«(f э өту) ZoD | wat) 


< (am f. (3r eor ZG) wan) ^ 
ч (Khinchine inequality: Exercise 11.1) 
s eg S (трендо ара)" 
ib (Minkowski's inequality for p/2) 


M 
= с(р)?/Р У r5 V? (л), 20) 
j=N 


which tends to zero P}-a.s. as M, N — co, again by (11.3.9) and Theorem 1.4.5. 
This proves that the series S converges a.s. in L? (T, 7, v), and thus the proof of 
'the theorem is complete in the symmetric case. А 

In the general case, but still assuming n(t) = 0, let {X;(t), t € T} and 
{X2(t), t € T) be two independent measurable copies of {X (t), t € T). Then 
(Y (t) = 27 Ve (Xi(t) — X2(t)), t € T) is SaS with an integral representation 
(10.1.1), but this time the random measure M is symmetric and has the same 
control measure m as before. Now our claim follows from the easily verifiable 
fact that |X (t)|?v(dt) < оо a.s. if and only if fy |Y (£)|Pv(dt) < со a.s. (see 
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Exercise 11.2). Finally, the sufficiency part of the theorem in the сазе 10) = 0 
implies the necessity of (11.3.5). W 


Remarks 


1. The preceding proof shows actually that т (Риа) < oo as. if and 
only if (11.3.4) and (11.3.5) hold. The role of (11.3.4) is especially in- 
teresting. It is equivalent to fy sup, nP] (Ta, z)|*m(d) < oo 
(Relation (11.3.3)), for Pj-almost every choice of 7,,7,... (using the 
notation of the proof of Proposition 11.3.1). Шао > 1, this does not 
imply P(lim, ,,, п УРА (та) = 0) = 1 for any choice of Ti, Tu- 
for which (11.3.3) holds. Of course, [7,|X(t)|Pu(dt) < со implies 
P(limy oo n7 УРА (та) = 0) = 1 (Exercise 1.24) only for a P-a.s. choice 
of 7,,72,.... Although (11.3.3) is true for а P-a.s. choice of 71,72) ·-· 
as well, there may be realizations 71,7... for which (11.3.3) holds but 
P(limy.o9 n7 /* X(r,) = 0) = 1 does not hold. This seems, ncverthe- 
less, to suggest that, even when а > 1, there are "not too many cases" in 
which the converse to Theorem 10.3.1 fails. 


2. Although proven in the real-valued case, Theorem 11.3.2 remains obviously 
true for measurable complex-valued Sag processes. 


3. In the case а = р, one can express (11.3.7) as 


| Јања [1 + log, B(,z))m(dr)w(d) «oo, — (11.3.11) 
TJE 


where 
FACEM 
fg Mv) emo) fr fu, x) ev (du) ' 


because for any constant C, there is a constant a depending only on C such 
that |log, Cu — log, u| < a for any u Є R. 


B(t,zx)- 


Example 11.3.3 Shepp (1966) proved that if {X (t), t > 0} is Brownian motion, 
and if g(t), t > 1 is a measurable function such that infi; g(t) > О for all 
т > 1, then, for any 0 < p < оо, 


о XHP 
/ q(t) < со a.s. 


if and only if 


T uae 
——аї < со. 
EOD] 
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We can now obtain a corresponding result in the a- hiis case. Let (X (t), t > 0) 
be an a-stable Lévy motion, 0 < а < 2, X(t ed M(dz) where M has 
Lebesgue control measure. Assume also that i is 505 when а = 1. Let g(t) 
be а non-negative function such that the set (t: q(t) = 0) has zero Lebesgue 
measure. The measure v with density v(dt) = q(t)-!dt is thus o-finite. Then, 
for any T С [0, оо), 


|X(t)P 
———dt < oo 
LA a(t) 
if and only if 
ipla 
J й < co when 0 « p « a, 
т a(t) 
IE ДИ 
TT oo when 
0 TN(z,00) 4(0) 1757 
апд, 
Sr zi < oo, 
t - 
ДА Јов (5 Sra, Hay) dz] < оо, 
when p — a. 


Thus, taking q(t) = #7, we get for any 0 < а < Zand p > 0, 


X (t)|P 
Г | ОР dt < оо as. if and only if р> 2 +1 
T 
' Ix qr 


T а < оо a.s. if and only if n < 2 +1. 
0 


Example 11.3.4 Let (Х (t), t € R} be a measurable version of the well-balanced 
Sas linear fractional stable motion of Example 3.6.5. Let 


Y(t) = I e" (X(t) – X(t+u))du, t € R. 


It is clear that (Y (t), t € R} is a stationary 505 process whenever the integral is 
defined. Theorem 11.3.2 shows that the latter is true for any 0 < H < lifa > 1, 
but only fort —1« H < lif $ < а < 1, and forno H ifa < 1. 


Example 11.3.5 Let 1Х (t), t € R} bea measurable version of the harmonizable 
SaS process (6.5.1). It follows from Theorem 11.3.2 and the above remark that 
for any Т > 0, and оо < a < b, the integral 


T „—па  4—itb 
/ £0 X 
-T it 
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is well defined. This suggests an a.s. inversion formula for the Fourier transform 
of a SaS noise. We will return to this point in the sequel. 


11.4 Changing the order of integration 


Let (X(t), t € T} be a measurable o-stable process 0 < a < 2 such that 
fr IX(Olv(dt) < oo a.s. What is the integral fy X(t)v(dt) equal to? Let p 
be a probability measure equivalent to v, h = дујаџ, and let 7;,75,... be a 
sequence of i.i.d. T-valued random variables with common law и, defined on 
a probability space (Q;, 21, Р), different from the probability space (Q, F, P) 
where the process {X (t), t € T} is defined. By the strong law of large numbers, 
for P-almost every ш € О, 


Р ( im Ang) s p URS ы Í хма) =1, 
T 


т—о0 n 


and thus, by Fubini's theorem, there are (non-random) points tı, t2, .. . in Т such 
that 


P (im Хум) ++ Xna) _ fx (o (dt) ) ay, 


т-»со п 


Since n7! (X (ВУ) + X(tn)h(tn)) is an o-stable random variable for 
every n = 1,2,... (Theorem 2.1.2), the integral fp X(t)v(dt) is an o-stable 
random variable as well. What are its parameters? They are easy to find if 
{X(t), t € T) has an integral representation (10.1.1) and if we may interchange 
the deterministic and stochastic integrations. The following theorem, which is a 
Fubini-type result, justifies such a change of order of integration in the case where 
T is a Borel c-algebra on a separable metric space (Т, p). 


Theorem 11.4.1 Let (X(t), t € T) be a measurable a-stable process on a 
separable metric space (T, p), given by 


X(t) = Í. f(t, 2)M (dz) +100), t € T, 


where M is an a-stable random measure with control measure m. Assume that 
M is symmetric when а = 1. If fy |X(t)|v(dt) < со a-s., then 


| X(t)w(dt) = |. ( Í. f. a0) M(dz) + ТА n(tv(dt) аз. 


Thus, in particular, Ју f (t, -)v(dt) € L*(B, E, m). 
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Remark. We are assuming that (X(£), t Є Т} is defined a.s. by its integral 
representation because the conclusion of Theorem 11.4.1 is an a.s. result. Of 
course, if (10.1.1) is only a distributional representation of ( X(t), t € T), then 
the conclusion of Theorem 11.4.1 should also be understood in the sense of 
equality of distributions. 


PROOF OF THEOREM 11.4.1. We may and will suppose 7(#) = 0. Suppose 
firstly that a > 1. Assuming, as usual, and without loss of generality that v is 
a probability measure, we choose a sequence of i.i.d. T-valued random variables 
71,72, ... With common law и, defined on a probability space (Q4, F1, Pj) different 
from the probability space (О, 7, P) on which the process (X(t), t € T) is 
defined. By the strong law of large numbers, for almost every w € Q, 


tim 200: XO) 


n-—oo n 


- | X(t)v(dt) Pi-a.s. 
T 
Therefore, by Fubini’s theorem, for P,-almost every ил € Оң, 
_1l< 
| X(t)v(dt) = lim. — >, Х(т(ил)) Р-аз. (114.1) 
Let us now consider the integral f. ( f7- f (t, z)u(dt))M (dz). We may regard 
(f(rj,z) x € E), j = 1,2,..., as a sequence of i.i.d. random vectors taking 


values in a separable closed subspace S of the Banach space L°(E, Є, т). (See 
Theorem 11.1.1.) The norm of these random vectors has a finite mean because 


Pn 
Elf ут), 2 € Els neus = Е(/ i Pm) 


= [C uma) ма) < oo 


by Proposition 11.3.1. We can therefore apply the strong law of large numbers for 
S-valued random vectors to obtain 


ü f(tz)(dt) x € E) == Ey(f(rj, т), zE E} 
T 
z dim LY (Лара), TE E} P-a.s. 
j=l 


in S and thus in L° (E, 2, m). In other words, for P;-almost every ил € Qi, 


Jim: 53 ^ Fw), = ] feo in L*(E,£,m), 


j=l 
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and thus, by Proposition 3.5.1, we obtain 


Јамам = am f (Улва) ме 


Jim i Х(ту(ил)). (11.4.2) 
j=l 


t 
3 


1i 


Since both (11.4.1) and (11.4.2) hold on the w-sets of measure 1, there is an 
wi € © for which both of them hold. This completes the proof in the case o > 1. 
|. Consider now the case 0 < a < 1. Since the control measure rn is essentially, 
a-finite (Theorem 11.1.1), we may assume that m is actually a probability measure. 
We will use the following "randomization" lemma due to Kallenberg (1988). 


Lemma 11.4.2 Let S and S' be, respectively, a separable metric space and a 
Polish (i.e., a complete separable metric) space, and let f: S’ — S be a Borel 
measurable function. Let С and 0 be, respectively, an S- and а S'-valued random 
variables defined on a probability space (Q, F, P). С £ J (8), then there is an 
S'-valued random variable Ө! on an extended probability space (О x (0, 1], F x 
B, P x Leb) such that 6' = Ө and с = f(0") Px Leb a.s. 


This lemma shows that the equality in distribution ¢ E f (8) can be realized 
as an a.s. equality. To complete the proof of Theorem 11.4.1, we apply Lemma 
11.4.2 as follows. 

Let S = L'(T, T,v) x Rand 5' = Во х RẸ x (L'(T,T,v))? x R”. 
Observe that under our assumption the space L'(T,T,v) is separable (Dun- 
ford & Schwartz 1958, Vol 1, Lemma III.8.3).! Therefore, both 5 and 5" are 
Polish spaces when endowed with product topologies. Let С = (С, 62), where 
€, = (X(0, t € T) and = ЈЕ(Ј f(6z)v(dt))M(dz). Note that G is 
a well-defined (real-valued) random variable because Theorem 11.3.2 implies 
fel Ју f(t,x)u(dt)|*m(dx) < оо. Hence, is a well-defined S-valued random 
variable. 

Let now Гү, Iz, .. . bea sequence of arrival times of a Poisson process with unit 
rate independent of the sequence of i.i.d. random vectors A J (з )..., where 
Vi, Va, ... are E-valued with common law т, and 


V; 
Р» = Цу = 1- PG = ci) = HE. 


‘Because Т is separable, we can choose a countable dense set Ту and approximate а function f (X) 
in L! (T, T, v) by simple functions of the form У ajl(||x — са || < т), n > 1, where the cis 
are in Ту and the a;s and 745 are rational. 
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Here, 3 is the skewness intensity of the random measure M. Define ап S’-valued 
random variable Ө = (81,02, 03, 84) by 


ө! = (vo Yar --:), 
05 =? (Г\,Г»,...), 
83 = ОАЕ У), te T, ј = 1,2,...), 


ө, = (f fev §=1,2,...). 
T 
Let f: S' — S be defined by f(x, X2, X3, ха) = (yi, Y2), where 
His Me а ()22(ј) *x(j) if the sum converges in L' (T, T, v), 
У = 
0 


otherwise, 


m Dat 2 (ј)22 (1) V 9z4(j) if the sum converges, 
y = 
0 


otherwise, 


and Са is given by (1.2.9). Observe that f is clearly a measurable function 
and, moreover, in the proof of Theorem 11.3.2, we established that the series 
Уа yr; "^ fC, Vj) converges a.s. in L'(T, 7, v). Corollary 3.10.2 and Ex- 
ercise 11.3 therefore imply ¢ = f(@). 


Applying Lemma 11.4.2, we conclude that there are two independent random 
sequences, I}, T5,..., and 


ТІ r2 
51 , 52 Бе; 
т % 


Ti г? 
such that (ГҮ,ГУ,...) = (T Ta...) | 51 | | 52 | ,... are iid. random 
n 
vectors, the г; are L! (T, 7, v)-valued and 


rj d {F(t Vj); teT) 
s; | 5| fpf(5,V)wat) |. (11.4.3) 
^f 75 
These sequences аге such that 

{X(t), teT) = {oye SOY Verg) t € T) as. in L(t, Tv) 


m 
(11.4.4) 
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and 


ји ( L fd) M (dz) = су“ YT), as. (1145) 
Relation (11.4.4) yields 
| X(t)v(dt) = су“ |: 2 BATH) е ша) as. (11.4.6) 


Note that 


[2 47^ да 


1а. 


| Yr; "|f, Уруй) 
j=) 


xg А IF, УЙ (@) < co a.s. 


| 


by Theorems 11.3.2 and 1.4.5. Applying Fubini's theorem, we obtain by (11.4.3): 


| хома) = суету А rj (£v(dt) 
си Уут) чову a.s. 


j=! 


|| 


This, together with (11.4.5), concludes the proof of the theorem. И 


11.5 Tail behavior of the 77-norm distribution 


We consider now the asymptotic behavior of the distribution of the "L?-norm" 


ыху” = (f ООШ 


Consider two cases, p > 1 and 0 < p < 1. When p > 1, (Jp(X))!/? is a norm 
on the sample paths of {X (t), t € T}. Corollary 6.20 of Araujo and Giné (1980) 
implies that, if Jj (X) is finite, 
a/p 
lim °P(Jp(X)'/? > A) = Ca / ( i | f, van) m(dz), 
А-+оо Е T 
(11.5.1) 
where Ca is given in (1.2.9). Compare this limit with condition (11.3.2) in 
Proposition 11.3.1. 
The next theorem states that (11.5.1) remains true even when 0 < p « 1. 
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Theorem 11.5.1 Let (X (t), t € T} be а measurable a-stable process, 0 < a < 
2, with an integral representation (10.1.1). If p > 0, then J,(X) < coa.s. implies 
(11.5.1). 


PROOF: This theorem follows from Rosinski and Samorodnitsky (1993). Here, 
we prove it under some slightly stronger assumptions. We shall assume that the 
control measure m is finite and there is an є > 0 such that J,(.X") < œ a.s., 
where 


х) = rA flt, z)M' (dz) + nlt), t € T, 


and f, € L***(E,£,m). Here, M’ is an (a + c)-stable measure on (Е, 2) with 
the same control measure and skewness intensity as M. 

Note that fp | X'(t)|Pv(dt) < oo a.s. implies. fp |X (£)|Pv(dt) < oo a.s. and 
hence Ј,(Х) < ooa.s. This is because (11.3.4) holds with о if it holds with а + e. 
(The conditions (11.3.4) and (11.3.5) are necessary and sufficient for integrability, 
as noted in the remark following Theorem 11.3.2.) Of course, we may and will 
assume that m and v are probability measures. We may also assume 7(t) = 0. 
By Corollary 3.10.2, 


Jy (X)?  J = буг (SE r "^re vo - ао | (40) ^ | 
j=) 


(11.5.2) 
using the notation of Section 11.1. The function a;(q, t), in particular, is defined 
in (11.1.2). Consider separately 


и =су°([ MIYE -alaaa 0159) 
T . 
and 


Wa = С\/“( f Der; KAAR ajla t) va) (11.5.4) 


It follows from Theorem 11.3.2 that W} < oo a.s., and thus W3 < oo a.s. as well. 
We want to show that it is W; that determines the asymptotic tail behavior of 
Jo (X). We have, by Exercise 1.22, 


lim АР(И > А) 
Х—оо 
: р 1/р 
= im хаР (c^ f arrese vo[ van) ^») 
T 


Алоо 


= са fim AP(r, xf re vorm] ") 
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= cE(f ve vor)" 
RA | ( | | грађ) nds). (11.5.5) 


If we prove 
EWS «oo, (11.5.6) 


then our theorem will follow from (11.5.2), (11.5.5) and (11.5.6). 
Let {TË rÉ, SVO, И 9 AL), i = 1,2, be two indepen- 
dent copies of the fandom variables сага Wi and let 


1 a 1/ 
и = | (зе Opa- Ма ; FE Vf) — ajo, а) aged o 


It is clearly enough to prove 
E|Wf? —W2|* «oo if p21 (11.5.7) 


and 
EW) — (wl? <œ ifo <р « 1. 


We shall treat the case p > 1. (The case 0 « p « 1 is identical.) 
Let €, €2,... be a sequence of i.i.d. random signs independent of all the other 
random variables. Choose a positive integer m so large that а /рт < 1 and let 


Age = af TOMO уа, v9) — fro ңе, y 


Then 
Ewi” А wr 
a/p 
< as | | A, | col (by Minkowski, p > 1) 
j22 


| 


о/р 
2 Р 
CoE | J Ја san) 
та ајрт 
CaE, rv Е Us an) | (Hülder, о / рт. < 1) 


j=2 
a/pm 
v(dti): EE 


lA 


| 


k=l j= 


Ca ES rv s ® өл xL 
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m со Um ee 
pm 
< С.Еут,у ў П Е, PI Аја v(dti) Ede v(dt4) 
Tix xTgy \ kai j=2 
(by Hölder ) 
m co а/рт 
p/2 
< СЕ f II($ Aa) v(at)--- tto.) 
Tix x Tg ка = 


(by Exercise 11.1) 


© а/р 
СЕ J (34) а) 
7=2 


a/p 


QE [Gor re wy) 
ј= 


where C and С; are positive constants. 

Now, let (X;(t), t € T), i — 1,2, be independent measurable copies of 
(X'(£), t € T}. Then {Y (t) = 2-e*9 (X1(t) — X4(t)), t € T), is а measur- , 
able S(o + €)S process with an integral representation (10.1.1) where the random 
measure M has the same control measure m as before, but M is S(a + €)S. 
Clearly, fy |Y (£)|Pv(dt) < oo a.s. By (11.3.3), 


I^ 


f sup(n^ УР| (та, z)])"**m(dz) < oo (11.5.8) 
E пр! 


for almost every choice of i.i.d. Т-уамед random variables тү, 7, . . . with common 
law v. Fix 71,72,... for which (11.5.8) holds. Then Eg(Vi)*** < оо, where 
g(x) = зир, n^ УУ (та, ту], £ € Е, and V, is as above. Therefore, letting 
61,62, <-> andr) , I5,... be, as above, independent sequences of i.i.d. random signs 
and Poisson arrivals, respectively, independent of the i.i.d. sequence V, V2,..., 
we conclude that 


eS а 
E" sr; "^s(v;) < со. 
ј=2 
Applying Khinchine's inequality yields 


59 21 а = —2 af/2 
о > B|5 ^ sr; ^v) > const (Уг; /*9(V;)°) 
j=2 j=2 


oo а/2 
> const. E(sup n MP Sor а frs, 223 . 


п21 3—2 
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We conclude by Exercise 1.24 that 


oo 
sup i~?/* sup n% У (0) -2/ Fr, VF)? < со аз, 


i>l п>1 pe 


where [m V 3 = 1,2,...}, i= 1,2,..., are iid. copies of (F5, Vi, 7 = 
1,2, . . .], independent of the sequence 71, 7», . ... Ву Fubini’s theorem, for almost 
every choice of (Гб, vf, j1;25 5412; 


oo 
sup n MP (sup i-*/* De meee у, vy) < оо a.S., 
п2 


ibo . $22 


and thus, by Exercise 1.24, 


eo ; А р/2 
со > E up rf rs vy? 
j=2 


izl 
/ V (0—2/ er^ (dt) 
2 su ien IC FR V v(dt). 
ist Ao» ЛАН 
Applying Exercise 1.24 again, we conclude that 
= ја 2/2 a/p 
E( | (Sor; rs ууа)" < оо, 
Tt 
ў=2 


proving (11.5.7). This completes the proof of the theorem. Ш 


11.6 Inversion formula for harmonizable 505 
processes 


We shall use the results of the previous section to derive an inversion formula for 
harmonizable SaS processes, 0 < a < 2. 


Let M be a complex-valued SaS random measure on (R, B) with a finite 
circular control measure k and control measure m. Let 


Z(t) = | е M(dz), -co < t < ос, 


and та 
X(t) = Re Í e'* M(dz), —оо < t < oo, 
-co 


be the complex and real 50:5 harmonizable processes defined, respectively, in 
(6.5.1) and (6.2.13). It is appealing to regard these two processes as Fourier 
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transforms of the random measure M. 1f this view is justified, then we would 
expect these processes to satisfy a kind of inversion formula similar to the one for 
Fourier transforms of non-random measures. The next result shows that such an 
inversion formula does exist. 


Theorem 11.6.1 Let (Z(t), —oo < < oo) and (X(t), —oo < t < оо} be те 
complex and the real SaS harmonizable processes. Then, for any —со < u < 
v<, 


T —iut _ етй 
УМО) + ум (рођ + MCC 9) = plimp uo | 5 zd 


(11.6.1) 
and 


Цар) MU- Коу =u) +5 Mu] + МС) MG 9) 


1 -iut _ evt 
= plim - — 1 .6. 
pli rx]. it X (t)dt (11.6.2) 
Remarks 


1. It is implicitly assumed that (11.6.1) and (11.6.2) involve measurable ver- | 
sions of the processes (Z(t), —oo < t < oo) and (Х (8), –оо < t < oc), 
respectively. | 


2. Example 11.3.5 implies that the integrals in the right-hand sides of (11.6.1) 
and (11.6.2) аге well defined for every Т > 0. 


PROOF OF THE THEOREM: Theorem 11.4.1 (in fact, its counterpart in the complex- 
valued case) implies 


1 T eto eit 


Z(t)dt = ЈЕ fe(z)M (dz), (11.6.3) 


2n em it 


1 T giéz- ч) = giéz-vt " e 4) 
= = — di. б. 
а) = з << 


It is well known (and easy to verify) that there is a finite constant K such that 
|fr(z)| < K for every T > 0 and z € R, and, moreover, 


where 


1 
f(a) = lim fr(z) = Flle) +z! (2) + lov) (£). 


Proposition 6.2.3 and the bounded convergence theorem imply 


1 T g^ iut _ етім 
рі 5 / 6 тл | FG)M (dz), 
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proving (11.6.1). ' 
For the second part of the proof, we again apply Theorem 11.4.1 and obtain 


T ,—iut _ p—ivt 
2 / Еу 


T J-T ii 
= ке / o (s) M (dz) — i Im / · (мат), (11.6.5) 
—oo —оо 
where F 
2 ЛИ 
(D(g) = = sin vt — sinut ова. dt, 
T Jo i 
T 
gf (х) = =f SOME CM 7 cosut sin xt dt. 
0 


See Exercise 11.4. It follows from the corresponding properties of the functions 
fr in (11.6.4) that gf ) and of ) are uniformly bounded (over x and T), 


g(s) = tim gf (a) 
= 51-0 (2) + ML) + IC) * 5! taz) 
+ Luv) (2) + о 
and 


g® (z) 


| 


; (2) 
im, PE 
1 1 Ц 
= 50-002) + (8) + 510) - 51e) 
1 
= Цил)(2) = 7170193 


See Exercise 11.5. Proposition 6.2.3 and ће bounded convergence theorem imply 


1 T eiut = g-ivt 
i = ——— — X (t)dt 
рітт „о I. it (0) 


со со 
= Re | gU (z)M(dz) — i In f 9? (x) M (dz). 
—со -00 
This proves (11.6.2) and concludes the proof of Theorem 1 161 M 

Corollary 11.6.2 Let Мі and M, be complex-valued SaS random measures on 
(R, B) with finite circular control measures kı and kz. Let 


200 = / е M;(dz), —оо < t < oo, 


-0 
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and из 
Хи) = Re / e”? M;(dz), —оо < t < oo, 


-оо 
j = 1,2, be те corresponding complex and real harmonizable processes. Then 
(Zt), –оо < < oo) = (Zi (t), –оо < t < co} 


if and only if ky = К;. Moreover, 
{Xi(t), -00 < t < oo) = (X(t), -o < t < oc) 


if and only if ky + ki = kj + k2 on R\{0} (where kj, j = 1,2, is defined by 
(6.5.2)) and Ss, 111%, {0} х ds) = Ís, |s1|*k2({0} х ds). 


PROOF: Clearly, kj = kz implies (2, (t), —oo < t < oo) = {Z,(t), —oo < 
t « oo). For the converse, note that Theorem 11.6.1 implies that for any —oo « 
u«cuc«oo, 


M,({u}) + Mi ({v}) + 2Mi((u,v)) = Мар) + Mo({v}) + 2Мь((и,®)). 


If u and v are continuity points of both control measures т; (:) = kj(- x 52), j = 
1,2, then Mi ((u, v)) = М,((и, v)), and hence 


ki((u,v) x A) = (и, v) x А) (11.6.6) 


for every Borel set A C S5. Since such continuity points u and v are dense in R, 
we conclude that (11.6.6) holds for every —oo < и < v < oo and Borel А C 55, 
and thus Кү = k2. 

To prove the second part, suppose firstly kı + К = ka + К; on all of R. Let 
М; be a complex-valued 50:5 random measure оп (Е, B) with circular control 
measure k;, independent of the random measure Mj, j = 1,2, and define 


oo 
Y;(t) =Re | еМ (ах), –оо < t < оо, j = 1,2. 


–оо 


It is easy to verify that (Y;(t), —oo < t < co] = (Ху), -oo < t < оо}, 
j = 1,2. Therefore, for every j = 1,2, 


{X;(t), оо < t < oo) = (27 «(x (t) + (0), —oo < < сој. (11.6.7) 
But, for j = 1,2, 


(X;(t) + ¥j(t), –оо «t < oo] 5 (ве [^ e* M;(dz), – о < t < оо}, 
IS (11.6.8) 
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where. M; is a complex-valued 505 random measure with circular control mea- 
sure k; +, j = 1,2. Relations (11.6.7) and (11.6.8) imply (Xi(1), —oo < t < 
oo) = (Xs(t), —оо < t < oo), because ky + Kj = ky + Fz. 

If we only have ky + kı = kz + k; on R\{0} and fs, li^ i((0) x ds) = 
Js, |5 | “#2(10) х ds), we obtain instead 


{Re T еї (x #0}Mı (dz), –оо < t < оо} 


4 {ке / енг (2 ¢ 0умаг), оо «t < со) (11.69) 


~ 
and 

Re M,({0}) = Re M;((0)). (11.6.10) 
But the left-hand (right-hand) side of (11.6.9) is independent of the left-hand 
(right-hand) side of (11.6.10) and the two sum to (.Xi(t), —oo < t < oo] 
and (X2(t), —oo < t < оо}, respectively, so (11.6.9) and (11.6.10) yield also 
{Xi(t), —oo < t < co} = (Xa(t), —oo < t < oo). 

То establish the converse statement, note that Theorem 11.6.1 implies that for 

any –оо Си < v < оо, | 


Mi ({—u}) + Mi({-v}) +2М ((—v, —u)) + М\({и}) + Mi) 


+ 2М ((u, v) 
#м({-и}) + Ma((—v)) + ZMa((—v, —u)) + Mo({u}) + Ma((v)) 
+ 2M3((u, v)). (11.6.11) 


КО < u < v are such that the four points и, —u, v, —v are continuity points of 
both 7n, and mz, then 


M ((—v, —u)) + Mi((u,v)) = Ma((—v, —и)) + Ma((u, v)), 
so for и, v as above, 
(ky + Ki)((u, v) x A) = (kz + Ky) ((u, v) x A) (11.6.12) 


for every Borel set А C Sz. Since points u,v as above are dense in (0, оо), 
(11:6.12) holds for every 0 < и < v and every Borel set А C 5;. Since 
(6; + kj)((—v, —u) x А) = (ky +k;)((u, v) x A*), 


(see (6.5.2)), (11.6.12) extends also to —co < и < v < 0. Thus, kı +k, = +8 
оп Ж\ {0}. Finally, choosing 0 = u < v in (11.6.11), we obtain Re M,({0}) = 
Re M;((0)), implying f; |si[*&i((0) x ds) = fs, 1511%({0} х ds). [| 
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11.7 Absolute continuity of stable processes 


We want to find conditions for a stable process (Х (t), t € [a, b]} with integral 
representation (10.1.1) so that there is a version (Y (2), t € [a, b]) whose paths 
are absolutely continuous. The derivative 


will then exist at almost every # € [a,b]. We also want to ensure that for a given 
р> 1, f; [Y (t o) dt < oo for all w. 
Let us start with a formal definition of absolute continuity. 


Definition 11.7.1 Let —oo < a < b < оо be two real numbers. A function 
ф: [a,b] — R is called absolutely continuous (we write ф € AC([a, b])) if for 
every € > 0 there is a б > 0 such that for any family (их, vi), k = 1,2,..., of 
disjoint intervals in (a, b], 


Yu =u| <6 = У Фе) - é(u)| < є. 
k=} k=} 


It is a well-known fact that @ is absolutely continuous if and only if there is a 
function ф € L'{a, b) such that 


olt) =o | d(s)ds, t€ [a,b]. (11.7.1) 


An absolutely continuous function is, therefore, continuous on [a, 6] and differen- 
tiable at almost every point t € [а, b]. More precisely, 


dolt)  ; 
"gm Ф(0) 


for almost every t € [а,Ь]. 


Definition 11.7.2 AC? [a, b] is the set of all absolutely continuous functions ф on 
[a, b] such that ф € L?[a,b], p > 1. | 


Observe that АС? [а, b] is a linear space. The following proposition is valid 
for general stochastic processes, not necessarily a-stable. 


Proposition 11.7.3 Let (Х (8), a € t < b) be a stochastic process that has a 
version with all sample paths in AC?|a,b], p > 1. Let (Y(), a < t 8) 
be a version of (X(t), a € t € b) with continuous sample paths, defined on a 
- probability space (О, F, P). Then there is an event Qg € F with P(Q) = 0 
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such that for every ш € 05, the function Y(-,w): [a,b] — R is in AC?{a, b} and, 
moreover, 


t 
Y (,u) = Y (a.u) + / бе. a<t<b, (11.7.2) 


for some measurable stochastic process (D(t), а € t € b) with all sample paths 
in L?[a, b]. Moreover, 


D(t,w) = ZY (tu) (Leb x P) — a.s. 
PROOF: Let (Yi(£), a € t < b) be a version of (X(t), a € t € b} with 
all sample paths in ACP[a, b], p > 1, defined on a probability space (О, F, P). 


Then, every sample path of (И (t), a € t < b) is continuous and, for j = 1 and 
every € > 0, 


lim P(sup sup ^ Iro) – Ү;(ш)| > e) -0 (11.7.3) 
zi 2i i=l 
where the second supremum is over all 1, v; rational, + = 1,..., m, such that 


m 
а< ш <v L u < 225: < ил < 0 < 6, and Y ^ | — ui] < 6. 


iml 


To determine whether the converse holds, let {¥2(t), a < t < b) be any other 
version of {X (t), a € t € b) with all sample paths continuous (and defined, for 
simplicity, on the same probability space (©, F, P)). Then (11.7.3) holds with 
j = 2, and the continuity of the sample paths of {¥2(t), a X t < b} implies 
that, apart possibly from a null sei, the realizations of {¥2(t), a < t < b) are 
in AC[a, 5]. We want to show that, apart from a null set, the realization of 
(Yo(2), a € t < b} are, in fact, in AC?{a, b] as well. Define for j = 1,2, 


Aj = [eo €[a,b] x О: | lim ИВО IL) 


does not exist >. 
h-+0, hEQ h 


Since both (Y;(t), a < t < b), j = 1,2, have all sample paths continuous, 
these two processes are also measurable (see Exercise 9.15) and, therefore, A, and 
Аз are (product) measurable. Since almost all the realizations of both (Y;(£), a < 
t < b), j = 1,2, are absolutely continuous, we conclude that for almost every 
ш € О, the Lebesgue measure of the section of A; with w fixed is 0 for both 
j — 1,2 and, hence, by Fubini's theorem, 


(Leb x Р)(А;) 20, j 21,2. 
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Applying Fubini's theorem once again, we note that there is a Borel set To C [a, b] 
of Lebesgue measure 0 such that for every t ¢ To, 


Q0 Yt +Һ-ҮЧ@) _. 
P(, dim V h exists) =1; 9=4,2. (11.7.4) 
Now let | 
pli og Оз №) – ¥5(t,w))/h if (tw) € А5, 
D;(t,w) = 
0 otherwise. 
(11.7.5) 


(Dit), а € t € b) and {D2(t), a € t € b) are measurable stochastic processes 
and Relation (11.7.4) implies that they are versions of each other. It is also clear 
that, in the notation of (11.7.1), for every w € О, Р. (Ё, ш) = У (Ё, ш) for almost 
every a € t < b, and so D,(-,w) € L?[a, b] for every ш € Q. Since D, and 
D; are versions of each other, D2(-,w) € L?[a, b] for almost every w Є Q, and, 
therefore, apart from a null set, all realizations of {Y2(t), a € t < b) are, indeed, 
inLP"[o,b. ЖШ 


We now turn to a-stable processes with integral representation (10.1.1). Unless 
stated otherwise, we assume in the sequel that the control measure m in the 
integral representation is o-finite. Note that o-finiteness is essentially implied by 
Theorem 11.1.1 since a stochastic process with a version in AC? [a, b] always has 
a measurable version (Exercise 9.15). 

The following theorem is the main result of this section. 


Theorem 11.7.4 Let (X(t), a < t € b) be an a-stable process 0 < a < 2, 
with an integral representation (10.1.1). If œ = 1, we assume in addition that the 
random measure M is symmetric. Let p > 1. Then (X(t), a < t € b) has a 
version with all sample paths in AC? |a, b] if and only if 


n: [a,b] +R isin АС?|а, b], (11.7.6) 
and there is a function f°: [a,b] x Е — R such that 
() f(t, x) = f(t, z) m-almost everywhere for anya St <b, — ЙЕ | 


(ii) Р(х) € АС?[а, b] for every z € E; and, moreover, 


P(t, z) = f'(a, £) + Í | f(s,x)ds, а<% 57 


where 
f°: (a,b) x 2 R 
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is a jointly measurable function satisfying 


T n LCE) 2m(de)) at <oifl<p<a, (1177) 


| j | Ift, z) [1 + log, A(t, z)]m(dz)du < oo fp — о, (11.7.8) 
а ЈЕ 


where | " : 
_ M? (6 ж) f, Ј | (и, v)|*m(dv)du 


A(t,z) = ~ 5: 
Se V9 (6 v)jem(dv) Ј, 17 (и, z)]| du 


and 
b | ap 
/ (/ IP, 2)|Pat) | m(dz) < соїїр> а > 0. (11.7.9) 
Е Ja 


PROOF: Suppose firstly that {X (t), а < t € b} has à version with all sample 
paths in AC?{a, b]. We start with the case when the random measure M is SaS 
and ņ = 0 in (10.1.1). Since (X(t), a € t € b) is sample continuous, it can be 
written in the form 


X(t)= |. kii zy Ms) аз. abs b (11.7.10) 


where E, is a measurable subset of E such that the control measure m is c -finite 
on Ej, and where А: [a,b] x E, — R satisfies: 


(a) For every те, 
the function А(., 2): [a,b] — R is continuous, (11.7.11) 
(b) for every t € [a,b], m(x € Ei: A(t,x) # f(t,x)) = 0, 
(c) for every t € (a, b], 
m(z € Е\Е\: т) #0). (11.7.12) 
(See the discussion after Corollary 10.3.2.) 


Let А be a probability measure on (Ej, E ПЕ.) equivalent to the control measure 
m on this space. Then, by Theorem 3.10.1, 


` co 
Z(t) = d. ^ «T; "^h(t V)g(W)"^, axt&b, 


i=l 
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is a. version of {X(t), a € t € b), where g = dm/dA and, as usual, da is a 
constant, and the three independent series of random variables are a Rademacher 
sequence {€),€2,...}, a sequence of arrival times of a Poisson process with 
unit arrival rate {T}, T2, ...} and a sequence of i.i.d. Ej-valued random variables 
(V, V, ...] with common law A. Replacing e; by —є; fori = 2,3, . . . in the series 
defining (Z(t), a € t € b), we obtain another version of {X (t), а < t < b}, 
say (200, а €t € b). Both (Z(t), a € t € b) and (Zt), а < t < b) have 
versions with all sample paths in АС?[а, b], and so does their sum, 


Z(t) + Z(t) = 2д а Г] о (У). И), a €t € b, 


by Propósition 11.7.3. It follows from (11.7.11) and Proposition 11.7.3 that there 
is a measurable set E? C E, with m(E, M2) = A( E1 \E2) = 0 such that 


the function А(., х): [a,b] — R isin AC?[a, 6] Ут € E». (11.7.13) 


Since (11.7.11)-411.7.13) hold with E; replaced by Ез, we will assume, for 
notational ease, that E? = E}. 

Let (Y (t), a € t € b) bea version of {X (t), a € t < b) satisfying (11.7.2), 
chosen in such a way that X(t) = Y (t) a.s. for every t € (a, b]. It follows from 
Proposition 11.7.3 that there is a Borel subset То of (a, b] with Leb(To) = 0 such 
that for every t ¢ To, D(t) = Y'(t) a.s. Therefore the stochastic process 


_ D(t) iftg To, 
Бе) = 
0: међ 


is а measurable $@5 process. To determine its integral representation, observe 
that for every tp ¢ То, 


р() = J. h(t, м (ds) as., (11.7.14) 


h 
"M h(t + 6,-) — h(t-) 


6 
Note that according to Theorem 11.1.1, the function h: [a,b] x E) — R (defined 
= 0 for t € Ty) can be chosen to be (jointly) measurable. Also note that for any 
t £ To, there is a sequence ôn -> 0 such that 


Е DUE MES) 


n-—oo ба 


ҺЕ) = lim. in L* (Ei, m). 


for m-almost every = € Ej. In view of (11.7.13), there is a measurable set 
E; € Ej with m(EjVE3) = 0 such that for every z € Es, h(x): [a,b] > R is 
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in L[a, b], and 


t 
A(t, x) = Ма, х) +/ h(s,z)ds, a €t X b. 


By applying Theorem 11.3.2 to {D(t), a € t € b}, which has all its sample paths 
іп Z?[a, b] and setting 


h(t,z) ifz € Es, 


0 ifzgE, 


| À(t,z) ifz € E3, 
Қь 2) = 
0 ifz ¢ Ез, 
we conclude the proof of the necessity part of the theorem in ће 50:5 case. 
The general case follows easily. If {X;(¢), a € t < b), i = 1,2, are . 
independent copies of {X (t), a < t € b), then (Х (6) - X2(t), a < t < b) isa 
SaS stochastic process with a version in АС? [а, b} and integral representation 


X(t) – X2(t) = 278 ј ама, ас“ <ћ, 


where M is а SaS random measure on (E,£) with control measure m. The 
necessity part of the theorem (except (11.7.6)) follows from the SaS case con- 
sidered above. Relation (11.7.6) follows from the sufficiency part of the theorem, 
which we shall now establish. 

To prove sufficiency, suppose that (11.7.6) and conditions (i) and (ii) of the 
theorem hold. Condition (ii) implies that there is а Borel set Ty C [a,b] of 
Lebesgue measure 0 such that for every і ¢ To, f?(t,-) € L^(m). Define 


Jo f" (,z)M(dz) iftg To, 
Di (t) = 
0 ift € Ty. 


Then (Di(t), а < t € b) is an a-stable process, and it follows from Theorem 
11.32 that (Di(£), a € t < b} has a version (D;(t), a € t < b} with all 
sample paths in L?[a, 6]. We know from Sections 11.1 and 11.2 that the version 
{D2(t), a € t € b) can be chosen such that 


fg 196 т)М (ах), iftg To, 


0 ift € To 


D(t) = 
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a.s. for every t € [a,b]. Now let 
~ t 
X(t) =f f*(a, z) M (dz) «f Di(s)ds, a <1 € b. 
E a 


Theorem 11.4.1 implies that (X (t), а € t < b) is a well-defined stochastic 
process and for any t € [a,b], 


ее. т) +f Ps ж)дз| M (dz) 
маз 


X(t) 


| 


a.s, Obviously, {X (t), а € t € b} has all sample paths in AC? [a, b] and therefore 
(XQ) + (8), a € t € b} is a version of {X(t), a < t € b) with all sample 
paths in AC?{a, b]. This completes the proof of the theorem. M · 


The result of Theorem 11.7.4 extends to the complex-valued case, as the 
following corollary indicates. 


Corollary 11.7.5 Let (X(t), a € t € b) be a complex-valued SaS process 
given in the form 


хе) = А f(,z)M(dz), a<t<b, 


where M is a complex-valued SaS random measure on (E,€) with control 
measure m and circular control measure k, and f(t, ·) € L9 (m) for anyt € [a,b]. 
Let p > 1. Then {X(t}, a < t < b) has a version with sample paths in AC? (a, b] 
if and only if there is a function f°: [a,b] x E — C such that (i) and (ii) of 
Theorem 11.7.4 hold. 


PROOF: Let X;(f) = Re X(t), X2(t) = Im X(t), a € t € b. Then 
(Х (6), a € t € b) and (Х (8), a € t € b) аге real-valued 505 processes, and 
(X(t), a € t € b) has a version with sample paths in AC?{a, b) if and only if 
both {X (t), a € t € b) and {X2(t), a < t < b) do. It follows from Proposition 
6.2.1 that (Xi(£), a € t € b) and {X2(t), а < + < b} have the following 
integral representations (in the sense of joint finite-dimensional distributions): 


х@= / : (ао) 5f (6,2) M (ds dz), а <b, (11715) 
Ех5; 


х0 = | (270 (62) + s2f(t,z)) M (ds, dz), a<t<b, 
| Ех5; 
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where fO (t,x) = Re f(t,z), fO (t,z) = Im f(t,z), and M is a (real) SaS 
random measure on (E x 5, € x B) with control measure К. In the sequel, 
we suppose, without loss of generality, that & (and therefore m) is a probability 
measure. 

Suppose firstly that (X (t), a < t < b) has a version with all sample paths 
in АС?|а, b]. Then, both (Xi(£), a € t € b} and {X2(t), a < t < b} so do. 
Applying Theorem 11.7.4 to the processes (Xi(£), a < t < b) and (Х2(8), а < 
t < b), we conclude that there are functions fC): [0,0] x E — R, i = 1,2, 
such that f° (t,x) = f (t,x) m-almost everywhere for every i = 1,2 and 
a €t x b, f 9 (., 1) є АСР[а,6] for every i = 1,2 and x € E, and 


t 
PO (ба) = f*9 (a, 2) + f fO(s,x)ds, i=1,2,a <t <b, 


for jointly measurable functions 790); [a,b] x E — R, i = 1,2. Moreover, the 
functions fC) are such that the 50:5 processes 


Dit) = | (51/9 (,2) — га P9, 2) M(ds, dz), а<1<, 
Ех 5; 


рф) = | (57900,2) + 5290006, х)) M(ds, de), а<1<, 
Ех 5 


have almost all sample paths іп 2? [а, Б]. Let (r1, 72, ...) be a sequence of i.i.d. 
random variables uniformly distributed on (а, b) and ((Zi, Ал), (22, A2), - · -) be 
а sequence of iid. E x 55-valued random vectors with common distribution k, 
independent of (ту, 72, . ..). By (11.3.4), 


sup supn- Vrj-V/* A)? f(t, 2,) — AP (т, zj)« со аз, 
Ta (11.7.16) 
sup вирп“ 17Р) 146 AP PO Ta, 25) + AP OG, Z;)« оо а.5., 
21321 

iris (11.7.17) 


where А; = (АС), A®), j = 1,2,... . Relations (11.7.16) and (11.7.17) imply 


sup supn- ?/?j-7/e (FO (ras 2): + P(r, zy) <was., 
п>17>1 


SO that 
sup supn- МР] Мој (та, 2) < co as. fori = 1,2. 
n21j21 
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The SaS processes 
О) =f f(t, 2)M(dz), a € t£ b, i= 1,2, 
E 


have, therefore, almost all their sample paths in L?(a, 5] (see the remark following 
Theorem 11.3.2). By Theorem 11.3.2 both fo), + = 1,2, satisfy (11.7.7) 
(11.7.9). Then setting f° = fD + 27002) completes the argument. 

The second part of the statement also follows from the corresponding real- 
valued case: just reverse the preceding steps. W 


Example 11.7.6 Let {Z(t), a < t X b) be a stationary harmonizable SoS 
process (see (6.5.1)) and p > 1. We apply Corollary 11.7.5 to find out when 
this process has a version with all sample paths in AC?{a, b]. Clearly, the only 
candidate for f° is f itself, i.e., f9(¢,2) = eit», а <t <b, те В. Then 
Р(х) = ize”, and |f?(t, z)| = |=. A trivial check of (11.7.7)-(11.7.9) 
shows that these conditions hold if and only if 


oo 
i | ет (4) < oo. (11.7.18) 
—со 

Therefore (11.7.18) is a necessary and sufficient condition for a stationary harmo- 
nizable process to have a version with all sample paths in ACP[a, 5). Note that 
this.condition does not depend on р! 

Now let X(t) = Re Z(t), a € t € b, be a real harmonizable SaS process. 
Applying Theorem 11.7.4 to the integral representation (11.7.15), we see that for 
every p > 1, (11.7.18) is also the necessary and sufficient condition for a real 
harmonizable 50:5 process to have a version with all sample paths in AC? {a, 6). 


Example 11.7.7 Let (.X(t), —oo < t < оо} be a stationary a-stable moving 
average 


x= [^ Аё x)M (dz), –оо < t < oo, 


where f € L?(—oco,--oo) and M is an o-stable random measure on (R, 5) 
with Lebesgue control measure and constant skewness intensity 8 (we assume 
B = 0 if a = 1). The discussion in Example 10.4.5 shows that if X is to 
be sample continuous, let alone have an absolutely continuous version, f must 
have a continuous modification. We assume, therefore, from the outset that f is 
continuous. 

We now apply Theorem 11.7.4 to find conditions for the moving average 
process to have a version in ÁC?[a, b], p > 1. The stationarity of the process 
implies that if such a version exists for some [a,b], then there is a version in 
ACP |a, b] for any a < b, so we may as well set a = О and = 1. Since the only 
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candidate for f° in Theorem 11.7.4 is f itself, we conclude that the necessary and 
sufficient conditions for a stationary a-stable moving average to have a version in 
АСР[а, b] are: 
(i) f is absolutely continuous, 
(ii) КЕ 
f |Р(т)|гат < co ifl<p<a, 
–оо 


jn nu f | + log, Zo = dzdt < со ifa = p, 


со 
/ Fy(z)^/?dz < œ ifp >a, 
-00 
where 
т-+1 
F(z) = | wore. 


In particular, the moving average 
oo 
X(t) =f е“- 4 М (ах), —oo < t < оо, 
S Е 


has а version in АС? [а, b] for any 0 Са <2, p > 1. 


Example 11.7.8 A simple application of Theorem 11.7.4 shows that the well- 
balanced linear fractional stable motion (3.6.4) with 1 < а < 2апі1/а < Н < 1 
has no versions іл AC?[a, b]. It is, however, sample continuous as we will see in 
the next chapter. 


11.8 Exercises 


Exercise 11.1 (i) Prove the Khinchine inequality: for any p > 0, any n = 


152425 
ва al < co a)". 


where 04, i = 1,...,narereal numbers, є;, i = 1,...,nare Rademacher random 
variables and С(р) is a finite constant depending only on p. 

Hint: Prove it for p — 2m first. 

(ii) Prove the reverse inequality 


8а > «9 (2 а ay 
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for p 2 2, where c(p) is a positive constant depending only on p. 
(iii) Prove that for any random variable Z with a finite fourth moment and for any 
A», 
| уз EZ-X 
= ( Е 25)! Г АШ 
Hint: Write EZ? = Е(2?1(|7| > А) + Z'1(|Z| € A)) and use the Hélder 
inequality. 
(iv) Prove that for any p € (0, 1), 


(PZI > A) 


n 


P( уар 29» 4)^) > C(1 –2'), 


i=l 


where C is a positive constant. 


(v) Use (iv) to extend (iii) to all p > 0 and to show that the series i Q4€i 
converges a.s. if and only if it converges in L? for every p > 0. 


(vi) Suppose that the series Ус аге; converges. Then, for every p > 0, there 
are positive constants c(p) and С(р) such that 


oo 


c(p) (27 a)” < |$” ai < C(p) ba a 


i=) i=l 


Exercise 11.2 Let {X;(t), t € T}, i = 1,2, be independent measurable copies of 
a strictly a-stable process, œ # 1, defined on a o-finite measure space (T, 7 v). 
Prove that 


f IX (Di v(dt) < oo as. 
T 
if and only if 
f IY (t)Pu(at) < co a.s., 
T 
where Y (t) = 27 (X(t) – X2(¢)), t € T. 


Exercise 11.3 Let (T, 7, v) be a c-finite measure space and let X = (X(t), t € 
T) and (У = Y (t), t € Т} be two measurable a-stable processes with all sample 
paths in L? (T, т, v) and such that 


{X(t), te T} É(Y(), ет) 


(equality of the finite-dimensional distributions). 
Show that 


|| Ix (ez (dt) = ji (ШР) 
т T 
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and, moreover, 

Ху 
(equality of the distributions of two random elements in L"(T, т, v)). 
Hint: Proceed as in the beginning of Section 11.4 using the law of large numbers 
to establish convergence to fy |X (t)|?u(dt) and fy |Y (¢)|?v(dt). To prove that 
X = У in 17, one needs to show that the probabilities that Х and У belong to 
the same open ball in L? are equal, i.e., Р(||Х — 21, € A) = P(llY — z| € А). 
This, however, follows from the first part of the exercise with X and Y replaced 
by X — z and Y — z, respectively. 


Exercise 11.4 Verify (11.6.5). 


Exercise 11.5 Verify the properties of the functions gf ) (x) and 90 (=) described 
in the proof of Theorem 11.6.1. 


Chapter 12 


Boundedness and continuity 
via metric entropy 


In Chapter 10, we obtained necessary conditions for sample boundedness and 
sample continuity of stable processes of index 0 < a < 2 in terms of the kernel in 
the integral representation. We also observed that these conditions are sufficient 
when 0 < а « 1 but not when 1 € а < 2 (Example 10.4.1 and Exercise 
10.7). No necessary and sufficient conditions are presently known in the case 
1 < а < 2. In this chapter, we use “metric entropy" to obtain sufficient conditions 
and additional necessary conditions for sample boundedness and continuity in the 
case l < а <2. 

Observe that the results of Section 11.7 also provide sufficient conditions 
for sample path boundedness and continuity when 1 < o < 2. Indeed, The- 
orem 11.7.4 gives necessary and sufficient conditions for an a-stable process 
{X(t), a € t < b) to have a version with absolutely continuous sample paths; 
since any such version has continuous sample paths, sufficient conditions for sam- 
ple continuity follow. There are, however, a-stable processes that are sample 
continuous but do not have versions with absolutely continuous sample paths, for 
example, the linear fractional stable motion (Examples 11.7.8 and 12.2.3). 

Metric entropy offers an alternative to integral representation techniques. It 
has been extensively used in the context of Gaussian processes. Because a-stable 
processes are closely related to Gaussian processes through conditioning, it is 
natural to check whether the techniques used in the Gaussian case apply. They 
do, but the "gap" between the necessary and the sufficient conditions for sample 
Tegularity is much greater in the a-stable case than in the Gaussian case. 

In Section 12.1 we review the Gaussian results and set the scene for the 
discussion of the a-stable case. Sufficient and necessary conditions in the a- 
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stable, 1 € а < 2, case, are given, respectively, in Sections 12.2 and 12.3. 

Finally, in Section 12.4 we collect a number of facts, scattered throughout the 
book, which are related to boundedness and continuity of a-stable H-self-similar 
processes. 


121 Metric entropy 


Consider a zero mean Gaussian process X = {X(t), t € T}. The process X 
generates the following pseudometric d x on Т: 


dx(t,s) = (E(X(t) - X(s))’)'”, ts eT. (12.1.1) 


For any given є > 0, let М(е) denote the smallest number of open d x-balls of 
radius є needed to cover the parameter set Т. The number N (e), which is called the 
covering number, may be infinite. It is, of course, finite for all e > O if and only if 
(Т, dx) has a compact closure. In this case, М(е) = 1 when e > вир, а dx (t, s). 
Since N (e) increases as e decreases, it is the behavior of N (e) around є = 0 that 
is of interest. 


Definition 12.1.1 The function H: (0, оо) — [0, oo] defined by H (є) = log N (c) 
is called the metric entropy (function) of the process {X (t), t € T). 


A fundamental theorem of Dudley (1973) states that if 
oo 
J H (c) ^ de < oo, (12.1.2) 
0 


then the Gaussian process {X (t), t €-T} is both sample bounded on T and sample 
continuous in the metric dx. If T is endowed with a topology that makes dx a 
continuous function (i.e., as n — оо, în — t => dx(tn,t) — 0; equivalently 
(X(t), t € T) is continuous in probability), then (12.1.2) also implies that 
{X(t), t € T) is sample continuous in the topology of Т. Moreover, if (12.1.2) 
holds, then a separable version (Y (t), t € T) of (X(t), t € T} satisfies 


oo 
Esup¥(t) < К | н(е) 4 (12.1.3) 
ЕТ с 0 
where K is a universal constant. 


Metric entropy also provides necessary conditions for sample regularity of 
Gaussian processes. Namely, if {X(t),t € T} is sample bounded, then 


sup eH (c)? < oo, (12.1.4) 
є>0 
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and if (Т, d x) is relatively compact and ( X (t), + Є Т} is sample continuous in 
the metric d x, then 
lim eH(e)\/? = 0. (12.1.5) 


Moreover, any separable version (Y (t), t € T} of (X(t), t € T) satisfies 


Esup Y(t) > K^'supeH(e)'? (12.1.6) 
teT ‹>0 
where K is a universal constant. 

There does not appear to be a big "gap" between the necessary conditions 
(12.1.4) and (12.1.5) for sample boundedness and continuity and the sufficient 
condition (12.1.2). In fact, although (12.1.2) is not necessary for sample continuity, 
it becomes so when (Т, dx) is relatively compact, T is a group and (X (t), t € T) 
is a stationary process (so that dx is a translation invariant metric on Т). For a 
proof of these results see Dudley (1973) and Fernique (1975). 

How useful is the metric entropy approach in the case of a-stable processes, 
1 <a < 2? It turns out that metric entropy does provide information on sample 
boundedness and continuity, but the gap between the necessary conditions and 
the sufficient conditions widens. This can be.attributed to the fact that, unlike 
the Gaussian case, a single number, “the distance" between two points X(t) and 
X (s), does not tell much about their joint distribution. 

Let (X(t), t € T) bea SaS process, | € a < 2. For 5,% € Т, define 
dx (s, t) as the scale parameter of ће 505 random variable X(t) — X(s). Note 
that 


dx(s,t) = ||X (5 – X(s)]], 


is also the covariation norm of X (t) — X (s); see Section 2.8 and Exercises 2.22, 
2.23 and 2.24. Let М(е) and H(e) be defined as above (but now, of course, in 
terms of the new metric d x). 

We shall firstly try to obtain sufficient conditions for sample path regularity 
for (X(t). t € Т}. It is convenient, however, to use a slightly more general 
framework than one specific to a-stable processes. 

Let T be a separable metric space and let (X(t), t € T) be a strongly 
separable stochastic process defined on a probability space (О, F, P). Consider 
ІО, F, P), the space of all random variables on (О, F, P), and let || - || be an 
extended-valued continuous semi-norm on L°(Q, F, P), i.e., 


1. [[X]| € [0, co] for all X € L°(Q, F, P), 
2. |Х] = 0 iff X = 0 a.s., 
3. |X +Y] < XII + lY l| for any X, Y € L°(Q,F, P), 
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4. |Xnll T IXI as n — oo for any X, X, € L(O,F,P), п = 1,2,..., 
such that | X! 1 |X] a.s. as n — co. 


(The linearity condition ||aX || = |а] || X || is not imposed.) Define also 
LUI = (X € 50, F, P): |X|] < oo). 


The following theorem is a slight generalization of Theorems 11.2 and 11.6 
of Ledoux and Talagrand (1991) whose proof we follow. 


Theorem 12.1.2 Suppose that X(t) € LUI for any t € T. Let d be а (pseudo)- 
metric on T and ф be a concave non-decreasing function on (0, oo) such that, for 
any АЕ апаз, ET, 


[ОС (8) – ХЕВИ А || s 45, )Р(АЈФИ /Р(А)). (12.1.7) 


Then for any n > 0, 


166 


| зр |X(s) = Х(@)| || < n0(N() +32 | $(N(e))de (12.1.8) 
s,t€T, d(s,t) «n 


for any 0 <.< D where 


D — sup d(s,t) 
злет 


is the diameter of (T, d), and N (e€) is the minimal number of open d-balls of radius 
є needed to cover Т. 


We start with a lemma. 


Lemma 12.1.3 Let Ху, X2,..., Хм be in LV such that for any А € F and 
i-1,..,N, 
1х: < РСА)Ф(1/РС(А)). (12.1.9) 


Then, for every A € У, 
| max жд < P(A O(N/PLA)). 


Жу Let А; = {ш € A: |Xi| > тахј- „мм ||}, à = 1,.--, N, and let 
= АМА, # = 1,...,п. Then, by (12.1.9), 


ES мочвара s 10 п», 


ј=! 


< Y POS P) = PU) Э oe 


j=l 


N 
< PU (2: 2 я) = PANI P(A)), 


Э) 
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using the concavity of ф. W 


PROOF OF THEOREM 12.1.2: Let Т" = {t1,t2,...} be a strong separant for 
{X(t), t € T) and T} = (1,6,... tn} n = 1,2,.... We prove that for 
every n = 1,2,... and ņ > 0, 

168 
max X) = ХО || < тесмкву) +32 | &(N(Q)de (12.1.10) 


d(s.t)«n 


for every 0 < 6 € D. Relation (12.1.8) then follows because, as n — co 


max |X(s) – X(D| 1 sup. [X(s)- X(0] = sup |X(s) - ХК). 


зет М 4,tET 
d(s,t)&n d(s,t)<n d(s,t)«n 
Fix an n > 1 and consider T}. For each m = ...,—1,0,1,..., let Sm 


be a subset of Tz of minimal cardinality such that the open balls of radius 27" 
with centers in Sm cover Ту. Denoting the cardinality by #, we have Ж 5,,) < 
N (2-7 0*0) (see Exercise 12.2). For each t € T*, fix an s(t) € Sm such that 
d(t, 5, (1)).« 277^. Since Ту isa finite set, there is an m such that d(t, Sm (#)) = 0 
for every t € Tz. Let mo be the smallest such m. For every m € mp and t € Ту, 


mo 


Х@ = Y; (X00) - X (ki lt))) +X (kml), (12.1.11) 
i=m+l 
where for i < mo, kilt) = si(siziC 7 (Smo(t)) ---)). Then 
max |X(t) - X(s(0)) У max IX (El) – X (ki) (12.1.12) 
^ imb o ^ 


Observe that for any t € T7 and i X mo, d(ki(t), ki. (t)) < 27 679. Moreover, 
the collection {X(ki(t)) — X(ki-1(t)), t € Tz) consists of at most #(5;) < 
N(2-@+) distinct random variables. It follows now from (12.1.7) and Lemma 
12.1.3 that for any measurable set A € F, 


па max (600) — X (i01 || < 2767? PAB 7 699) PC) 
and so, using (12.1.12), 


|за max X(t) — X (km 0) || < PCA) У 27 6-Do(N(2-6*9)/P(A)). 


з=т=>"+1 


In particular, for A = О and 6 > 0 such that 27 7*2 < 6 < 2-070, 


166 
ЕЕЕ | é(N (9))de. (12.1.13) 
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Keeping т < mo fixed, define for any 7 > 0, Um(n) = (у) € Sm x 
Sm: there aret € T7, s € T; with d(s,t) < n such that k(t) = 2, k, (s) = y). 
Obviously, #(Um(n)) < N(2-0**?)? < N(8). For апу (х,у) € Um(n), 
fix a t(z,y) € Tz and s(z,y) € T} such that d(t(z,y), s(z,y)) < and 
ka (t(z,uy)) = 2, km(s(x,y)) = у. Applying (12.1.7) and Lemma 12.1.3, we 
conclude that 


NE d (ay ZEE) – X GG y) < ne (IN C). (12.1.14) 


Take now any t € Ту, s € Ту such that d(t, s) < 7. Clearly, (kj, (6), Ка (5)) € 
Us (л) and thus ` 
IX (s) - ХК 
< |X(s) – X (ks (5))] + IX (m ()) – X (s(km(t), km(8)))| 
+ |X(s(km(t), К (8))) — X (co (£), Ка(5))) 
+ X (ts (2), km (8) — X (es (0))] + X (Km (0)) — X (1 


< 4тах IX (t) – X (ks (0)] + NU ZR IX (t(z, y)) – X (s(x, у))|. 


Using (12.1.13) and (12.1.14), we obtain 
166 
| max (в) -X(W < ANG +32 [^ осе, 
d(s,t) «n 


which proves (12.1.10) and completes the proof. W 


12.2 Sufficient conditions іп the case 1 С а < 2 


The following theorem gives sufficient conditions for sample boundedness and 
continuity of SaS processes, 1 < а < 2. 


Theorem 12.2.1 Let (X(t), t € T) be a 505 process, 1 < а < 2. Let 
dx(s,t) = | Х(5) ~ X(t)]la, s € T, t € T, be the (pseudo) metric generated by 
the process. Let D = sup, зет dx (s,t) be the d x -diameter of T. If 


D 
y N(e)V*de < oo and 1 «a «2 (12.2.1) 
0 


or if 
D 
ji |loge|N(e)de < oo and а = 1, (12.2.2) 
0 
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then (X (t), t € T) is both sample bounded and sample continuous (in the metric 
dx). 

Moreover, if (Y (t), t € Т} is a strong separable version of (X(t), t € T} 
defined on a probability space (Q, Fi, Pj) and 1 < а < 2, then, for any > 0, 


A ЈУ N (e) ^de 


(12.2.3) 
forany0 x 6 < D. Here,r& = sup.) A? Р Хо > А), where Xo ~ Sa(1, 0,0). 


Ej зир [|Y(s)-Y()| $7 
steT p= 
dx(s,t)«n 


ra (a +32- 


PROOF: Let (Y (t), t € T} be a strongly separable version of (X(t), t € T) 
defined on a probability space (Q4, Fi, Pi). 

We start with the case 1 < а < 2. For X € L(Q, Fi, P), set || X|| = 
Е\|Х|, d(s,t) = dx(s,t), s,t € T, and take ф(х) = a'rozl/*, where o is the 
conjugate of a (i.e., 1/а + 1/а' = 1). 

Observe that for any ДЕ Fj, s,t € T, and any e > 0 

[1А(Ү (5) – Y G)]l E\|lal¥(s) – Y (5) 


Š L PY (8) – Y(0) > X) А)аА 


Su 


еР(А) + И ^ BY (s) – (0) > Aad 


| 


А 


1A 


єР\(А) + / Фед оте а 


= ¢P,(A)+r2d(s,t)*(a — 1) eo 
= АРА) + 794 (5, (а — 1)! e7?]. 


Choosing є = d(s, #)т P1 (A) 79, we see that Condition (12.1.7) of Theorem 
12.1.2 holds with Ф(2) = та: у“. Then (12.2.3) holds as well and we have, 
under the assumption (12.2.1), 

lim Еу sup |Ү(з)—Ү(#)|=0, 

0-0 залет 

dx(st)«n 

50 that 

lim sup |Y(s) -Y(t)| = 0 as. 

T aei ea 
This proves that all sample paths of {Y (2), t € Т} are continuous in the metric dx 
ona set of P,-measure 1. Since (Т, dx) is relatively compact under the assumption 
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(12.2.1), all sample paths of (У (t), t € Т} on that set are also bounded. Therefore, 
(X (t), t € T} is both sample bounded and sample continuous in the metric dx. 

We now consider the case о = 1. We set this time || X || = E, min(1, |X|) for 
X € £9(Q), Fi, P,). Assumption (12.2.2) ensures that D < oo. Choosean a > 0 
large enough so that f(x) = zlog(a + 1) is a positive non-decreasing concave 
function on (0, D], define f(0) = 0 and set d(s,t) = f(dx(s,t)), st € T. 
Observe that d(s, t) is a (pseudo)-metric on T and that d(s, t) — 0 if and only if 
dx (s, t) — 0. Choose also a finite positive constant с) large enough so that 


Emin(1,|X]) < ac log(a + +), 
а 


for any 5' (а, 0,0) random variable X with 0 < а < D. Finally, let (x) = coz. 
Then Condition (12.1.7) of Theorem 12.1.2 holds if су > 0 is large enough, and 
we have, for any > 0 and 0 < 6 < f(D), 


» 165 _ 
Emin(1, sup |Y(s)— Y()l) € enN(6y + за | N(e)de (12.2.4) 
s,teT 0 
d(s,t)&n 


where N (є) is the minimal number of open d-balls of radius є required to cover 
T. 
Obviously, for any 0 < є < f(D), 


Кє) = N(-'(9) 
< N (езе/ log (а + 7) 


for some су € (0, oo). Substituting this into (12.2.4) and changing the variable of 
the integration, we conclude 


sp |Y(s) – ¥ (Ol) 


гест 
d(s,t)«n 


1 2 16226 / log(a+(1/166)) 
< сп (56/18 (a + z)) +a f (1 + Re 
(12.2.5 


Ei min(1, 


where 0 < са « co. It follows now from (12.2.2) that 


lim E, min(1, sup |У(з) – Yæ) =0, 
п—0 зест 
d(s,t)<n 


which implies, as before, 


lim sup |Y(s) —Y(2)| 20 as. 
770 seer 
d(s,t) «n 
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Then, on a set of P;-measure 1, all sample paths of (Y (t), t € Т} are continuous 
in the metric d and, therefore, in the metric dx as well. Hence (X(£), t € T) is 
both sample bounded and sample continuous in the metric dx. W 


An analogous result holds in a more general case: 


Corollary 12.2.2 Let (X(t), t € T) bea strictly a-stable process, 1 < a « 2, 
and let dx (s,t) be the scale parameter of (X(t) — X(s), 5,6 € Т}. Suppose 
that (12.2.1) holds. Then (X(t), t € Т} is both sample bounded and sample 
continuous in the metric dx . Moreover, if (Y (t), t € T) is a strongly separable 
version of (X(t), t € Т} defined on a probability space (91, F4, P1), then for 
any т > 0, Relation (12.2.3) holds, provided we multiply its right-hand side by 
21/20", where а! is the conjugate of a (i.e., 1/a + 1/o! = 1). 


PROOF: Let Z(t) = 27/9 (Xi(t) — X2(t)), t € T, where (Ху), t € T), 
i = 1,2, are independent copies of {X (t), t € T). Then (Z(t), t € T) isa 
505 process generating a metric dz (t, s) = dx (t, s) for every t, s € T. Fix any 
countable subset C of T. Now (12.2.3) implies 


E sup |Z(t) — Z(s)| > 2-V^(1 — 1/о)Е sup |X(t) – X(s)|. 
tsEC tscec 
Thus, it (Y (0, t € Т} is a strongly separable version of {X (t), t € Т} defined 
on a probability space (Q4, Fi, Pı), then, by (12.2.3) 
Ej sup |¥(t)- Y(s)| 
eT 


©з 
4х(э)<т 


eo 


166 
Ars [ом(6) +32 | N(9 ^d]. (122.6) 
= 0 
Under assumption (12.2.1), Relation (12.2.6) implies, as before, both the sample 
boundedness and sample continuity in the metric dx of the o-stable process 
(X(0,teT). M 


Remark. In the case 1 < а < 2, Relation (12.2.3) of Theorem 12.2.1 provides 
an upper bound on the "size" of the oscillations of the process {X(t), t € T}. 
An upper bound on the “size” of the oscillations in the case œ = 1 is given in the 
proof of the theorem (see (12.2.5)). 


Example 12.2.3 We have seen in Example 10.2.5 that a well-balanced linear 
fractional o-stable motion with H < 1/a is not sample bounded on any interval 
of positive length. Suppose, now, that 1/a < H < 1, which is possible only 
when 1 < а < 2. We will show that in this case, (X(t), —oo < t < co} is 
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sample continuous. According to Proposition 9.3.5, it is enough to show that 
for any —oo < a < b < оо, (X(t), a € t € b) is sample continuous. Fix 
—co « а < b < oo and s,t € [a,b]. By the H-self-similarity of the process and 
the stationarity of its increments (see Exercise 3.9) we have E|X(t) — X(s)|? = 
Ca,plt — s|"? for any 0 < p < a, and hence the metric generated by the process 
is of the form 

dx (t, s) = calt — sj", а < з, <ћ. 


Apply Theorem 12.2.1. Since 
М(е) € conse" УН, 0 «e € D = calb- а)", 


the assumption 1/a < Н ensures that Condition (12.2.1) of the theorem holds. 
Therefore (X(t), a € t € b) is sample continuous. 


As we will see in the sequel, there is a big gap between the sufficient conditions 
for sample path boundedness and continuity given in Theorem 12.2.1 and the 
corresponding necessary conditions. But in some sense, both type of conditions 
are the best possible. Аз far as the sufficient conditions are concerned, this 
can be seen, for example, by considering the log-fractional stable motion of 
Example 3.6.6 (1 < а < 2). For every —oo < a < b < оо, this process 
(X(t), а € t € b) is not as. bounded because the necessary conditions of 
Theorem 10.2.3 fail. But this process is 1/a-self-similar and has stationary 
increments so d x (s, 6) = co |s—t| ^, a € s,t € b, and thus N (e€) ~ conste /e 
as e — 0. The sufficient condition of Theorem 12.2.1 fails (as, of course, it must), 
but barely (the integral Гы М(є)!/®ає has a logarithmic divergence). 

In fact, one can show the following: 

For any non-increasing function h: (0, оо) — (0, оо) with h(0) 1 00250 | 0, 
there is a 505 process (X(t), 0 < t < 1, 1 € а < 2, such that 


1 
/ М(е) оде < h(0) for every 0 € (0,1) 
8 


and (X(t), 0 < t < 1} is not sample bounded. (See Exercise 12.1.) 


12.3 Necessary conditions in the case 1 < a < 2 


We now turn to necessary conditions for sample path regularity. Here is the main 
theorem. 


Theorem 12.3.1 Let (X(t), t € T) be a SaS process, | < а < 2. Let 
dx(s,t) = |X(s) – X(t)la, s € T, t € T, be the (pseudo)-metric generated 
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by the process. Then there is an absolute constant Ka € (0,00) such that for а 
separable version (Y (t), t € T} defined on a probability space (©), £1, Py), 


E, sup |Y (t)| > Kae (log N(c))* (12.3.1) 
teT 


if 1 <a < 2, where a’ is the conjugate of a, and 


2 | 
(5 sup IY cr) > Kyelog (1 + log N(e)) (12.3.2) 
teT 
ifa = 1. 
In particular, if ( X(t), t € T) is sample bounded, then 
supe (log N(c))/ ^ < oo (12.3.3) 
e»0 
fl<a<2and 
sup elog (1 + log N(e)) < oo (12.3.4) 
є>0 


ifa = 1. Moreover, if (Т, dx) is relatively compact and {X (t), t € T) is sample 
continuous, then i 
lim € (log N(g))/* = 0 (12.3.5) 
є—' 


ifl<a<2and 
lim clog (1 + log N(c)) = 0 (12.3.6) 
s 


ifo = 1. 


Remark. Relations (12.2.1), (12.3.3) and (12.3.5) are extensions to the case 
1 < а < 2 of the corresponding Gaussian relations (12.1.2), (12.1.4) and (12.1.5) 
because a’ = а when а = 2. One can now clearly notice the "gap" between the 
necessary conditions for sample path regularity given in Theorem 12.3.1 and the 
sufficient conditions of Theorem 12.2.1. The gap in the case 1 < a < 2 is much 
wider than in the Gaussian case а = 2. 


PROOF OF THEOREM 12.3.1: We will omit the proof of (12.3.2) and refer the 
reader to Talagrand (1988) instead. For (12.3.1), fix any e > 0 and use Exercise 
12.2 to conclude that there are points £j,...,£y(4) in T such that for any 2, j = 
L,...,N(e), 1 = j, dx(ti tj) > є. Obviously, (12.3.1) will follow once we 
Show that for some absolute constant Ка 


E max ; Ix > Kae (log N(e)) 9. (12.3.7) 
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Applying Proposition 3.11.1 to the SaS random vector (X(ti), ..., X(tw(9)). 
we see that it can be represented as a probability mixture of zero mean Gaussian ' 
vectors. Namely, 


(X (t)... Хм) = (25... Зид), 


where ће 50:5 random vectorZ = (Zi,..., Zy(«)) is defined on the product 
of two probability spaces, (Qi x Q2, 7, x Р, Р x Р,), and for each ил Є Q, 
Z(w,-) is a zero mean Gaussian vector. Let 


di (i, j) = (2(2:(0л, w2) 72 Zi (ел ‚))?)!??, UN € {1, eae „М(е)), 
and note that for any real 0 and i, j € (1,...,М(90) 
g ll^ dx (је = Eexp{i0(X (ts) — X(t5)) 
= Eexp{i0(Z; — 2;)) 
= Ei (Ex exp i0(Z; mee. 2;)) 
= Бреј day, (12.3.8) 


This identifies du, (i, j)? as a positive a/2-stable random variable. For a fixed 
ал X Qu, let А(ил) = mini je, N(e)}, 527 Фа, (i, 7). We immediately conclude 
from (12.1.6) and Exercise 12.2 that 


Ба mar |212 К^! 3A) (log МО, 
80 that 


1 
i E Zi zzz 1/2 3. 
ELE e ene 1241 2 zi (log N(e))  ЕлАбил). (12.3.9) 


By Markov’s inequality, for any 6 > 0 and @ > 0, 
Р(е-1# tii) > ee) 


Eje 1844 id? 
61726161 


1 
exp{ 568 Э јаја (tists). 


P(d., (4,3) < ô) 


|| 


Choosing 6 = 6-2/0-9) qx (ti, t;)e/0—9), we conclude that for any 6 > 0 


P(duy (ind) < 8) < ехр{— 566,2) 79/979]. 
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Using Exercise 12.3, we immediately conclude that for a finite positive constant 
ka» 


EA > kali + log Ме) 2-2/2) i d 0)) 
(i) = (1+0 (9 idest е), ixj x (tists) 


ka (1 + log N()) o 9/09, 


IV 


Substituting the last estimate into (12.3.9) yields (12.3.7). 

Further, if (X(£), ¢ € T) is sample bounded, then, by Proposition 10.2.1, 
Esup,er |Y (£)| < oo, and now (12.3.3) follows from (12.3.1). Similarly, (12.3.4) 
follows from (12.3.2). 

Let (T, dx) be relatively compact, and assume that {X (t), t € Т} is sample 
continuous with a = 1. It again follows from Proposition 10.2.1 that 


lim Ер sup |Y(t) - Y(s)|? = 0. 
6—0 — ax(us)«6 


Fix ап 7 > 0 and choose a 6 > 0 such that E sup, ү, „ус |Y (t) — Y (3)? € n. 


We can cover Т with finitely many open d x-balls of radius 6, B,,..., Bm. Then 
E, sup |Y(t) - Y (s)? <n, 
t,se Bi 
i= 1,...,т. It follows from (12.3.2) that for each == 1,..., m and € > 0, 


elog (1 + log № (е) < Кг', 


where Ni(e) is the minimal number of open balls of radius є needed to cover the 
set ((s,t): s € Bj, t € Bj] = В; x В; in the metric 


d((51, ti), (82, t2)) = ПОХ (t1) — X(s1)) – (X (62) — X (s2). 


If №; (є) denotes the minimal number of open d x -balls of radius є needed to cover 
B,, then, clearly, Ме) < Мде/2) (see also Exercise 12.2). Therefore, for any 
€»0, 

elog (1 + log N;(2e)) < Ку, 


i= 1,...,m, and so for any e > 0, 


N(e) € Ni(c) € m (exp (emm – 1)) Я 


Ms 


1 


Therefore 
etog(1 + log ме) < clog (Тој m + eiie) 
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and 
т, .0 €log (1 + log М(е)) < 2K; '7. 


Letting 7 — 0 yields (12.3.6). 
If 1 < o « 2, the same argument (using (12.3.1)) proves (12.3.5). This 
completes the proof of the theorem. Йй 


Although the "gap" between the result of Theorems 12.2.1 and 12.3.1 is wide, 
we saw that the sufficient conditions of Theorem 12.2.1 cannot, in general, be 
improved. Similarly, one cannot hope to improve significantly the necessary 
condition of Theorem 12.3.1. For example, if (X(t), 0 < t € 1} is a real 


stationary harmonizable SaS process (see Section 6.5), then it is sample bounded 
and sample continuous if and only if 


H 
| (log М(е)) = de < oo, 1< а « 2, (12.3.10) 
0 


and : 
f log (1 + Јов N(e))de < со, а = 1, (12.3.11) 
0 


(see Marcus and Pisier (1984) and Talagrand (1990)). One has in this case a 
perfect extension of the necessary and sufficient condition (12.1.2) for sample 
boundedness and sample continuity of stationary Gaussian processes. The rela- 
tions (12.3.10) and (12.3.11) are in fact necessary for the sample boundedness and 
continuity of any stationary SaS process, 1 < а < 2 (Nolan 1991). 

Finally, we note that even majorizing measures, a more complicated tool than 
metric entropy, fail to produce necessary and sufficient conditions for sample path 
continuity and boundedness of SaS processes with 1 < а < 2 (Talagrand 1988). 


12.4 Boundedness and continuity of self-similar a- 
stable processes 


In this section, we collect a number of facts, scattered throughout the book, which 
are related to boundedness and continuity of a-stable H -self-similar processes. 
By Corollary 7.1.11, the admissible values of (о, H) lie in the domain 


D={0<a<2,0<H< max(1,a7')}, 
illustrated in Figure 12.1. Divide this domain into the following regions: 


А = {(H,a): a=2,0<H € 1/2}, 
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А = (На): 0<a<2,0<4 € 1/2), 


В, = (На)ј:о=2, 2«H <1), 

В = {(H,a): ун «oa «2, 1/2« H <1}, 
Ву = {(H,a): а= AH, 1I/2« H <1}, 

By = {(H,a): 0<a<1/H,1/2<H € 1), 
С = (Lo): а= IH, Н> 1), 


C, = {(H,a): 0<а<1/Н, H » 1). 


Figure 12.1: The domain D. 


The corresponding process can be either: 
* sample continuous, 
* discontinuous with sample paths which are bounded on any compact interval, 
• unbounded on any interval of positive length. 
We shall now examine what happens in the various regions of D. 
Surprisingly, when 0 « a « 2, the region B; is the only one where one can 
make a general statement on sample continuity: 


Theorem 12.4.1 Let (X(t), t > 0} be a strictly o-stable, 1 < a < 2, H-sssi 


process such that 


IET .— (124.1) 
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that is, suppose (а, Н) € B». Then (X (t), t > 0) is sample continuous. 


This theorem is a generalization of Example 12.2.3, and its proof is identical to that ` 
of the example: In regions A, and Ei, the process is fractional Brownian motion, 
which is, as we know, sample continuous (Exercise 10.1). If A is a Sa 5(1, 1,0) 
random variable independent of the H-sssi fractional Brownian motion 2, then 
the subordinated process X(t) = A'?Z(t), t > 0, is clearly 505, H-sssi, and 
sample continuous. This gives examples of sample continuous processes in the 
regions Ai, Bi у А, Bj, B; and B4 of D. 

The well-balanced linear fractional stable motions with H « 1/а, and the 
Takenaka process are examples of processes in regions А; and В; which аге 
not sample bounded on any interval of positive length. The log-fractional stable 
motion is an example of a process in B4 whose sample paths are unbounded on 
any interval of positive length. (See Examples 10.2.5, 10.2.7 and 10.2.6). 

Of course, the only Sa.S Н-5351 process in region C, is ће Sa.S Lévy motion 
which is not sample continuous, but is sample bounded on compact intervals (see 
Exercise 9.5). 

The following two examples show that region С» contains both sample con- 
tinuous processes and processes which are unbounded on intervals of positive , 
length. 


Example 12.4.2 We want to construct a 505 H-sssi sample continuous process 
(X(t), t > 0) with (о, H) in region Сз. Our construction is based on a particular 
family of H-sssi processes due to Kesten and Spitzer (1979). Let Ui, U»,... 
be a sequence of (say) symmetric i.i.d. integer-valued random variables in the 
domain of normal attraction of a symmetric 8-stable law, 1 < 0 < 2, and let 
&(1), £(2), . . . be a sequence of i.i.d. real random variables in the domain of normal 
attraction of a §-stable law, 0 < f < 2. The two sequences are independent. Set 
Sy =U, ++ Up, and let Wn = Уу €( Sq). Then the sequence of stochastic 
processes { D4(t) = n-5W,, t € [0,00)} (with W, defined, for a non-integer 
з, by linear interpolation) converges, as n — oo weakly in C[0, со), to a sample 
continuous 6-self-similar process {A(t), t > 0) with stationary increments where 
6 =1—1/0+1/(08) (Kesten and Spitzer (1979)). 

The law of A depends only on 6, 8 and the tails of Ujs and £(j)s, i.e., on 
limys00 А Р(О; > А) and іту. AP P(LE(j) > A). Further, it is easy to 
show that for every t > 0 and every 0 <р < 8, 


B\A(2)|P < oo. 


We now construct a $@5 H-sssi process with a given (a, Н) in region C» as 
follows. In that region, 0 < а < 1 and 1 < Н < 1/о. Choose af € (а, 1) such 
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that 


Let (A(t), t > 0) be the corresponding Kesten-Spitzer process with all continuous 
sample paths, defined, say, on a probability space (Q1, 7, Pj). Letting M bea 
SaS random measure on (Qı, F,) with control measure Ру, we now define 


X(t) = |. Alton) M (duas), t > 0. (124.2) 


Then {X(t), t > 0} isa SaS H-sssi process (Theorem 7.9.1). Since (A(t), t > 
0} has continuous sample paths and 0 « o « 1, sample continuity of (X(t), t > 
0} will follow from Theorem 10.4.2 once we show that 


E, sup |A(t)|* < co. (12.4.3) 
0<<1 
In terms of the approximating processes Dp, it is enough, of course, to assume 
that the £(z)s are themselves 5/25, and then to show that for every 0 « p « 8, 
there is a constant C' < оо such that, for every n > 1, 


E sup |D,(t)}? < C. (12.4.4) 
о<+<1 


Defining №; (2) as the number of times the random walk (Sy, k > 1) visits z upto 
time i, we denote for each n > 1 and x € Z, a random vector NU?) € С[0, 1] by 
№) (i/n) = Ni(z) fori = 0,1,..., n, and with linear interpolation between 
these points. Then 


кы Р 
E sup |Da(t)? = nE sup | у, (=) Мура 
0<<1 osts Т 


gi (124.5) 


lA 


n Е | > e(x)N@*) 


Write the expectation in the right-hand side of (12.4.5) as Ew Eg. For fixed 
има), x © Z}, the vector Y = EZ, o €(z) NM) is a 585 random element 
of C[0, 1] with spectral measure 


co 
nx) е1 
Py = У) [INC] (So pmo) + b(n ase i) 


z-—-—oo 


oo 
1 
>) N«(2*5 (бм. gimp Seem) - 


т=-со 
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Thus for any ф in the dual space, 


вече) sef- | Prela), 


where В; is the unit ball in C[0, 1]. 

Now C[0,1] is a Banach space and all Banach spaces are of stable type 
B € (0, 1).! Applying the inequality (12.4.6) with E = CIO, 1], ||- || = supremum 
norm and 0 < 8 < 1, we conclude that given 0 < p < 8 < 1, there is a constant 
C, < oo such that 


E|| У. £(z)N C2 ll" 


z-—-—oo 


c( У; мене)“ 


rI-—00 


e( x Ny)" " 


z-—o00 


Ec|v|" 


lA 


Hence, for every n > 1, 


со /8 | 
Е sup |рар < Cin" E( У. Nala) )" | (12.4.7) 
0<1<1 


т=—осо 


Let Ка = maxic4|S;|. Then М,(т) = 0 for every |z| > Kn. By Hülder's 
inequality (0 « 8 « 1), 


со Ky 
CS Nay) ^ < (2Kq+1) У ае (2K,+1) RO es 
т=—со т=-Ка 
(12.4.8) 
It is now sufficient to show that for every 0 < т < 6 there is a constant СЕ) < oo 
such that for every n > 1, 


EK? x CO? 12.4.9 
MES 


"Let £; be iid. 585 random variables with 0 < 8 < 2. Then the sum 3 ad iTi converges a.s. 
if and only if У pco |z;|? < oo. This property does not extend to arbitrary Banach spaces. Let E 
be a Banach space with norm || - ||. The Banach space E is said to have stable-type P if x єх: 
converges a.s. for all X;s іп E such that n 12:12 < оо. No E # (0) has stable type greater 


than 2. A Hilbert space has stable type 2. All Banach spaces have stable type 8 Є (0, 1). 
The Banach space E has stable type 8 if and only if for some (each) p Є (0, 8), 


n f. Vp n К 1/6 7 
I» «(УЫ ) ind 


for some 0 < c < oo independent of n and all X1,..., Хп € E. For further details see Linde (1986). 
For proofs see Schwartz (1981). 
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because then (12.4.3) follows from (12.4.7), (12.4.8) and (12.4.9) withr = p(—1+ 


1/8). 
To prove (12.4.9), note that by Lévy’s inequality, 


EK; = Emax JU; t + ОД" 
i<n 
< 2E|U +- + Un = 2E.Ey|e;Ui +--+ 62010", 


where ће e;s аге i.i.d., independent of the U;s, and Rademacher, that is, P(e, = 
1) = P(e, = —1) = 1/2. By Khinchine's inequality ( Exercise 11.1), 


2E, Ey|eUi t + eU < СЕ(0? deer шу”. 


for some C; < оо. Since P(U; > A) = O(A~®) as А — со, P(U? > А) = 
O(A79/?) and therefore 
U? $C +i) 


(stochastic ordering), where У ^ 5,/2(1,1,0). Using the stability property of 
the Vs, 


E(U? + U2)? 


I^ 


C3" E(n + Vi + Vo + + У)" 
CP E(n $ па y, y 

Cyn? + n"? E у? 

Сав 


1A 


IA ДА 


for some C5 < oo. This concludes the argument. 


Example 12.4.3 We shall construct a 505 H-sssi process (X(t), t > 0) with 
(а, H) in region C; which is not sample bounded on intervals of positive length. 
Given an (a, Н) in region С», set 


о = (2) € (а,е!/?] c (0,1), 
Н, = (oH) e fa'/?,1) c (0,1). 


Let (Y (t), + > 0} be a symmetric linear fractional 1-stable motion with index of 
self-similarity H,. Note that this process is not sample bounded on every interval 
of positive length. Now let (Z(t), t € В) be an increasing strictly a,-stable 
Lévy motion, independent of (Y (t), t > 0). The two processes are assumed to 
be defined on probability spaces (Q4, Fi, Ра) and (Q5, Fz, Р,), respectively, and 
we choose separable and measurable versions of these two processes. 

This is always possible by Theorems 9.2.5 and 11.1.1. Define on the product 
probability space the composition process 


W(t) = Z(Y ()), t > 0. 
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It follows by Exercise 7.1 that {W(t), t > 0} is Hy - (1/04) = H-sssi. Further, 
for every 0 < a < b < oo we have sup, «<, |Y (t)| = со a.s. Therefore, for 
P,-almost every w there is, say, a countable set Ё, £2,... in (a,b) such that 
[Y (tn)| — co as n — oo. Thus, 


P| sup |2(У())| = оо) >Р, su Z(s)| = oo) = 1. 
(20, ) (ceri? га ‚ ) 
Therefore 
Р, х һ( sup |W(t)| = со) =1. (12.4.10) 
a<i<b 


Note also that since a < ој, we have 


E, x EJW(t)|* < oo (12.4.11) 


for every Е > 0. 
Now again let M be а SaS random measure on (О x Qo, Fy x Р) with 
control measure Р, x P». Relation (12.4.11) ensures that the process 


x()- || uM Gsm) M Gs), £2 0 


is well defined. Moreover, {X (t), t > 0} isa SaS H-sssi process, and since by 
(12.4.10), By x Е; sup, <, <> |W(t)|* = оо for every 0 € a < b < оо, it follows 
from Theorem 10.2.3 that {X (t), t > 0) is not sample bounded on intervals of 
positive length. 


12.5 Exercises 


Exercise 12.1 Let h: (0,00) — (0,00) be a non-increasing function such that 
Ме) Т oo as 0 | 0. Show that there isa 505 process {X(t), 0 #< 1), 1 € 
а < 2, such that {X(t), 0 < t < 1} is not sample bounded, and for every 
0<0<1, 


у. "ми гае < ме), 
8 


where N (€) is the covering number associated with the metric dx generated by 
the process. 
Hint: Go through the following steps: 
(i) Show that it is enough to consider only piecewise constant functions h 
taking values in the set {1,2,3,...}. Namely, there is a sequence 1 = C1 > С; 2 
-- — 0 such that 


h(8) =k if Ck+i <0< Chr, BS 1,235.22 
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Moreover, the sequence (Се, k = 1,2,...} may be chosen in such a way that 
С.“ is a positive integer for any k = 1,2,.... 
(ii) Let X(0) = 0, and for 17 < t € +, X(t) = a4X,, n = 1,2,..., 


nl 
where Ху, Х›,... are iid. 5, (1,0, 0) random variables, and (ал, n = 1,2,...) 
is a sequence of positive numbers with a; — 1, decreasing to 0. Show that 


{X(t), 0 € t € 1) is sample bounded if and only if У) | a2 < оо. 
(11) Show that for any an+; < 0 < аһ, N(0) = n + 1, and 


1 n 
|| М(є)!/°ає < У (ав — ans i(k + 1)!/°, n=1,2,.... 
9 k=! 


Let bn = h(an), n = 1,2,.... Conclude that it is enough to find a sequence 
(ал, n = 1,2,...) such that 


n 
У (ax —акы)(Е+1)!/® S bn, п 1,2,..., 
k=l 
and $77. ап = 00. 

(iv) For a function А as in (i), let 


Q4 = Cy if те Сп < тд, К=1,2,..., 


where 1 = m, € mz € тз < ... is a sequence of positive integers that tends to 
infinity. Then bn = k if my € n < Кал. Conclude that it is enough to choose 
the sequence (та, k = 1,2,...} in such a way that 


k 
Эх (С; = Cim < К, k= 1,2,... , 


i=! 
and a 
$ Cg — my) = oo. 


k=1 
(v) Show that the choice m, = 1, 


k-i 
Ac ОГ“, 1=2,3,..., 
i=l 


works. 
Exercise 12.2 Let C be a set, and d a (pseudo) metric on C. For an e > 0 define 


N(C,e) = the minimal number of open d-balis of radius 
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€ centered in C, covering the whole of С, 
M(C;¢) = the largest number of points in C such 
that the distance between any two different 


points is at least e. 
Let С; C C. Show that 
N(Ci,€) € МС, ) € М(С, €) < N(C,e/2). 


Exercise 12.3 Let Ху, Хэ,... be non-negative random variables such that for 
some 8 > 1, у 
Р(Х, > т) <е = , 1>0,%=1,2,.... 


Show that there is a finite number Ка such that for any n = 1,2,..., 


Emax(Xi,..., Xn} € Kg(1--logn)2. 


Chapter 13 


Integral representation 


Let (X(t), t € T} be an o-stable process. We have seen in the previous chapters 
that it is very convenient to study the properties of such a process vía an integral 
representation of the type 


X(t) = J ft) M(dz) + nl), t € Т. 


Here, our goal is to determine the a-stable processes that can be so represented. 
We shall also examine whether convenient choices of E and M are possible, for 
example, Е = (0, 1) and M having Lebesgue control measure. We may also want 
M to be symmetric if X is So.S and to have skewness intensity B(-) = 1 if X is 
skewed o-stable. 

Because the construction of the integral representation involves many steps, 
we start by describing the main ideas. Suppose firstly that 7' is countable. The 
spectral representation of an a-stable random vector (X, Х›,..., Ха) in В 
involves a spectral measure Г on R2. Since we want to treat all ds simultaneously, 
it is best to establish a representation for a vector Х = (Xi, X2,...) with an 
infinite number of components. To accomplish this, we must view X as a vector 
in a suitable Banach space. We shall suppose limj_,oo X; = 0 a.s., so that X € со, 
the Banach space of all sequences of real numbers converging to 0, with norm 
||x|] = sup, |z;|. Proposition 13.1.1 below states that there is a measure Г on the 
unit ball B, of со that can be used to represent any finite-dimensional distribution 
of X. 

The resulting representation is defined on E = Ві, the unit sphere of со, and 
not on the interval Æ = (0, 1). To pass from B; to (0, 1), we make a change of 
variables. This has to be done carefully because the measure Г may have atoms. 
Write Г = Га + Г. where T, is the atomic part of the measure. Г, is defined _ 
on a subset A of В) and Г, on B,\A. Firstly, map the set B,\A where Г, is 
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defined, into the interyal (0, 1 The map is chosen so as to preserve measurability 
and to transform Г, on B,\A into Lebesgue measure on (0, 1). (Theorem 14.3.9 
of Royden (1963) is used for this purpose.) Secondly, spread the discrete mass 
of A uniformly on (5,1). This gives the desired representation, but only for X 
satisfying іт, со X; = Oa.s.. To consider a general o-stable X = (Xi, X2,...), 
set Y; = a; X; with a; | 0 fast enough to ensure that Y; — 0 a.s. as 7 — оо. 
Apply the previous argument to Y; to obtain an integral representation involving an 
integrand, say 9:, then set f; = a; ! g; to obtain the desired integral representation 
for X;. The result is formally stated in Theorem 13.1.2 below. 

We must finally consider an arbitrary index set T, not merely a countable 
one. If we insist on E = (0, 1) and Lebesgue control measure, then we must 
suppose that (.X (£), t Є T} satisfies Condition S. This condition, introduced in 
Section 3.11, states that X(t) is separable in probability, i.e., there is a countable 
set To = {t),¢2,...} € T so that at each # € T, X(t) can be approximated in 
probability by X (t;,) where £j, t5,... € To. Since the integral representation 
holds for {X (ti, )}, it will hold for X(t}. The result is stated in Theorem 13.2.1 
below for any aif (X (t), t € T) is SaS but only for a # 1 if (X(t), t € T) is 
skewed. It is not known whether it holds in the skewed а = 1 case. 

What happens if {X (t), t € Т} does not satisfy Condition S? Then the choice 
E = (0,1) and Lebesgue control measure is impossible, but Theorem 13.2.2 
states without proof that in the Sas case, an integral representation exists, for 
some space E and some control measure m. 

Let us now fill in the details. 


13.1 Countable parameter space 


We suppose in this section that T is countable. The following proposition assumes, 
in addition, lim;_.5. X; = 0 a.s. 


Proposition 13.1.1 Let (X;, i = 1,2,...} bean a-stable process satisfying 


lim X; = 0 a.s.. 


1—00 


Let со be the Banach space of all sequences of real numbers converging to 0. 
Then there is a finite measure Г on the unit sphere B, of co and a constant 
vector p = (gi, Из, - · -) € со such that, for any n = 1,2,... and real numbers 
0,,...,04, 


n 


Eexpli »»34 = 


j=l 
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n 


af- f [2 z| (1 - sim (5; 0323) (а: 023) )P(dx) 


! j= j=! 
+i) сан], (13.1.1) 
j=l 


where, as usual 


tan(70/2) fal, 
L(a;a) = (13.1.2) 
—-(2/z)In|a| if o-1. 


PROOF: By assumption, X = (X1, Хә,...) is a random vector in со. We may 
and shall assume that it is not an a.s. zero vector. Let Рх denote its distribution. 
For a given 0 < r « o, let PE ) be a finite Borel measure on co, absolutely 
continuous with respect to Px, defined by 


аР? 
dPx 


(x) = ај". 


The measure pi? is finite by Proposition 10.2.1. Now define a finite Borel 
measure Г„ on the unit sphere B; by 


Г, = (a - т) РО от“, (13.1.3) 


where T: бу\{0} — By, defined by Tx = х/||х||, maps x into the unit ball В|. 
Note that the total mass ]Г„| of F, equals 


IT] = а-ә | "Рх (dx) = (а = r) E sup X:N". 


Applying Proposition 10.2.1 together with the argument leading to Property 
1.2.18 gives 0 < info<r<a |Г-| < supo... |Г„| < оо. Choose now a sequence 
(ra, n > 1} of positive numbers increasing to o such that |Г,. | converges to a 
finite limit as 7, f а, say, |Г,,|. Do the measures Г, converge as well? Clearly, 
Urbis n > 1} is a family of probability measures on со supported by the 
unit sphere B,. We claim that the sequence m4 = mule n > 1, is relatively 
compact in the topology of weak convergence, i.e., every subsequence of Mn has 
in turn a convergent subsequence. By Prohorov's theorem, it is enough to show 
that the sequence rn, is tight. Regard (0, 1,2,...,оо} as a compact metric space 
with a single cluster point. By the Arzelà-Ascoli theorem, it is enough to show 
that for each positive numbers є and т] there are integers I and no such that, for 
each n 2 no, 

max Є су: sup [zi] > e) € m. (13.1.4) 
D 
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To prove (13.1.4), noté that 


Mn (x € со: sup |z;| > e) 
izl 


са — Та 


ІГ, | 


1517" Px (dx) 


{х зар; > / и 2 6 |||] 


< eonst(o — rs) E (IX 77 I(sup |X| > [Х| )) 


< conste "^ (a — r4) E sup |X". (13.1.5) 
ixl 
The argument used in Property 1.2.18, when applied to Corollary 10.2.2, gives 


lim limpso(a@ — та ЈЕ sup |X;|"" = 0. 
1—оо i>! 

Relation (13.1.4) now follows from (13.1.5), and so the sequence {m, = 
тг. } is, indeed, tight. There is therefore a probability measure Q on со 
such that for some subsequence (тад, k = 1,2,...}, |Г,, |^! Га, => ©. Since 
the measures Г, are concentrated on the unit sphere В|, so is Q. Define 


= (aCa) Pal. (13.1.6) 


To obtain и express the distribution of each X; as X; ~ 5, (9), Êj, nj), and set 


TES EL ifo z 1, 
Hj EU 2 fz, sjlog|sj{T(ds) ifo = 1, (13.1.7) 


for ] = 1,2,.... We claim that Г and p constructed in (13.1.6) and (13.1.7) 
satisfy (13.1.1). 

Firstly, we need some notation. Fix d € {1,2,...}. Let 5015 = 
(x: тах;.-1....„а [Zi] = 1} be the unit sphere relative to the L^? norm on R? and let 
T (2 and 1°( be the parameters in the representation of the characteristic function 
of the a-stable random vector (X,..., Ха), given in Proposition 2.3.8. (То be 


consistent with the notation of Proposition 2.3.8, we should write г). апа ТА 


instead of Г and yz), but this is too cumbersome.) It is important to distin- 
guish below between the norm ||-|| on co (defined as ||х || = sup;..i 2, |14], x € со) 
and the norm [|- | оп (defined as |х|. = тах; а ||, X € RY, between 
the unit spheres By = {x € cg: |х| = 1} and si leo = (x € В: |х| = 1} 
and between the measures Г on B, and Г(9 on 5 о . The usual spectral measure 
Га on the unit sphere S4 (defined with respect to the Euclidean norm) also appears 
below. 
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Suppose firstly о Æ 1. By virtue of Proposition 2.3.8, it is sufficient to prove 


d 
Мвт = Даб) asas 
j=l 


В. j= 


and 


d 
A У oara = DS (13.1.9) 
ja 


1 j=} 
Since the integrand in the left-hand side of (13.1.8) can be extended to a bounded 
continuous function on co, 


[ETa = (обу! dim. ГЭСТЕ 


B j=l beo 


= (a6.)" dim f УС», 2| "Tz, (dx) 
В, j=l 
d 
= (a0a)™! Jim (a т) f [У ду" Px (dx) 
со ј=1 
а 
= (aCy)7! jim (0 — гл) El У Хр 
j=! 


Е бум. 9;X; (Property 1.2.18) 


d 
s. fer 
| па ГО фуга) 
а j=) 


proving (13.1.8). Since (13.1.9) follows in the same way, this completes the proof 
of (13.1.1) in the case a # 1. 

Consider, now, the case а = 1. With the same notation as before, (13.1.1) 
will follow from (13.1.8) and 


d d р 
с М ош ш 


(13.1.10) 


Since the preceding proof for (13.1.8) works [ог œ = 1 as well, only (13.1.10) must 
be verified. We use Corollary 4.4.9 and the fact that i 1 958; log | Уз 6j5;| 
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is a continuous function on 5115. We һауе 


f, (Эй zj) 2D» х;|Г(ах) 


в! ј=1 


ш тут (С 
= = lim ( 


2 k—oo B, 


d 
У вз) log| x дужу, (dx) 
j= 

d 


<га„> 
У 05) * log | УГ, (dx) (since r4, T 1) 
j=l 


j=! 


d 
A Ста,> Ti 
= Jim а, Loa) log| Dg o 
(set a, = (т/2)(1 — r) and use (13.1.3)) 
Ста, > 


im, arn | (26) 


d 
4 d 

Ра 
» log уз. ре с | Ps (dx) 


2 


4 Tn É 3 
+ fim ara, | (6) о о 


= me / (9р) Сада | 


-xl Po. (dx) 
(here || | is the supremum norm in R7) 


d 
А Tj \ ST? |а; Pal 
ТЕП "®Ру(@ 
+ да as, | (Arti) 7” ов man, р) Ран) 


j=! 
d 


d 
: T; 2; * 
= dns JL Orts) а tap ini rn oto 


+ fin ora f, È arii) а (дох pp) sn Pel 


(sias Та, 11) 


4 d 
= [M È 6j5;) log | 2, Ssmo) 


+ /, (У: 0325) log( max iej)T(dx) (use (13.1.3)). 
B j= і 
From Proposition 2.3.8 and Example 2.3.4, verification of (13.1.10) reduces to 
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showing that for any j — 1,2,...,d, 


ГА x; log (==. Ed) T(dx) = A s; log кеу Talds), 
(13.1.11) 


where Га is the spectral measure of the vector Х1,..., Xa (i.e., with respect to the 
Euclidean norm). However, (13.1.11) follows as above by a simple application 
of Corollary 4.4.9. Thus, we have established (13.1.1) in all cases. 
It remains only to show that yz € co. The case a # 1 being trivial, only the 
case о = 1 must be considered. Applying Theorem 10.3.1, we conclude that 
lim (из - JI zjin lzslF(dx)) =0, 
т В, 


ј— го 


and now the bounded convergence theorem applies and gives И, ш; = 0. 
This completes the proof of the proposition. Ё 


We are now in position to prove the representation theorem when T is count- 
able. 


Theorem 13.1.2 Let T = {1,2,...} and (Xi, i € T) be an a-stable process. 
(i) There are functions f; € Р, i = 1,2,..., and real numbers pi, i = 
1,2,..., such that 


{X;, i= 1,2,...} 4 u fi(z)M(dz) + ш, i= TER (13.1.12) 


where 
19(0,1) а #1, 
Е = 
U: fo fe) in |F@)|ldx < сој ўа = 1, 
and M is ап a-stable random measure оп ((0, 1), B) with skewness intensity 
B = 1 and Lebesgue control measure. 
The functions f; in (13.1.12) can be chosen uniformly bounded if 
іт; оо X; = O0 a.s. 
(ii) If (Xi, + = 1,2,.. .} is strictly a-stable and a # | then the representation 
(13.1.12) holds with p; = 0. 
(iii) If (Xi, i = 1,2,...) is 805, then 


(X, i= 1,2,...} = d fi(z) Ms(dz), + = 2} 


where f; € L^(0,1), + = 1,2,..., and Ms is a SaS random measure оп 
((0, 1), B) with Lebesgue control measure. The functions f; can be chosen uni- 
formly bounded if limj;oo X; = 0 a.s. 
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PROOE; Fori = 1,2,..., choose а; > 0 such that P(o; !|X;| 243 )«x2-. 
Let Y; = a; Xi, i = 1,2,.... Then (Yi, i = 1,2,...) is an a-stable process 
satisfying lim; Y; = 0 a.s.. We apply now Proposition 13.1.1 to conclude that 
there is a finite Borel measure Г on the unit sphere B, of со and a vector 7 € co 
such that for any п = 1,2,... and real numbers 6,,...,0,, 


— in Eexp[i x ву | 


5 P [S буг (1 -isign (У 2625) L(o: У буг; ))г(ах) – 1 6; 
В. јал ј=1 j=l j=! 
with L given by (13.1.2). 

We now decompose Г into "atomic" and “continuous” components. Let 
A = [x Г({х}) > 0). Since Г is a finite measure, the set A is at most 
countable; we will denote its points хе), i = 1,2,.... Write = Г, + Г. where 
Г.(С) = I(C A), Г.(С) = T(C n Аг) for any Borel set C С Bj. Since 
T, is an atomless finite Borel measure on В|, Theorem 15.9 of Royden (1963) 
applies, and we conclude that there is a Borel set Со in Bj with Г,(Со) = 0, a 
Borel set Jo С (0, 4] of Lebesgue measure 0 and a one-to-one map ф from Ву МО 
onto (0, $]\Jo with both ф and $^! Borel measurable, that preserves the measure 
(2T. (BNOo)) ^! Fe. That is, for any Borel set D C (0, Ио, we have 


МР) = c($^! (D) 2T«(B:), 


where А denotes the Lebesgue measure on (0, 1). For each j > 1, define a function 
gP: (0, i] —+ В by 


($7'(y);QF«(B))* ify € (0, 4] Vo. 
0 if y € Ip. 


Clearly, 9, e, ... are measurable uniformly bounded functions. 


Construct also the intervals: 
1 1 
= (i= Se), т y r((a? ) 
( TB) 2- a )) TB) 2- a » 


i= 1,2,..., and use them to define a sequence of piecewise constant functions 


gP: (3, 1) — R as follows: 
R 0 ify € (4, 1 NUS; 4a): 
9} (у) = 


Qr,(B)Ves ifyeJ, = 1,2,..., 
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where хе) = (aj (9. 369. ...), i= 1,2,..., are the points of the set A defined 
above. ge ), @ .. аге семене uniformly bounded functions because х є 


By. 


Now combine the two sequences into a single sequence of measurable 


bounded functions on (0, 1), 


gy) ify e (0,4), 
gj;(y) = (13.1.13) 


2 i 
gy) ify € (2,1), 


j = 1,2,.... Let M bean a-stable random measure on ((0, 1), B) with skewness 
intensity 8 = 1 and Lebesgue control measure. We claim that 


{ 


where 


H 
узе ља.. ) 8 (| ома) +i, iix) 02124 
0 


73, 


ny – 2 [log(2Pe(B1)) Ја, туТе(4х) + log(20a(Bi)) Ја, хуГе(ах)], 
| (13.115) 


for а # 1 and & = 1, respectively. Indeed, for every n = 1,2,... and any real 


Biss 


„да 


d Eexp(i уз 6; f 9:00 M (dy) } 


| 


[ Dose (1 — isign (26) ме 36, (9)) dv 
j=) 
p: 
n 
Б) Ј, [O eier ce] (13.1.16) 
с Ps 
i » TB È &jer« 2) (ау a ers вођа) rst 
таре (ог.(В,))!/°т gn 


j=l 


x А. — isign (55 6, Qr. (3) ^f") L(o: У 8; ог,(в1)) =") 
j=l 


j=l 
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If a 1, (13.1.16) implies 


-вехр{{ У 6 (| аймай +) 


je 7 


[cte oim Faen =з уч 


t j=l 


«f 5; bz; (1 — i sign $3 023) tan 57 )га(ф) = Ул 
j=! j=! 


І j=l 
[eel —isign (5%) tan 52) г (ах) – 1$ ain 


j=l 
= - nEew( усе}, 


| 


Ш 


proving (13.1.14) for а # 1. The case œ = 1 is similar. Of course, (13.1.14) 
implies (13.1.12) with fj = 0393, Bj = Ajj, 9 = 1,2,.... (If lim; оо X; = 0 
a.s., then the choice a; = 1 is possible and the functions fj = g; are uniformly 
bounded.) This proves part (i) of the theorem. 

The claim of part (ii) follows immediately from part (i) because of Proposition 
3.4.3 and Theorem 2.4.1. The proof of part (iii) of is similar and simpler than that 
of part (i). M 


Remarks. 


1. The representation theorem in R2 (Theorem 3.5.6) was stated without proof. 
It is a consequence of Theorem 13.1.2 because a vector (Х1,..., Xa) іп R? 
can be viewed as (Х1,...,Ха,0,0,...). 


2. A SaS vector admits a representation with respect to a totally skewed 
random measure M as well as a representation with respect to a SaS 
random measure М. 


13.2 Arbitrary parameter space 


We now consider an arbitrary index set Т and determine how widely applicable 
is an integral representation with E — (0,1) and M having Lebesgue control 
measure. We suppose 0 < o < 2 in ће 505 case, but a Æ 1 in the skewed case. 
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Theorem 13.2.1 Let (X(t), t € T) be an a-stable stochastic process satisfying 
Condition 5 (see Definition 3.11.2). 

(i) Гега # 1. Then there are functions f(t,-) € L?(0,1), t € T, and real 
numbers u(t), t € Т, such that 


{X(t), г ет) = ud f(t,z)M(dz) + p(t), t € т}, (13.2.1) 


where M is an a-stable random measure on ((0, 1),B) with skewness intensity 
8 = 1 and Lebesgue control measure. Moreover, every a-stable process (even 
with о = 1) with an integral representation (13.2.1) must satisfy Condition S. 
(ii) Leta 1. If (X(t), t € T) is strictly a-stable, then the representation 
(13.2.1) holds with y(t) = 0. 
(iii) If (X(t), t € T) is За5, then 


{X(t), teT) = TJ] f(t,. z)Ms(dz), t € T), (13.2.2) 


where f (t,-) € 1%(0, 1), t € T, and Ms isa SaS random measure on ((0, 1), B) 
with Lebesgue control measure. Moreover, every SaS process with an integral 
representation (13.2.2) must satisfy Condition S. 


PROOF: Let To = {t), t2,...} be a countable subset of T from the definition of 
Condition S. 

(i) By Theorem 13.1.2 there are functions f;, € L^(0,1), i = 1,2,..., and 
real numbers j;,, 2 = 1,2,..., such that 


(X(5), i= 1,2,...,) = d fe; (2)M (dz) + ш, i= 1:5. (13.2.3) 


where M is an o-stable random measure on ((0, 1), 8) with skewness intensity 
8 = 1 and Lebesgue control measure. 

We extend the integral representation (13.2.3) to the whole of T as follows. 
Fix t € T. Because (X(t), t € T) satisfies Condition S, there is a sequence 
{ti, }22, in Ty such that X(£;,) — X(t) in probability as k — oo. It follows 
from Proposition 3.5.1 that the sequence (f (ti, , -)) ©. is Cauchy in L^(0, 1); we 
let f(t, -) denote its limit in L° (0, 1). The sequence (uiti, ))-., is a convergent 
sequence of real numbers; we let u(t) be its limit. The family (f (t, -), u(t)}, t € 
T, obviously satisfies (13.2.1). 

For the converse, let {X (t), t € T} have the representation (13.2.1). Since the 
space L? (0, 1) is separable, the set ( f{t,-) € T) C L%(0, 1) is separable as well. 
There is therefore a countable subset Tp С Т such that ( f (t, -), t € To) is dense 
in {f(t,-), t € T). Proposition 3.5.1 now implies that the stochastic process 
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у(ђ = fo J(t z)M(dz), t € T, satisfies Condition S. Since the (degenerate) 
process Y2(t) = p(t), t € T, also satisfies Condition S (Exercise 3.18), it 
follows (Exercise 3.20) that the process Y(t) = Yi(£) + Y2(t), t € Т and hence 
(X(t), t € T) also satisfy Condition S. Since the case a = 1 is similar because 
the space Llog L (Leb) is also separable, this proves part (1) of the theorem. 

Рап (ii) now follows from part (1), Proposition 3.4.3 and Theorem 2.4.1. 

The proof of part (iii) is identical to that of part (i), but uses part (iii) of 
Theorem 13.1.2 instead of part (i) of that theorem. И 


The proof of Theorem 13.2.1 implies that an a-stable process (Х (t), t € T} 
that does not satisfy Condition S cannot be represented in the form 


x) = | ft.) (dr) +100), teT, — (13.24) 


with the function space L*(E, Є, т) (or even its subset {f(t,-), t € T]) being 
separable. Therefore, the only hope for obtaining an integral representation for 
an a-stable process which does not satisfy Condition S is to use a non-separable 
space L^(E,£,m). (The separability of the space depends on E and т.) The 
following result, due to Bretagnolle, Dacunha-Castelle and Krivine (1966) in the 
case 1 € а < 2 and Schreiber (1972) in the case 0 < а < 1, shows that this is 
always possible, at least in the 505 case. It is given here without proof. 


Theorem 13.2.2 Let (X(t), t € T} be a SaS process, 0 < а < 2. Then there 
is a measure space (E,E,m) and a family (f(t,-), t € T) € L^ (E,£,m) such 
that 


(хе, ter) 4 ü У.а) М(ав), t € T), 


where M is a SaS random measure on (Е, Є) with control measure m. 


Chapter 14 


Historical notes and 
extensions 


144 Notes to Chapter 1 


Section 1.1. Augustin Cauchy discovered in the 1850s that the functions fa 
satisfying 
uad 2 a = 
/ ei?» f. (zx)dz = 277“, а> 0 (14.1.1) 
—oo 


have the convolution property 


(Afa(A-)) * (Bfa(B-)) = Cfa(C-) 


for some C = C(A, B) and all A, B > 0 (Cauchy 1853). He was, however, able 
to show that f(x) > О for all x only in the cases о = 1 and a = 2. 

To prove the non-negativity of fa it is sufficient to show that ехр{—|8|°} 
is a characteristic function. Seventy years after Cauchy's discovery, George 
Pólya (1923) presented his famous sufficient condition for a function to be the 
characteristic function of a probability law: {y(t), t € R} is a characteristic 
function if p(t) is real, non-negative, (0+) = (0) = 1, b(t) = v(—t) and 
ab is convex on (0, oo). The non-negativity of the functions fa in (14.1.1) with 
0 < а « 1 follows as a simple application. 

Paul Lévy (1924) proved that all fas in (14.1.1) with O < а < 2 are non- 
negative. Here is a simple argument valid for all 0 < а < 2 found in Durrett 
(1991), who learned it from Frank Spitzer. 

For any З and |z| < 1, (1 — z)? = У) ,(2)(-х)“ where 


b E 
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Applying this expansion to 
v(8) = 1 — (1—cos8)?2, 0 co x2, 


one obtains 
oo 


(8) = У ek(cos0)* with cy = Uo (-15* > 0 


k=} 


since a < 2. We conclude that exp(—|6|? ) is a characteristic function by arguing 
successively that the functions cos 0, (cos 0)^, a, and 


lim |у(ду2а еј = e70 


are characteristic functions. 

That exp( —|0|* } is not a characteristic function when a > 2 follows from the 
following easily verifiable fact: 

If (8) is a characteristic function of a random variable X and if 

. (0) – 1 о? 
Юе zt 

then ЕХ = 0 and EX? = о? < co (Durrett 1991). 

In particular, if (8) = 1--0(0?) as 6 — 0, then o? = 0 and therefore (0) = 1. If 
a > 2,ехр(—јеје ) = 1 + o(8?) and hence exp(—|0|*) cannot be a characteristic 
function in this case. 

The term stable was coined by Paul Lévy. Lévy (1924) gives not only the 
characteristic functions of all SaS laws but also those of all strictly stable laws. 
The next step, to pass from strictly to non-strictly stable laws, is of course easy if 
о x 1. The case а = 1 was settled by Aleksander Yakovlevich Khinchine and 
Paul Lévy in (1936). It is worth reading in this regard Sections 31, 41 and 42 of 
Lévy's mathematical biography (Lévy 1970). 

Many textbooks contain an introduction to stable laws. See, e.g., Breiman 
(1968) and Laha and Rohatgi (1979). Lukacs (1970) devotes a number of sections 
to the analytic properties of stable distributions. There is, in many of these 
publications, great confusion about the sign of @ in (1.1.6) as noted by Hall 
(1980). 

The classic introductions to stable laws have been for many years Gnedenko 
and Kolmogorov (1954) and Feller (1971). An encylopedic treatment of stable 
laws on the real line is given by Zolotarev (1983), a work later translated into 
English (Zolotarev 1986). Rossberg, Jesiak and Siegel (1985) provide a good 
exposition to the subject. Two more books of interest have recently appeared: 
Janicki and Weron (1993) and Christoph and Wolf (1993). The second book is 
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about convergence theorems with a stable limit law. It focuses on pseudomoments 
(moments with respect to F — S where S is a stable distribution and F is a 
distribution function in the domain of normal attraction of S), Berry-Esseen type 
inequalities, asymptotic expansions and local central limit theorems. 

Definitions 1.1.5 and 1.1.6 view stable laws as a special subclass of infinitely 
divisible laws. The theory of one-dimensional infinitely divisible laws was devel- ` 
oped by Lévy in 1937; see Lévy (1954) and Khinchine (1938). 

The 505 distribution with a = 3/2 has the name of Holtsmark, a Danish 
astronomer who described, in 1939, a three-dimensional version of this distribution 
as a model for the gravitational field of stars (Holtsmark 1939). 


Section 1.2. Weron (1984) uses the term “completely asymmetric” for o-stable 
distributions with 8 = +1. 


Section 1.3. Hardin (1984) noted the extension of Proposition 1.3.1 to the skewed 
case and deduces other facts related to skewed stable laws, which were relatively 
neglected at the time. 


Section 1.4. A series representation of infinitely divisible random variables with- 
out a Gaussian component (of which the series representation of stable random 
variables described in the present section is a particular case) was established by 
Ferguson and Klass (1972) and developed by LePage (19900). It is also con- 
sidered in Vervaat (1979). An extension of these series representations to more 
general situations is developed by Rosinski (1990). 


Section 1.6. Probability density function tables of the a-stable distribution can 
be found in Mandelbrot and Zarnfaller (1959) for 8 = 1,2: > 1, and in Holt and 
Crow (1973). DuMouchel (1971) and Brothers, DuMouchel and Paulson (1983) 
provide upper tail probability tables. The tables of Appendix A are taken from 
the last paper. 

Analytic properties of stable densities were a major topic of research in the 
1930s, 1940s and 1950s. The following curious relation between stable densities 
was discovered by Zolotarev (1954): 1f 1/2 < а < land 


X ~ Salala, Bi), B,,0), Y ~ Sija(o(1/e, з), 65,0), 


then, for any т > 0, 
#х(ж) m7 I9 fy (27°). 


Here с(а, 8) = (1 + £^ (tan лег) - 10), and fy and f) are related by 


D 
ё = (un tan 1205 ) А 


2 2 
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for some |y| € 2 — 1/a. 

The a-stable distributions are all unimodal. Establishing this fact was an 
exciting and difficult problem, whose complete solution escaped probabilists for 
a long time, leaving a trail of errors and counterexamples. Wintner (1936) proved 
unimodality of symmetric a-stable laws. Ibragimov and Chernin (1959) claimed 
that they proved that all stable laws are unimodal, but Kanter (1976) found an 
error in their proof. Finally, Yamazato (1978) closed the problem by proving 
that all class L infinitely divisible distributions (including stable distributions as a 
subclass) are unimodal. 


Section 1.7. The rstab program in Chambers, Mallows and Stuck (1976) is written 
in Raftor. It was converted to Fortran by John Nolan. 

One must, in general, be careful when calling from S or S-PLUS an external 
program which uses real variables (i.e., single precision). This is because S does 
not ordinarily distinguish between the "single" and "double" precision storage 
modes. When an external function is called from S, the arguments to the function 
are passed along as well. It seems that the default storage mode for an non-integer 
nurneric field automatically becomes double precision. Thus, if a number, e.g. 
0.1, is passed to a Fortran routine which is expecting a real (i.e., single precision) 
variable, problems will occur. Unfortunately, in many cases these problems are 
not immediately evident. The program does not crash; it just returns the wrong 
answers. There are two possible solutions. The simplest is to use only double 
precision Fortran/C routines, as we do here. Where this is not feasible, the calls 
from S must explicitly use variables instead of merely numbers, and the variables 
must be explicitly declared as "single precision ". Chapter 7.2 of Becker, Chambers 
and Wilks (1988) contains some information on calling external routines from S, 
and how the váriable passing works. 

Procedures for estimating the parameter of a stable distribution include: maxi- 
mum likelihood (DuMouchel( 1973), Chen(1991)); using the sample characteristic 
function (Paulson, Holcomb and Leitch (1975), Koutrouvelis (1980, 1981) Paul- 
son , Delehanty (1984, 1985)); using the order statistics (Hill (1975), Hall and 
Welsh (1984), Loretan (1991)); using tabulated quantiles (Fama and Roll (1968), 
McCulloch (1986)). For a review, see Mittnik and Rachev (1993). 


Section 1.8.. Many standard textbooks characterize the domain of attraction 
of a stable law (Theorem 1.8.1). A classic reference is again Gnedenko and 
Kolmogorov (1954). The situation is more complicated when one considers the 
convergence of normalized partial sums of stationary dependent sequences to 
stable laws. One class of techniques uses ideas of extreme value limit theory. 
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A typical assumption is.that the normalized sum of an “independent imitation" 
converges to a stable law. An independent imitation is an i.i.d. sequence with the 
same marginal distribution as the stationary dependent sequence. For example, 
Davis (1983) considers X; = G(Y;) where Y; is a stationary Gaussian with 
mean zero, unit variance and autocovariance г, = БҮҮ, and where С is such 
that the "independent imitation" X j of X; belongs to the domain of attraction 
of an a-stable law with 0 < o < 1. He shows that if either r,logn — 0 
ог 9.472 < oo, then the normalized partial sums of X; also converge to 
that stable law. For a recent overview, including various “mixing conditions,” 
see Jakubowski (1991, 1993). Another set of techniques which works well for 
moving averages is reviewed in Avram and Taqqu (1986a). It includes results of 
Astrauskas (1983), Maejima (1983a), and Davis and Resnick (1985). See also 
Kasahara and Maejima (1986, 1988). Several of these results involve sequences 
with long-range dependence, a dependence structure considered in Chapter 7. 
Sometimes a point process setting is useful for proving functional limit theo- 
rems (Resnick 1986). But functional limit theorems can be delicate. Avram and 
Taqqu (1992), for example, show that if {.X;} is a “two-dependent” sequence 
defined by X; = є; + €;..1, where the e; are i.i.d., SaS, 0 < а < 2, then as 
т => со, {n7!/a Y Xj, 0 € t € 1} does not converge in D([0, 1]) endowed 
with the usual Skorokhod topology Л. Convergence holds if J; is replaced by 
the other Skorokhod topology М. Although № is weaker than J4, it is strong 
enough to make the widely-used functionals тахо << and ming«;«; continuous. 


14.2 Notes to Chapter 2 


Sections 2.1 and 2.2. Dudley and Kanter in (1974) claimed that if all linear 
combinations of the components of a random vector X are stable, then X is itself 
stable. Their argument is, essentially, that of the second remark following the proof 
of Theorem 2.1.5. However, this argument works only in the case 1 < a « 2, as 
was noted by de Acosta and Kuelbs during a student presentation of the Dudley 
and Kanter paper in 1981-82 at the University of Wisconsin, Madison. 

Dudley remained interested in the problem, and David Marcus (1983), working 
under his direction, constructed the counterexample of Section 2.2. Marcus's 
proof was subsequently simplified by Samotij and Zak (1989). The argument of 
part (i) of Theorem 2.1.5 which is applicable to the range 1 < а < 2 is due to 
Samorodnitsky and Taqqu (1991c). 


Section 2.3. The characteristic function of a multivariate stable distribution was 
derived by Feldheim (1937) and presented in Lévy (1954). 
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Section 2.4. The graphs in Figure 2.1 were obtained by using a Fortran program 
written by John Nolan. This program calls a Fortran subroutine written by Јапе 
Berntsen and Terje O. Espelid which evaluates two-dimensional definite integrals. 
Additional graphs can be found in Byczkowski, Nolan and Rajput (1993). 


Section 2.5. Because the term "sub-Gaussian" also refers to a class of stochastic 
processes with exponential moments, one may sometimes prefer the alternative 
term “Gaussian scale mixture" to denote the random vector in (2.5.3). Here, we 
use the term “sub-Gaussian” because it is convenient and has been widely used in 
the past: cf. Hardin (1982a, 19825), Cambanis (1983), Weron (1984), Marques 
(1987), and Maejima (1989). 

The fact that non-degenerate sub-Gaussian SaS random vectors cannot be 
independent was mentioned (in the case a > 1) by Bretagnolle, Dacunha-Castelle 
and Krivine (1966) and proved by Hardin (1982b). 


Section 2.6. Weron (1984) uses the term "complex 505 random variable" with 
two different meanings. One coincides with our definition, whereas the other 
refers to an isotropic 52,5 random variable. 


Section 2.7. The term “covariation” is due to Miller (1978), although the quantity 
itself has been used even earlier, e.g., by Kanter (1972). | 


Section 2.8. The covariation norm was introduced and studied by Cambanis and 
Miller (1980, 1981). 


Section 2.9. The relation between covariation and James orthogonality was noted 
in Cambanis, Hardin and Weron (1988): It first appears in Weron (1984). For a 
brief review of other notions of orthogonality, see Desbiens (1987). 


Section 2.10. The codifference is related to the function (see (4.7.4)) considered 
by Astrauskas (1983). Lemma 2.10.8 has an interesting history. It is due to 
Schoenberg (1937) and was reproved by Laurent Schwarz in 1945 (see the footnote 
in Lévy (1970), p. 134). Our proof follows Cartier (1971). 

The following is another measure of dependence considered by Paulauskas 
(1976). Let (X1, X2) be 505, 0 < а < 2. The distribution of (X1, X2) is 
characterized by the spectral measure Г on the unit circle 52. Let (U;,U 2) be a 
random vector on 55 with probability distribution T = Г/Г($›). Because of the 
symmetry of Г, one has EU, = EU» = 0. Paulauskas uses 


~ ЕШЬ fo sin2óT (d$) 
P = (EUZEU2) ~ 2(f7 cos? af (dd) Ј sin? ór(d9)) 72 


as a measure of dependence for (Х|, X2) where, Г is expressed here in polar 
coordinates. р has the following properties valid for all 0 < o < 2: 
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9—1<2<1. 

(ii) IX т and Хэ are independent, then р = 0. 

(iii) If [2] = 1 then X, and Х are linearly dependent. 
Note that р is the correlation of a Gaussian distribution whose Г is the Г of the 
original stable distribution. 


14.3 Notes to Chapter 3 


Section 3.2. И was long known that using stochastic integrals with respect to an 
independently scattered o-stable random measure is a convenient way to describe 
a-stable laws; among the first to use these integrals in the symmetric case were 
Bretagnolle, Dacunha-Castelle and Krivine (1966) and Schilder (1970). For the 
skewed case, see Hardin (1984). 

From a practical viewpoint, a stochastic integral is a linear filter which trans- 
forms ii.d. noise generated by the random measure M. Multiple stochastic 
integrals form non-linear filters. Multiple integrals with respect to a Gaussian 
measure were defined by Norbert Wiener and Kiyosi Itó in the 1940s. Their work 
is recorded in Wiener (1958) and Itó (1951) respectively. Whereas the closure 
of the linear span of these integrals equals the L* space generated by the Gaus- 
sian measure, no analogous result holds in the o-stable case, 0 < а « 2. The 
construction of multiple integrals with respect to an o-stable measure with index 
a < 2 15 thus more difficult. Sufficient conditions for integrability are obtained by 
Surgailis (1981, 1985) for 1 < œ < 2 and by Samorodnitsky and Szulga (1989) 
for0 < а < 2. Kallenberg and Szulga (1989) give conditions for the integrability 
of iterated Poisson integrals. McConnell and Taqqu (1986) show that the study of 
double integrals with respect to a stable measure can be reduced to the study of 
quadratic forms in independent stable variables. Explicit necessary and sufficient 
conditions were developed by Rosinski and Woyczyriski (1986) for double inte- 
grals in the case 1 < а < 2 and extended by Kwapieri and Woyczyfiski (1987) to 
0 « а < 2. McConnell (1986) extends these conditions to triple integrals when 
1 <a < 2. For a summary, see Kwapieri and Woyczyriski (1992). Extensions 
to Banach-valued integrands are considered by Krakowiak and Szulga (1988) and 
Samorodnitsky and Taqqu (19915). For tails of multiple integrals with respect 
to a SaS random measure 0 < а < 2, see Samorodnitsky and Szulga (1989) 
in the case of real-valued integrands and Samorodnitsky and Taqqu (1990c) for 
integrands taking value in a Banach space. 


Section 3.5. The result of Theorem 3.5.3 was first noticed (in the symmetric case) 
by Schilder (1970); his proof is incorrect in the case 1 < œ < 2. The correct 
proof has been presented by many authors. See, e.g., Hardin (1984) for the proof 
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in the general (skewed) case. 
Part (ii) of the representation theorem (Theorem 3.5.6) is due to Schilder 
(1970), and Part (iii) to Hardin (1984). We present a unified proof in Chapter 13. 


Section 3.6. For a discussion of the Ornstein-Uhlenbeck and reversed Ornstein- 
Uhlenbeck SaS processes and for an analysis of the Markov property in stable 
processes, see Adler, Cambanis and Samorodnitsky (1990). 

Examples 3.6.5 and 3.6.6 are important examples of a-stable self-similar 
processes and are discussed in detail in Chapter 7. The well-balanced symmetric 
linear fractional stable motion was introduced by Taqqu and Wolpert (1983) 
and Maejima (19835). Fractional Brownian motion in the present terminology 
goes back to Mandelbrot and Van Ness (1968), but a Gaussian process with 
autocovariance function 


R(t, з) = C(It|* + js]? — |t — 81°] 


was mentioned in Kolmogorov (1940). (For more details, refer to the notes on 
Chapter 7.) 


Sections 3.7 and 3.8. Scale mixing of stochastic processes means randomizing 
their scale parameter. Scale-mixed Gaussian and scale-mixed 505 processes are 
“sub-Gaussian” and “‘sub-stable” processes, respectively. Their study goes back 
to Bretagnolle, Dacunha-Castelle and Krivine (1966). 

The integral representation of sub-Gaussian and sub-stable 505 processes 
given in Propositions 3.7.1 and 3.8.2 is due to Hardin (19826). 


Section 3.11. The idea of using the conditional normality of 505 processes in 
order to tap the wealth of information available on the Gaussian processes goes 
back to Marcus and Pisier (1984). This method has been widely applied ever since. 
The proof that all SaS processes satisfying Condition S admit the representation 
(3.11.4) is given in Chapter 13. 


Section 3.12. The representation of stable processes as Poisson integrals is some- 
times referred to as the Lévy-Itó representation; see Itó (1969). 


14.4 Notes to Chapter 4 


Section 41. Kanter (1972) was the first to notice that the regression E(X2| X1) 
is linear when the vector (X1, X2) is SaS with 1 < а < 2. The simpler proof 
given here is due to Linde (1986), Lemma 7.1.3. Fix (1949) established linearity 
in a particular case. 
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Corollary 4.1.3 on multiple regression is due to Miller (1978). Miller gives 
also necessary and sufficient conditions for the linearity of the multiple regression 
in ће 505 case. These are stated in Exercise 4.6 but are, in gencral, not easy to 
verify. 

Corollary 4.1.5 treats the particular case of conditioning on independent ran- 
dom variables. It is due to Kanter (1972). Parts (i) and (ii) of Proposition 4.1.7 
which identify the sub-Gaussian 50:5 random vectors with 1 < a < 2 as having 
the multiple regression property are due to Hardin (1982a). 


Section 4.2. Tortrat (1975) claimed, mistakenly, that for any SaS random vector 
(Xi, X2) with 1 < а < 2 the conditional law of X2 given X; is symmetric 
around the conditional mean. Linde and Mathé (1983) showed that this is wrong 
and derived the necessary and sufficient conditions for symmetry presented in this 
section. 


Section 4.3. The results of this section are due to Adler, Cambanis and Samorod- 
nitsky (1990). 


Section 4.4. The asymptotic behavior of the distribution tails of order statistics in 
an a-stable sample given in Theorem 4.4.5 was derived by Samorodnitsky (1988). 


Section 4.5. Lemma 4.52 in ће 50:5 case is due to Miller (1978). Theo- 
rem 4.5.6 which presents necessary and sufficient conditions for the existence of 
joint moments of a-stable random variables is due to Samorodnitsky and Taqqu 
(19905). 


Section 4.6. See Esary, Proschan and Walkup (1967) for basic properties of 
associated random variables. Pitt (1982) proved that jointly normal random 
variables are associated if and only if their correlations are all non-negative (see 
also Joag-dev, Perlman and Pitt (1983)). The results on association of stable 
random variables given here are due to Lee, Rachev and Samorodnitsky (1990). 
For limit theorems, see Dabrowski and Jakubowski (1993). 

Slepian inequalities provide ways to compare distributions of random vectors: 
Slepian inequalities for SaS (and infinitely divisible) random vectors are given 
in Samorodnitsky and Taqqu (1992b, 1994). 


Section 4.7. The evaluation of the codifference and, more generally, of the 
function U defined in (4.7.4) for Omstein-Uhlenbeck processes (Example 4.7.1) 
comes from Levy and Taqqu (1991). That paper also contains Theorem 4.7.3 (the 
moving averages case) and Proposition 4.7.4 (the sub-Gaussian case). 

The behavior of the codifference fora stationary 50:5 process is closely related 
to the mixing properties of the process where "mixing" is in the Sense of ergodic 
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theory. Here is a brief overview. 

Let Q = RT and Fx be the c-algebra generated by the stationary process 
(X(t), t € T) defined by X(t,w) = w(t). For convenience, we assume T 
is either R or R}. Let S, : О — О be a shift transformation defined by 
(S,w)(t) = w(t + s). The family 15,) „ет is a semi-group of measure preserv- 
ing transformations on ©. Ergodicity, weak mixing and mixing of the process 
{X(t}, t € T) can now be defined in terms of (5, | „ет. 


• Ergodicity or metric transitivity: 


(a) If .$,(A) = A forall s € T, then P(A) = 1 or P(A) = 0 
(i.e., {Ss} has no disjoint components) or, equivalently, 


t 
(b) jim ; | Р(8,(А) n Bds = P(A)P(B). 
—o0 0 
e Weak mixing: 
t 
(a) lim i / |P(S,(A)n B) – P(A)P(B)|'ds =0 
—oot Jo 
or, equivalently, 
€), lim. .P(S(4)n B) = P(A)P(B), 


where X is a subset of T with density 1, i.e., lim; „со t^! 2 [0, 41 = 


e Mixing: ; 
п P(S,(4)n B) = Р(А)Р(В). 


The following implications hold for any stationary process: 
mixing => weak mixing => ergodicity. 
For stationary 505 processes, the following holds: 
e Ergodicity and weak mixing coincide (Kokoszka & Podgórski 1993)). 
e Moving averages are mixing (Cambanis, Hardin, Jr. & Weron 1987). 


» Sub-Gaussian and real harmonizable SaS processes are not ergodic (Cam- 
banis et al. 1987). This fact, in the harmonizable case, also follows from 
Maruyama (1970). 


e A necessary and sufficient condition for the process to be mixing is 


jim U(01,05;t) = 0 forall 8,, 02 E R (14.4.1) 
—со 


14.4 HISTORICAL NOTES AND EXTENSIONS 581 


This result, which is valid for any stationary infinitely divisible process, is 
due to Maruyama (1970). For stable processes, by (4.7.6), Relation (14.4.1) 
is equivalent to 


jim I(8;, 02; t) =0 forall 01,0; ER. 


This, in fact, provides an alternate proof of Theorem 4.7.3 since, as noted 
above, moving average 505 processes are mixing and r(t) = —I(—1,1,t). 


Maruyama's result requires T (0, , 62; t) — 0 as t — оо for all 0,6; € R in order 
to ensure that the process is mixing. Gross (1993) proves that it is not necessary 
to require Z(0;,05; 1) — 0 for all 01,0; Є R if the process is 505 and satisfies 
Condition S (see Section 3.11). It is only necessary to choose for (0,02) the 
value (—1,1) 110 < а < 1 and the values (—1, 1) and (1, 1) if 1 < а < 2. Since 
1001,02; t) — 0 is equivalent to U(6,,62;t) — 0, this can also be expressed as 
U(—1,1;t) ^ 0 when 0 < а < 1 and U(—1,1;t) — 0 and U(1,1;2) — 0 when 
1<а<2. 

An extension of Gross' result to processes of type G can be found in Kokoszka 
and Taqqu (19935). Processes of type G extend SaS processes. They are 
infinitely divisible processes which admit, conditionally, a series representation. 
In particular, a random variable X is of type G if and only if X = ZS, where 2 
has the N (0, 1) distribution and 5 is a nonnegative random variable independent 
of Z such that S? is infinitely divisible. (Informally, X ~ N(0,5?).) Fora 
comprehensive account of distributions and processes of type G, refer to Rosinski 
(1990, 1991). 

A stationary Gaussian process is ergodic if and only if its spectral measure 
(the Fourier transform of the autocovariance function) has no atoms; see, e.g., 
Rozanov (1967). What about SaS processes? 

The shift S, induces a shift 5, on random variables as follows: define firstly 
S, on indicator functions by 5,1 A = 15,4, A € Fx, and then extend и by 
linearity and continuity in probability to all random variables measurable with 
respect to Fx. Let (X(t), t € Т} be a SaS process with index 0 < a < 2. 
Consider L( Fx), the space of all SaS random variables measurable with respect 
to Fx. If Y is such a random variable, then (5, Y єт is а stationary 50:5 
stochastic process. For example, if Y = 2X(1) + 3X(2), then $,Y = 2X(1 + 
з) - 3X (2 + 5), s € T. Conditions for ergodicity can be formulated in terms of 
L(Fx). 

Cambanis, Hardin and Weron (1987) prove that a stationary 505 processes 
(X(t)), 0 < а < 2, is ergodic if and only if for each random variable Y € 
L(Fx), А 
tim, + | diy – Visas = 2112 


too 


582 : HISTORICAL NOTES AND EXTENSIONS 14.5 


and 
Jim 1 if I$; Y -Yds = ауга. 


Podgórski (1992) gives a different characterization. He proves that the stationary 
505 process X is ergodic if and only if for each Y € L(F x), 


"oU z 
lim = f exp (2IIY li say Уђа јаз =1. (144.2) 
t—-ocoí 0 


This relation can be rewritten succinctly in terms of the codifference ту (5) of the 
stationary process (5, У | „ет as 


t 
lim | feds = | (14.4.3) 


t—cot 0 


or, in terms of the corresponding function Uy, as 
jim = d Uy (1, 21; s)ds = (14.4.4) 


Section 4.8. The first results concerning crossings of stationary Gaussian pro- 
cesses were obtained by Rice (1939, 1944, 1945). More rigorous proofs were 
given by several authors and can be found in Cramér and Leadbetter (1967) and 
Leadbetter, Lindgren and Rootzén (1983). See these books for a detailed history. 
Adler, Samorodnitsky and Gadrich (1993) investigate the asymptotic behavior of 
the mean number EC, of crossings of a level и, as и — оо, in the case where the 
process X is SaS and stationary. When X is sub-Gaussian, they obtain the result 
of Theorem 4.8.2. They also consider the case where X is a real harmonizable 
SaS (as defined in Example 3.6.7). Using the fact that X is a conditionally sta- 
tionary centered Gaussian process (Proposition 6.6.4), they prove that EC, < со 
implies 

МС 


a 79 


EC, ~ 


as u — co. The constant Су (do not confuse it with Cu!) is defined in (1.2.9) and 
A, is the first spectral moment of the process Gaussian С in (6.6.4). Thus, as in 
the sub-Gaussian case, EC, is asymptotically proportional to u^. This problem 
for other 505 processes, e.g., moving averages, is still open. 


14.5 Notes to Chapter 5 


Section 5.1 Theorem 5.1.2, which relates the finiteness of moments to the behavior 
of the characteristic function at the origin, is due to Ramachandran (1969); see 
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also Ramachandran and Rao (1968). Our formulation is slightly different from 
the one stated in Ramachandran (1969). 

The relation between the integrability properties of the spectral measure of a 
Sas random vector and the existence of its conditional moments was discovered 
by Samorodnitsky and Taqqu (1991a). That paper contains the proof of Theorem 
5.1.3 in the symmetric case for 0 < р < min{a + 1,2). The corresponding 
result in the skewed case and the form of the regression was obtained by Hardin, 
Samorodnitsky and Taqqu (1991a). The extension [00 < p < minfa+v, 2a+1} 
is due to Cioczek-Georges and Taqqu (1994a, 1994c). 

LePage (19904) used an alternative approach, taking advantage of the condi- 
tional normality of SaS random vectors. While such an approach appears to be 
more restrictive than the one presented in this chapter, it can be used in some cases 
to prove the existence of absolute conditional moments of order greater or equal 
to a. 

How sharp is Theorem 5.1.3? If one defines E(|X2|P| X, = x) as the р" 
moment of the distribution with characteristic function (5.1.9), then E(X2|X| = 
0) < oo is actually equivalent to (5.1.10) with = 2— a (Wu & Cambanis 1991). 
Cioczek-Georges and Taqqu (19945) extend this result to other values of p. They 
show under the same conditions that E([X5|P| X, = 0) < oo is equivalent to 
(5.1.10) with v — p — o for 


a<p<2at+1 if O<a<1/2orl<a< 3/2, 
a<ps2 i 12 <а <1, 
а<р<4 if 3/2<a<2. 


Moreover, in the case p = a, 
E(|X2|?|X, = 0) < oo if and only if -f In s; [T (ds) < оо. 
Sr 


One can extend Theorem 5.1.3 to the case of conditional moments of the 
type E(|Xa4|P|Xi = zi,...,Xa-i = та) for an a-stable random vector 
(X1,..-,Xa-1, Xa) with d > 3if one replaces the integrability condition (5.1.10) 
by the condition 


T(ds) 
P(ti,...,ta- = / KO 14.5.1) 
(ti d-1) Трави TUM ( 
for some v > 0, for almost all (t),...,t¢_1) Є Sa—1, and imposes in addition 
certain integrability conditions on P(t;,...,ta—1) over R¢~'. Cambanis and Wu 


(1992), for example, show that in the case 0 < o < 1, the multiple regression 
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E(|Xa| |Xi = 21,-.., Ха == za-1) exists for almost all 21,..., £a if there is 
av > 1— а such that 

1 T(ds) 

СЕТ pa — — dt, е ва < оо. 
fa |ox(t1,...,ta-1,0)| I accu а-1 < оо 


Unfortunately, іп many cases of interest, either (14.5.1) does not hold for large 
enough vs or P(t;, ... , £41) does not possess the required integrability properties. 
Nevertheless, the integrability condition (5.1.9) for d = 2 is still useful when d > 2 
because 


E(|Xg?|Xi) < œas. => Е(ХајР|Ж,...,Ха-1) < oo as. 


Section 5.2. In view of the results of Cioczek-Georges and Taqqu (19945, 1994а, 
1994c), Condition (5.2.4) can be replaced by the weaker condition: 


/ |в1|®-!Г(ав) < co fora < 1, 
5; 


-f In || Г(845) < co fora = 1. 
5; 


(See also the remarks following Theorem 5.1.3.) The form of the non-linear 
regression and the necessary and sufficient condition for linearity of regression 
presented in this section are due to Hardin, Samorodnitsky апа Taqqu (19914). 

Wu and Cambanis (1991) provide further insight into the structure of condi- 
tional moments of stable laws by computing the conditional variance. Specifi- 
cally, let (X;, X2) be SaS, 1 < a < 2, with spectral measure Г and suppose that 
(5.1.10) holds with v = 2 — а. Then for a.e. z € R, 


Var (22 | Х = 2) = Cla, D) (а, =>. (14.5.2) 
where 
Clar) = а [а аа d | 
9, 
a-1 f? 
h(o,z) = f " ufa (u)du, 


and where к is defined in (5.2.10) and fa is the density function of the 3. (1,0,0) 
law. 

Cioczek-Georges and Taqqu (19935) extend the preceding result to the case 
1/2 < a € 1. They show that if (5.1.10) holds with v > 2 — a for 1/2«a«1 
orv —2— afor 1 € а < 2, then (14.5.2) holds with 


oo 
Мо, х) = f costz е7‘ 29—244 + z?. 
0 


no 
T falz) 
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Observe the separation of factors іп (14.5.2): the constant С(е, Г) depends on the 
joint law of (Ху, X2) but the function A(a, т) involves only the density of Х|. 

The paper (Cioczek-Georges & Taqqu 1993a) contains necessary and suffi- 
cient conditions for asymptotic linearity of E(Y|X + E = z} where (X, У) is an 
a-stable random vector and £ is a random variable, independent of ( X, У), such 
that X + £ is in the domain of normal attraction of X. Asymptotic linearity does 
not always hold even when E[Y | X = =] is linear. For some distributions of £, 
the asymptotic rate of E[Y |X + € = 2] fluctuates. 

Cambanis and Fakhre-Zakeri (1993) study the prediction of heavy-tailed 
AR(1) sequences. The innovations are assumed semistable, i.e. their сћагас- 
teristic function satisfies 


olr) = ф (Ar)e'"" for some 0 < |А <r, w ER, andforallr СЕ. 


Semistable laws which were introduced by Lévy (1954), p. 203 generalize the 
stable laws. 


Section 5.3. Sub-Gaussian and harmonizable vectors are SaS random vectors 
whose conditional moments can be studied by the methods of LePage (1990a). 
Using the comments following the proof of Corollary 5.3.3 (or the necessary 
conditions in Cioczek-Georges and Taqqu (19945)), part (1) of that corollary can 
be strengthened as follows: 
If X = (Xi, Хо) is sub-Gaussian a-stable and X, and X3 are linearly 
independent, then 


E(|X2|?|X, = х) < oo ae. ifandonlyif р<а+1. 


Section 5.4. The regression graphs of Section 5.4 are from Hardin, Samorodnitsky 
and Taqqu (19914). 


Section 5.5. The paper Hardin, Samorodnitsky and Taqqu (19915) describes 
the numerical techniques and lists the source code of the software package for 
computing the non-linear regressions. 


14.6 Notes to Chapter 6 


Section 6.5. Marcus and Pisier (1984) refer to stationary 505 processes of the 
form (6.5.1) as strongly stationary. 


Section 6.6. The fact that stationary harmonizable 505 processes аге condition- 
ally stationary Gaussian was discovered by Marcus and Pisier (1984). 
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The relation between the classes of stationary harmonizable 505 processes 
and stationary sub-Gaussian 505 processes was first discussed in Cambanis and 
Soltani (1984). 


14.7 Notes to Chapter 7 


Section 7.1. Processes that are. self-similar with index and have stationary 
increments (Н-5551 processes) are sometimes called “statistically self-similar” in 
order to distinguish them from non-random fractals that are self-similar. Some- 
times the term "self-affine" or "statistically self-affine" is used. 

Benoit Mandelbrot's pioneering work on self-similarity dates to the early 
1960s, e.g., Mandelbrot (1965). John Lamperti, in his seminal paper (1962), 
showed that self-similar process result from limits of normalized sums. Lamperti 
used the term "semi-stable" and allowed for shifts. 

It is now common to use the letter H to denote the index of self-similarity. Н 
is the first letter of the British Harold Edwin Hurst's last name, who spent 62 years 
in Egypt, mostly working on projects involving the river Nile. Using the "range" 
statistic, he discovered empirically that cumulative yearly flows of the Nile obey 
a power law with Н = 0.7 instead of the expected Н = 0.5 (Hurst 1951). His 
work was the basis of Mandelbrot's suggestion that fractional Brownian motion 
be used to model the yearly levels of the river (see Mandelbrot (1965)). 

Proposition 7.1.4 which relates an Н-5551 process to a stationary one is due to 
Lamperti (1962). The proof of Lemma 7.1.9 is adapted from O'Brien and Vervaat 
(1983) and that of Proposition 7.1.10 comes from Maejima (1986). 

Brownian motion, the oldest example of an /7-sssi process, is named after 
the biologist Robert Brown whose research dates to the 1820s. Early in this 
century, Louis Bachelier, Albert Einstein and Norbert Wiener began developing 
the mathematical theory of Brownian motion. The construction of Bachelier 
(1900) was erroneous but it captured many of the essential properties of the 
process. It is worth reading the short but fascinating account of Bachelier's 
tribulations in Mandelbrot (1982). 


Section 7.2. Andrei Nikolaevich Kolmogorov discovered fractional Brownian 
motion. The article, written in German, appeared in 1940 in the Soviet "Dokladi." 
The process is introduced in Kolmogorov (1940) in the context of transformations 
of curves in Hilbert space. It was then briefly studied by Hunt (1951) and set 
in a wider framework by Akiva M. Yaglom (1955). It is, however, the seminal 
paper of Mandelbrot and Van Ness (1968) that investigated the basic properties 
of fractional Brownian motion and emphasized its relevance to the modeling of 
natural phenomena. The following papers, for example, Mandelbrot and Wallis 
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(1969а, 1969c, 19695), develop applications to hydrology. 

The moving average representation (7.2.4) of fractional Brownian motion can 
be found in Mandelbrot and Van Ness (1968). It involves a fractional-type integral 
used earlier in a non-stochastic context; see, e.g., Zygmund (1979). Kolmogorov 
(1940) and Yaglom (1955) used the harmonizable representation (7.2.12). A more 
general version of Proposition 7.2.7 which relates the two representations can be 
found in Taqqu (1979). 

The terms fractional Brownian motion and fractional Gaussian noise were 
coined by Mandelbrot. Fractional Gaussian noise can be defined as the increment 
of a Gaussian H-sssi process or, directly, as a fixed point of the renormalization 
transformation. Sinai (1976) takes this second approach and derives its autoco- 
variance (7.2.21) and spectral density (7.2.22). Cox (1984) advocates a similar 
point of view. 

In order to gain modeling flexibility, it is important in applications to be 
able to replace fractional Gaussian noise by an arbitrary Gaussian moving aver- 
age whose autocovariance function has the same asymptotic behavior as that of 
fractional Gaussian noise. Such moving averages are said to belong to the “до- 
main of attraction" of fractional Brownian motion. More generally, a stationary 
sequence {Y;, j = 1,2,...} belongs to the domain of attraction of a process 
X = {X(t), t > 0) if c Y;, t > 0} suitably normalized, converges as 
N — oo to the finite-dimensional distribution of X. Theorem 7.2.11 (Taqqu 
1975) provides a simple example of a moving average in the domain of attraction 
of fractional Brownian motion. Other examples can be found in Davydov (1970), 
Rosenblatt (1961), Taqqu (1979, 1981), Dobrushin and Major (1979) and Major 
(1981). 

'There are a number of papers involving statistical estimation. See, e.g. 
Mandelbrot and Taqqu (1979), Fox and Taqqu (1986), Dahlhaus (1989) and 
Robinson (1991, 1992a, 19925). Beran (1992) provides a good overview. For 
examples of statistical analysis, see Beran, Sherman, Taqqu and Willinger (1993) 
and Leland, Taqqu, Willinger and Wilson (1993, 1994). Samarov and Taqqu 
(1988) and Yajima (1988, 1989) study regression models with Gaussian errors 
that have long-range dependence. 


Section 7.4. The linear fractional stable motion (7.4.1) was introduced by Taqqu 
and Wolpert (1983) as an integral with respect to a Poisson measure and by 
Maejima (1983c) as an integral with respect to a stable measure. Astrauskas (1982) 
provides a generalized field version. Theorem 7.4.5 was proved by Cambanis and 
Maejima (1989) in the case 1 < с < 2 and 8 = 0 and by Samorodnitsky and 
Taqqu (1989) in the general case. 

In the past, a "stable process" meant a-stable Lévy motion. This usage is 
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confusing and should be discontinued because one needs to distinguish between a 
process with independent increments and the more general stable processes whose 
increments may be dependent. The importance of o-stable Lévy motion stems 
from the fact that it is the stable analog of Brownian motion. Theorem 7.5.4, 
which states that it is the unique 1/a-sssi process when 0 < о < 1, is due to 
Samorodnitsky and Taqqu (19902). The log-fractional stable motion, an 1/a- 
sssi process, 1 < & < 2, different from a-stable Lévy motion, was discovered by 
Kasahara, Maejima and Vervaat (1988). Other I /a-sssi processes with 1 < a < 2 
can be found in Samorodnitsky and Taqqu (19902) (see Exercises 7.10 and 7.12). 


Sections 7.7 and 7.8. Тһе real and complex harmonizable fractional stable 
motions were considered by Cambanis and Maejima (1989). Theorem 7.8.2 is 
proved in that paper in the case 1 < а < 2, but the identical proof extends to 
0 < o < 2 once one notices that the process in (7.8.6) is well defined. A good 
review of a-stable H -sssi processes is given by Kôno and Maejima (1991). 


Section 7.10. Linear fractional stable noise is the increment of linear fractional 
stable motion. Theorem 7.10.1 concerns the asymptotic behavior of the function 
I and the codifference for linear fractional stable noise. Its proof was sketched by 
Astrauskas (1983) in the 505 case. The proof in the general o-stable case can be 
found in Astrauskas, Levy and Taqqu (1991). 


Section 7.11. Fractional Gaussian noise has different representations and any one 
of them can serve as a basis for an "approximate" simulation procedure. Here, we 
have adapted the "Type 1" approximation of Mandelbrot and Wallis (1969a) and 
applied it to the case of 505 innovations as well. Mandelbrot and Wallis's rougher 
approximation, called "Type 2", consists of simulating ET. — t)i leu 
j > 1, where M is a large number, d = H — 1/а, and the e,s are the inno- 
vations. 

There are also “fast” simulation methods of fractional Gaussian noise. (See 
for example Mandelbrot (1971) and Granger(1980).) But since that process is 
Gaussian, it is also possible to use the following “exact” simulation method. 
Let Cr = (r(i — Ј)), i,j = 1,...T be the covariance matrix of Y1,..., Yr 
defined in (7.2.21) with rọ = 1. Performing a Cholesky decomposition on Cr, 
yields Cr = M M', where M is a T x T lower trianguluar matrix with entries 
Mju, ju = 1,...Т and where М” denotes the transpose of M. Then, if 
са, u= l,..., T areii.d. N(0, 1), 


T 
у; = 00( >, Mjuéu), j = 1,...Т, 
uzl 


is fractional Gaussian noise with variance 28. This method, which is only practical 


14.7 HISTORICAL NOTES AND EXTENSIONS 589 


for moderate values of T (e.g. Т = 200) is described in McLeod and Hipel (1978). 


Section 7.12. There is a large literature on ARMA time series with finite variance. 
Since it is essentially an L?- theory, there is often no loss of generality in supposing 
the innovations Gaussian. Brockwell and Davis (1991) offer a good exposition 
and also provide a number of results in the case of SaS innovations. Cline (1983), 
Cline and Brockwell (1985) and Davis and Resnick (1986) consider this latter case 
as well. Kokoszka and Taqqu (19934) show that the codifference of ARMA time 
series with stable innovations behaves like the covariance in the Gaussian case: it 
fluctuates within a band of two exponentially decreasing functions. 

A number of statistical results are also available for moving averages X, of 
the form (7.12.3). For instance, Klüppelberg and Mikosch (1993c) obtain the 
limit of the normalized periodogram Iy,x(A) = |N/A Y; Хет" as 
N — oo, when the innovations аге in the domain of normal attraction of a 505 
distribution, 0 < а < 2. For fixed А = 2ли, w € (0, 1/2) irrational, the limit is 
ГО) (a? (A) + 8*(2)) where (А) = DP _ c; € ^9 (c; are the coefficients 
of the moving average) and (о(А), 8(А)) = (A'/?G,, AV? G3) is sub-Gaussian. 
In contrast to the Gaussian case, for 0 < A <... < Am < m, the periodogram 
ordinates Гу х (А;), à = 1,..., m, are not asymptotically independent. 

Davis and Resnick (1986) derive weak limits of sample autocovariance and 
autocorrelation functions of X, under the assumption that the distribution of 
the innovations has tails P(|e| > х) = z-?L(z), where L is a slowly vary- 
ing function. Their results have been generalized by Klüppelberg and Mikosch 
(19935) who also consider the convergence of Ју x (А) = Iw, x (4)/ 32. Х2 as 
N — оо. Klüppelberg and Mikosch (1993a), study the behavior of the integrated 
periodogram and apply the results to goodness-of-fit tests. 

Estimators for the parameters of the AR(p) model with stable innovations 
or with innovations in the domain of attraction of a stable distribution have 
been studied by various authors. Yule-Walker, least square and least deviation 
estimators (the latter minimizes poit ІХ, = O1Xn-1 — > — фХа-р|) have 
been considered. See Kanter and Steiger (1974), Hannan and Kanter (1977), 
Gross and Steiger (1979), An and Chen (1982), Davis and Resnick (1986), Knight 
(1986, 1987), Liu (1987), and Davis, Knight and Liu (1992). 

Mikosch, Gadrich, Klüppelberg, and Adler (1993) also consider the estimation 
of the parameter vector ($1,..., p, 01,...,0,) of an ARMA (p,q) sequence 
whose innovations e, satisfy the aforementioned conditions and, in the case of 
SaS innovations, they study a sample periodogram based estimator of the vector 
(фи, .. Фр 01,...,0,). Bhansali (1993) estimates the coefficients of (7.12.3) 
when an autoregressive representation exists and the e;s are in the domain of 
attraction of a Sa S law. All these papers assume 2 lej| < оо or impose 
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even stricter summability conditions. on the sequence {су} in order to ensure the 
absolute a.s. convergence of the random series (7.12.3). 


Section 7.13. Fractional ARIMA time series extend the realm of ARMA modeling 
to include long-range dependence. Brockwell and Davis (1991) devote a section 
of their book to fractional ARIMA with Gaussian innovation. The model was 
considered by Adenstedt (1974) and developed by Granger and Joyeux (1980) and 
Hosking (1981). See Samorodnitsky and Taqqu (1992a) for a brief description. 

Kokoszka and Taqqu (1993c) develop the theory of fractional ARIMA when 
the innovations аге SaS, 0 < а < 2, and evaluate the codifference. The proofs 
of Theorems 7.13.3, 7.13.4, 7.13.5 and Exercise 7.18 can be found in that paper. 
Kokoszka and Taqqu (1993e) extend the results to moving averages with regularly 
varying coefficients. 

Fractional ARIMA is of interest because it presents an alternative way to model 
long-range dependence. In fact, any stationary sequence of random variables 
whose normalized partial sums converge weakly to linear fractional stable motion 
would do as well. See Avram and Taqqu (19865) and Maejima (1989). 


14.8 Notes to Chapter 8 


The Lévy Brownian motion (Example 8.3.3) is the best known example of an 
H-sssis Gaussian random field. Paul Lévy (1965) devotes a chapter to its study. 
Chentsov (1957), in a beautiful short note gives the geometric construction pre- 
sented in Section 8.3 with V, equal to the set of hyperplanes separating the origin 
from the point t. There is also an interesting discussion in Lévy (1966). McKean 
(1963) and Cartier (1971) show that the field has a kind of Markovian property if 
the parameter space is R” with n odd. 

While Lévy Brownian motion is H-sssis with Н = 1/2, the Lévy fractional 
Brownian field (Example 8.1.3) is H-sssis for all H € (0, 1). The Lévy fractional 
Brownian field was first considered by Yaglom (1957) who characterized its spec- 
tral representation. It was then investigated by Gangolli (1967) and Mandelbrot 
(1975, 1982) among others. Mandelbrot’s paper contains the germs of future 
developments. 

Shigeo Takenaka (1987) gives a geometric construction for the Lévy fractional 
Brownian field with 0 < Н < 1/2, using the V; described in Section 8.4. 
In Takenaka (1991), he defines the Takenaka and (a, H)-Takenaka fields (he 
calls them “of Chentsov type”), by considering 505, 0 < о < 2, random 
measures instead of merely Gaussian measures. He also introduces the Chentsov 
random fields which he calls “generalized Chentsov.” Mori (1992) gives a general 
characterization of the Lévy-Chentsov random field in the context of infinitely 
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divisible measures. 

The proof of Theorem 8.2.6, which gives sufficient conditions for a Chentsov 
field to be H-sssis, is due to Cioczek-Georges. An independent proof can be 
found in Takenaka (1993). The results of Sections 8.5 and 8.6 are due to Yumiko 
Sato and Shigeo Takenaka (see Sato and Takenaka (1991) and Sato (1992a)). 
Results concerning the codifference and the function J (01,05; и) in Section 8.7 
were obtained by Kokoszka and Taqqu (1992).! 

The extension of Theorem 8.8.3 to R! and R? can be found in Sato (19925). 
The extension to R” (Theorem 8.8.4) is proved in Sato (1991) by relating it to the 
intersection properties of a family of cones in R” x R,. 

This chapter considered only fields that are H -sssis. If one replaces the Н -sssis 
requirement by Н-5551, then one can include many other random fields. Kokoszka 
and Taqqu (19937) introduce a large class of such fields, defined by 


X,(t) = | (p(t 2) ™ e — p(x)#-"/*) М(ах), t e R^, (14.8.1) 


where p is а norm on R” and М is a 505 random measure on IR" with Lebesgue 
control measure. The field X, is well defined for any n > 1, H є (0,1), e € 
(0,2] and is H-sssi. If n = 1, it reduces to the well-balanced linear fractional 
stable motion (Example 3.6.5). The family (14.8.1) parametrized by p is extremely 
rich: if two fields Хр and Xp have identical finite-dimensional distribution, then 
the norms p and p' must be identical. The special choice 


P= Port) = ( Í dis sretis)) 7 шєт", 


where т > 1, S, is the unit sphere in IR" and c is a symmetric finite positive 
Borel measure on Sn, gives rise to a large class of interesting models. Kokoszka 
and Taqqu show in (1993a) that, for any choice of norm p, ће codifference r(u) 
related to X, is asymptotically proportional to u9H-? as u — co if n > 1. 
Since the codifference related to Chentsov fields is asymptotically proportional to 
u*H-? (Theorem 8.7.1), Chentsov fields are different from the fields Хр. 

Surgailis, Rosinski, Mandrekar and Cambanis (1993) define mixtures of fields 
which they call "generalized moving averages." These fields can be represented 
as 


X(t) = |. {Ont 2M (de), tem, 


where M is a SaS random measure on A x R” with control measure Q@Leb, 
i.e., the control measure of M is the product measure of a measure Q on A and 
| The proof of Theorem 3.1 in Kokoszka and Taqqu (1992) is incorrect because increment processes 


involve three- and not two-dimensional distributions. Whether the theorem itself holds is still an open 
problem. 


592 | HISTORICAL NOTES AND EXTENSIONS > 14.10 


Lebesgue measure on R”. The space (A, Q) characterizing the mixture is assumed 
to bea c-finite complete measure space and the kernel f: A x R” — R is assumed 
measurable and such that 


J ТРО, 2)|"Q(dA)dz < oo. 
AxR” 


If Q has only one atom or if the space A consists of only one point, then the field 
X becomes the usual SaS moving average. If Q has two atoms, then X is a 
mixture of two SaS moving averages. Observe that Takenaka fields are mixtures 
with A = R+ and Q = mg. 


14.9 Notes to Chapter 9 


Section 9.2. Stochastic processes defined on uncountable parameter spaces give 
rise to measurability problems. The idea of using separability to overcome these 
problems goes back to Doob (1953). We shall use his approach for constructing 
a separable version of a stochastic process. 


Section 9.5. — Zero-one laws for a-stable processes with 0 < а < 2 were first. 
discussed by Dudley and Kanter (1974). The approach we present here is new. 


14.10 Notes to Chapter 10 


Section 10.2. De Acosta (1975) observed that the tail of the distribution of a 
measurable semi-norm of an o-stable random vector, 0 < а < 2, is dominated 
by the tail of the absolute value of a one-dimensional a-stable random variable 
(our Proposition 10.2.1 is a particular case of this statement). The following more 
precise version of the former result was proved in de Acosta (1977): 

Let E be a real vector space, and B be a o-field generated by a linear vector. 
space of linear functionals on E. A probability measure p on (Е, B) is called 
a-stable, 0 « o € 2, if for any А, B > 0, there isa D € E such that 


AX, + ВХ, = (A? + B2)/^X + D, 


where X, X2 are independent copies of X, all with law u. If q is a measurable 
semi-norm on E, then the limit 


l= lim A*u(x € E: а(х) > А) 


exists, and 1 € (0,00). (The limit | is positive under certain non-degeneracy 
conditions.) 
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Kóno and Maejima (1991) state erroneously that the Takenaka process in 
Example 10.2.7 has bounded sample paths. 


Section 10.3. Rosinski (1986) observed that the sample paths of an a-stable 
process with 0 < а < 2 "inherit" the negative properties of a "typical" function 
f (t, х), t € T, in the integral representation (10.1.1). 


Section 10.4. The fact that it is easy to derive necessary and sufficient conditions 
for sample boundedness and continuity of a-stable processes in the саѕе0 < a < 1 
but not in the case 1 X а < 2 is closely related to the following fact from the 
theory of probability on Banach spaces: it is easy to describe all Banach space- 
valued o-stable random variables as long as the Banach space has the so-called 
stable type p > o; see Linde (1986). Whereas any Banach space has stable type 
p for any 0 < p < 1, many important ones do not have a stable type p > 1, e.g., 
spaces of bounded or continuous functions. 

Sample boundedness and continuity of 505 moving averages with 0 < a < 1 
was considered by Balkema and de Haan (1988). 


Section 10.5. Theorem 10.5.1 is adapted from a more general result of Rosinski 
and Samorodnitsky (1993). 


Section 10.6. Oscillation processes were introduced by Itó and Nisio (1968) 
for processes on the interval [0, 1]. Jain and Kallianpur (1972) extended them to 
Stochastic processes indexed by a separable metric space and showed that Gaussian 
processes that are continuous in probability have non-random oscillations. 

Oscillation processes of non-Gaussian infinitely divisible processes were con- 
sidered by Cambanis, Nolan and Rosinski (1990). Noting that continuity in 
probability is no longer the appropriate assumption, they introduced instead an 
analogue of Condition 10.6.4. 


14.11 Notes to Chapter 11 


Section 11.1. The necessary and sufficient conditions that relate the integral 
representation of an 505 process, 0 < a < 2, to existence of a measurable 
version was discovered by Rosinski and Woyczyriski (1986). 


Section 11.2. Conditions for integrability of the sample paths of a-stable processes 
with 0 < а < 2 covering particular cases are scattered throughout the literature. 
The (symmetric) case 1 < p < a was completely described by Cambanis and 
Miller (1980) and Linde, Mandrekar and Weron (1980), whereas the case p > 
тах(о, 1) is due to Marcus and Woyczyriski (1979) and Linde, Mandrekar and 
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Weron (1980). The problem in the case p = а > 1 was solved by Rosinski and 
Woyczyriski (1986). 

As most of these results were obtained by working with a-stable measures on 
ІР spaces, the case 0 < p < 1 was rarely considered. The case p = a € (0, 1) 
has been implicitly solved by Kwapień and Woyczyriski (1987), and sufficiency 
of the integrability conditions in the case 0 < o « p « 1 can be deduced from 
Marcus and Woyczyrski (1979) and Rosinski and Woyczyriski (1985). The unified 
approach presented here is due to Samorodnitsky (1992). 


Section 11.4. The problem of interchanging the order of ordinary and stochastic 
integration in the 505 case with 1 < o < 2 was considered by Cambanis and 
Miller (1981) and McConnell and Taqqu (1984), Lemma 4.4. Rosinski (1986) 
gave a complete solution in the case 1 X o « 2. Our approach in the case 
0 « a « 1 follows Samorodnitsky (1992). 


Section 11.7. Cambanis and Miller (1980) derived necessary and sufficient con- 
ditions for a SaS process (X(t), a € t < b) to have a version with all sample 
paths in AC'[a, b]. Rosinski (1986) extended their result to the 505 case with 
O<a<2andp> 1. 


14.12 Notes to Chapter 12 


Section 12.1. The importance of metric entropy in the study of the sample path 
properties of Gaussian processes has been underlined by Dudley (1967, 1973) and 
Fernique (1975), who established a variety of very precise results. 

Pisier (1983) showed that one can derive sufficient conditions for sample 
boundedness and continuity in a general non-Gaussian framework by using metric 
entropy. Our approach follows that of Ledoux and Talagrand (1991). 


Section 12.2. Another version of the sufficient condition for sample boundedness 
and sample continuity of a-stable processes is given by Marcus and Pisier (1984). 
See also Nolan (1989) for a more explicit form. 


Section 12.3. The results of Theorem 12.3.1 are due to Marcus and Pisier (1984) 
in the case 1 < а < 2 and to Talagrand (1988) in the case a = 1. 


Section 12.4. The general exposition of this section as well as the breakdown of 
the set D follows Kóno and Maejima (1991). 

Маејіта (1983a) was the first to show that the well-balanced linear fractional 
stable motions are not sample bounded on any integral of positive length if 0 < 
Н < 1/a. Examples 12.4.2 and 12.4.3 are taken from Samorodnitsky (1993). 
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A more detailed discussion of sample path properties of certain a-stable self- 
similar processes can be found in Takashima (1991) and Kóno and Maejima 
(1991). See also a general discussion in Vervaat (1985). 


1413 Notes to Chapter 13 


Bretagnolle, Dacunha-Castelle and Krivine (1966) established the integral repre- 
sentation for 50:5 processes in the case a > 1. They showed that for processes 
continuous in probability, one can choose Е = (0, 1) in (13.2.4) and let M have 
Lebesgue control measure. Schreiber (1972) extended their result to the case 
O<a<l, 

Schilder (1970), apparently unaware of Bretagnolle, Dacunha-Castelle and 
Krivine’s work, established the integral representation in the case 0 < a < 2 
and T finite, noting that such a representation “for even countably many [time 
points] zs has eluded the most vigorous efforts of the author.” Kuelbs (1973) 
reproved the result for countable Т and extended it to the case of 505 processes 
satisfying Condition S. Hardin (1984) then extended the integral representation to 
the skewed a-stable processes with a Æ 1, satisfying Condition S. 

The approach we follow here is close to the one in Ledoux and Talagrand 
(1991) in ће SaS case; it does not use the theory of infinitely divisible random 
vectors in Banach space. 


Appendix A 


Tables of symmetric o-stable 
fractiles 


Let X ~ 5(o,0,0) and let f = P(.X < zp} be the upper fractile corresponding 
to zy. The following tables display т у as a function of 


f = 0.500 (0.025) 0.900 (0.010) 0.970 (0.005) 0.995, 0.998. 


for 
а = 0.1 (0.1) 1.9, 
and also as а function of the extreme upper fractiles! 
f = 0.9990 (0.0001) 0.9999 for a=0.5 (0.1) 1.9. 
Since X is symmetric, entries for f « 0.5 are obtained by using the relation 
= Р(Х Sas) =1-P(X aij) 


These tables are reproduced from Brothers, DuMouchel and Paulson (1983), with 
the kind permission of Albert Paulson. They are based, for the most part, on 
Zolotarev's integral representation of the cumulative distribution function (see 
Section 1.6). We refer the reader to the aforementioned paper for details on 
the computational techniques. The listing for the symmetric Cauchy (o — 1) is 
obtained by using the relation 


EZ = tan z(f + 1/2), 
which is a consequence of (1.1.14). The listing for a = 2 is obtained by using the 
N(0, v?) distribution, with v = v2. 


V There are a few discrepancies with Paulson and Delehanty (1993) in the third and fourth significant 
digits for Ј = 0.9998 and f = 0.9999. 
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TABLES OF SYMMETRIC a-STABLE FRACTILES 


‘Table of fractiles of the SaS law 


0.500 


Oooooooooooooooooooo 


0.625 


45062 
.45047 
„45000 
44912 
44771 
„44560 
44258 
-43836 
43257 
„42473 
41421 
„40030 
.38219 
.35904 
.32990 
-29339 
-24709 
.18695 
.10814 
21181 — 01 


0.525 


.08868 

.88570 — 01 
.88383 — 01 
.88094 — 01 
.87674 — 01 
.87082 — 01 
.86262 — 01 
-85139 — 01 
.83609 — 01 
.81530 — 01 
.07870 

„74848 — 01 
.69591 — 01 
.62436 — 01 
.52820 — 01 
40371 — 01 
.25641 — 01 
.11236 — 01 
.19652 — 02 
-88650 — 05 


0.650 


-54493 
-54497 
54469 
.54398 
.54271 
.54070 
53714 
-53354 
52714 
-51991 
50953 


-87379 — 01 


0.550 


7771 
17751 
7716 
.17661 
.17580 
.17465 
.17307 
.17088 
.16791 
.16387 
.15838 
.15093 
.14082 
.12720 
-10917 
.86244 — 01 
-59055 — 01 
-30558 — 01 
-79023 — 02 
12744 — 03 


0.675 


.64172 
.64212 
.64221 
.64189 
.64102 
-63945 
.63698 
.63337 
.62834 
62157 
.61280 
-60187 
.58882 
-51383 
-55703 
-53821 
.51630 
.48823 
44466 
34590 


0.575 


-26745 
26720 
26672 
.26597 
26484 
.26323 
.26097 
.25787 
.25363 
-24787 
.07870 
-22955 
-21539 
.19659 
17211 
.14126 
.10396 
-61802 
21616 
90029 


0.700 


74161 
74258 
.74327 
74362 
.74352 
-74285 
74146 
73921 
.73598 
73171 
.72654 
72093 
.71570 
21214 
71205 
71818 
73577 
77739 
.88558 
1.3549 


— 01 
– 01 
— 03 


0.600 


.35829 
.35804 
.35752 
.35664 
.35529 
.35334 
.35059 
34677 
34155 
33447 
0.3249 
31212 
-29515 
.27298 
.24459 
.20889 
.16464 
.11086 
.50394 — 01 
.47190 — 02 


0.725 


.84536 
.84714 
.84875 
-85016 
.85131 
.85214 
.85262 
.85278 
.85276 
.85294 
.85408 
.85751 
.86529 
.88054 
.90828 
-95778 
1.0496 
1.2416. 
1.7750 
5.3862 


f 
a= 2.0 
a=19 
а = 1.8 
а= 17 
а= 1.6 
а = 1.5 
а = 1.4 
«= 1.3 
а = 1.2 
а = 1.1 
а = 1.0 
а = 0.9 
а = 0.8 
а = 0.7 
а = 0.6 
а = 0.5 
а = 0.4 
а = 0.3 
а = 0.2 
а = 0.1 

f 
а = 2.0 
а = 1.9 
а = 1.8 
а = 1.7 
а = 1.6 
а = 1.5 
а = 1.4 
а = 1.3 
а = 1.2 
а= 1.1 
а = 1.0 
а = 0.9 
а = 0.8 

= 07 
а= 0.6 
а = 0.5 
а = 0.4 
а == 0.3 
а = 0.2 
а = 0.1 
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.14876 4- 06 


0.775 


1.0683 
1.0729 
1.0777 
1.0830 
1.0888 
1.0954 
1.1033 
1.1132 
1.1263 
1.1445 
1.1709 
1.2098 
1.2681 
1.3573 
1.4989 
1.7395 
2.2008 
3.3072 
7.6349 
98.014 


0.900 


1.8124 
1.8430 
1.8803 
1.9265 
1.9853 
2.0615 
2.1622 
2.2971 
2.4796 
2.7293 
3.0777 
3.5805 
4.3439 
5.5918 
7.8640 
12.741 
26.460 
90.392 
1074.9 
.18909 + 07 


0.800 


1.1902 
1.1970 
1.2045 
1.2130 
1.2229 
1.2346 
1.2491 
1.2678 
1.2928 
1.3274 
1.3764 
1.4470 
1.5508 
1.7082 
1.9595 
2.3975 
3.2817 
5.6199 
16.845 
473.89 


0.910 


1.8961 
1.9322 
1.9765 
2.0320 
2.1031 
2.1959 
2.3192 
2.4846 
2.7081 
3.0139 
1.4715 
4.0641 
5.0191 
6.6056 
9.5619 
16.121 
35.515 
133.80 
1934.4 
-61138 + 07 


0.825 


1.3217 
1.3316 
1.3429 
1.3561 
1.3718 
1.3910 
1.4154 
1.4472 
1.4900 
1.5491 
1.6319 
1.7499 
1.9226 
2.1858 
2.6140 
3.3879 
5.0517 
9.9695 
39.665 
2612.0 


0.920 ` 


1.9871 
2.0300 
2.0831 
2.1503 
2.2372 
2.3515 
2.5039 
2.7084 
2.9845 
3.3628 
3.8947 
4.6743 
5.8868 
7.9390 
11.863 
20.898 
49.139 
206.26 
3699.6 
.22329 + 08 
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0.850 


1.4657 
1.4801 
.14968 
1.5167 
1.5411 
1.5715 
1.6107 
1.6625 
1.7325 
.18286 
1.9626 
2.1532 
2.4332 
2.8661 
3.5905 
4.9611 
8.1347 
18.789 
102.33 
17294. 


0.930 


2.0871 
2.1386 
2.2031 
2.2856 
2.3933 
2.5360 
2.7269 
2.9828 
3.3284 
3.8026 
1.9626 
5.4677 
7.0381 
9.7538 
15.103 
27.942 
70.675 
334.82 
7646.3 
.95242 + 08 


600 


f 
а = 2.0 
а = 1.9 
а = 1.8 
а= 1.7 
а = 1.6 
«= 1.5 
а = 14 
о = 1.3 
а = 1.2 
о = 1.1 
а = 1.0 
а = 0.9 
а = 0.8 
а= 0.7 
а = 0.6 
а = 0.5 
а = 0.4 
а == 0.3 
а = 0.2 
а = 0.1 
Ј 
а = 2,0 
а = 1.9 
а = 1.8 
а= 17 
а = 1.6 
а = 1.5 
а = 1.4 
а = 1.3 
а = 1.2 
а = 1.1 
а = 1.0 
а = 0.9 
а = 0.8 
а = 07 
а = 0.6 
а = 0.5 
а = 0.4 
a = 0.3 
a= 0.2 


а = 0.1 
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0.940 


2.1988 
2.2616 
2.3411 
2.4443 
2.5804 
2.7622 
3.0055 
3.3314 
3.7712 
4.3773 
3.0777 
6.5404 
8.6301 
12.336 
19.889 
38.913 
106.96 
581.72 
17500. 
49816 + 09 


0.980 


2.9044 
3.1049 
3.3915 
3.8003 
4.3601 
5.0967 
6.0628 
7.3590 
9.1641 
11.801 
15.895 
22.754 
35.476 
62.569 
133.01 
381.98 
1861.9 
26241. 
52907 + 07 
„45292 + 14 


0.950 


2.3262 
2.4043 
2.5049 
2.6373 
2.8143 
3.0519 
3.3699 
3.7947 
4.3687 
5.1646 
6.3138 
8.0679 
10.956 
16.235 
27.440 
57.304 
173.58 
1109.4 
46060. 
-34462 + 10 


0.985 


3.0690 
3.3309 
3.7221 

4.2893 
5.0524 
6.0421 

7.3404 
9.0997 
11.589 
15.300 
21.205 
31.409 
51.060 
94.972 
216.61 
686.14 
3872.9 
69680. 


-22887 + 08 
84711 + 15 


0.960 0.970 
2.4758 2.6598 
2.5761 2.7951 
2.7079 2.9785 
2.8850 3.2314 
3.1247 3.5780 
3.4476 4.0427 
3.8778 4.6571 
4.4512 5.4757 
5.2289 6.5953 
6.3181 8.1887 
7.9158 10.579 
10.408 14.418 
14.631 21.170 
22.640 34.607 
40.504 66.550 
91.522 166.24 
311.80 657.79 
2422.2 6553.8 
.14852 + 06 .66067 + 06 
.35786 +11 .70717 + 12 
0.990 0.995 
3.2900 3.6428 
3.6691 4.3676 
4.2768 5.6428 
5.1519 7.2896 
6.2841 9.3323 
7.7364 11.983 
9.6588 15.595 
12.313 20.774 
16.160 28.630 
22.071 41.348 
31.821 63.657 
49.411 106.99 
85.139 203.38 
170.56 461.94 
429.22 1373.6 
1559.7 6302.5 
10813. 61965. 
.27395 + 06 .28095 + 07 
17838 + 09 .58571 + 10 
.51424 + 17 .55411 + 20 


0.975 


2.7718 
2.9338 
3.1584 
3.4731 
3.9056 
4.4814 
5.2391 
6.2507 
7.6445 
9.6509 
12.706 
17.708 
26.716 
45.198 
90.942 
241.92 
1051.7 
12253. 
.16884 + 07 
46157 + 13 


0.998 


4.0703 
5.9412 
8.7634 
12.030 
16.158 
21.735 
29.707 
41.773 
61.216 
94.961 
159.15 
296.57 
640.98 
1716.5 
6355.9 
39630. 
-61710 + 06 
60197 + 08 
58083 + 12 
54473. + 24 


" 

а = 2.0 
а = 1.9 
а = 1.8 
а = 1.7 
a = 1.6 
а = 1.5 
а = 1.4 
а = 1.3 
а = 1.2 
а=11 
а= 1 
а = 0.9 
а = 0.8 
а= 0.7 
а = 0.6 
а = 0.5 
Ј 

а = 2.0 
а = 1.9 
а = 1.8 
а= 17 
а = 1.6 
а = 1.5 
а= 1.4 
а = 1.3 
а = 1.2 
а= 1.1 
а= 1 
а = 0.9 
а = 0.8 
а = 0.7 
а = 0.6 
а = 0.5 
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Table of extreme upper fractiles of the SaS law 


9990 


4.3702 
8.084 
12.59 
17.85 
24.72 
34,32 
48.57 
71.04 
108.9 
178.2 
318.3 
640.9 
1526. 
4626. 
-2021 + 05 
.1588 + 06 


.9995 


4.6535 
11.33 
18.29 
26.67 
37.97 
54.34 
79.56 
121.0 
194.0 
334.6 
636.6 
1385. 
3631. 
1246 + 05 
.6422 + 05 
.6360 + 06 


.9991 


4.4143 
8.498 
13.32 
18.97 
26.38 
36.80 
52.35 
77.02 
118.9 
196.1 
353.6 
720.5 
1741. 
5378. 
2409 + 05 
.1961 + 06 


9996 


4Л416 
12.68 
20.66 
30.37 
43.61 
63.02 
93.27 
143.6 
233.6 
409.8 
795.8 
1774. 
4799. 
1714++05 
.9316 + 05 
.9939 4- 06 


.9992 


4.4631 
8.993 
14.18 
20.30 
28.37 
39.78 
56.92 
84.30 
131.2 
218.3 
397.9 
821.3 
2017. 
6365. 


2933 + 05 
-2483 + 06 


9997 


4.8530 
14.67 
24.48 
35.92 
52.16 
76.30 
114.5 
179.1 
296.9 
532.3 
1061. 
2443. 
6876. 
-2585 4 


+ 05 


.1505 + 06 


-1767 4 


+ 07 


-9993 


4.5179 
9.596 
15.24 
21.93 
30.81 
43.46 
62.60 
93.41 
146.6 
246.4 
454.7 
952.7 
2384. 
7703. 
3664 + 05 
„3244 + 06 


9998 


5.0064 
18.06 
30.22 
45.53 
67.15 
99.93 
152.9 
244.6 
416.1 
769.4 
1591. 
3833. 
11412. 
4612 + 05 
.2955 + 06 
.3964 + 07 


9994 


4.5805 
10.35 
16.57 
23.99 
33.91 
48.14 
69.87 
105.1 
166.7 
283.5 
530.5 
1131. 
2890. 
9602. 
.4738 + 05 
4416 + 06 


.9999 


5.2595 
25.86 
44.28 
68.31 

103.4 
158.4 
250.4 
416.0 
739.7 

1441. 
3171. 
8236. 
26943. 
.1228 + 06 
9392. + 06 
.1590 + 08 
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harmonizable representation of, 
329 
integrability of sample paths, 
509 
complex fractional stable motion, 
588 | 
complex harmonizable fractional 
stable motion, 358-363 
definition of, 311 
fractional Brownian motion, 140, 
318-339, 387, 388, 578, 586 


harmonizable representation of, 
325-332 
moving average representation 
of, 320-325 
simulation, 370 
well-balanced representation, 
325 
Hermite process, 366 
Kesten-Spitzer process, 552 
linear fractional stable motion, 
140, 168, 343—349, 358, 413, 
578, 587, 594 
absolute continuity, 533 
boundedness and continuity, 
446, 545, 552 
integrability of sample paths, 
510 
long-range dependence, 345 
simulation, 370, 588 
unboundedness of sample paths 
when H « 1/а, 452, 552 
well-balanced, 140, 344, 552 
log-fractional stable motion, 141, 
168, 352-355, 388, 588 
unboundedness of sample paths, 
453, 546, 552 
properties of, 340—343 
real harmonizable fractional stable 
motiori, 355—358, 413, 588 
real harmonizable stable motion, 
388 
self-affine, see with stationary in- 
crements 
sub-Gaussian fractional stable mo- 
tion, 413 
subordinated to another self- 
similar process, 364-366, 
552, 553, 556 
Takenaka random field, 417, 418 
with stationary increments, 314 
self-similar random field, 392—393, 59] 
Chentsov random field, 396, 407— 
409, 417 
definition of, 392 
Lévy Brownian motion, 402, 590 
Lévy fractional Brownian field, 
393, 396, 405, 590 
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Lévy-Chentsov random field, 400— 
402 
Takenaka random field, 405 
with stationary increments, 392 
sernistable law, 585 
separability in probability, see Condition 
S 
separability of a metric space, 427 
separability of a stochastic process, 421— 
426 
definition of, 421 
strong, 422 
separable kernel, 453 
stongly, 459 
separant, 421 
strong, 422 
series representation 
of o-stable integrals, 149—152 
of a-stable random measures, 145- 
148 
of an a-stable random variable, 
21-35 
of complex-valued stable random 
measures and integrals, 286— 
291 
signed power, definition of, 87 
simulation of fractional motions and 
noises, 370, 588 
simulation of stable random variables, 
4l 
skewness intensity of an œ-stable ran- 
dom measure, 119 
Slepian inequalities, 211, 579 
slowly varying, 5, 50, 51, 589 
spectral measure of an a-stable random 
vector, 67, 68, 71, 85, 107, 
116 
definition of, 66 
discrete, 70, 107 
Gaussian vector, 76 
sub-Gaussian vector, 79, 82 
with respect to different norms, 71 
stable, see a-stable 
stationary increments, 314 
in the strong sense, 392 
stationary SaS process, 208, 291, 460, 
486, 550, 580, 582, 585 
codifference of, 208—215 


harmonizable, 292, 300, 305, 532, 
550 
moving average, 212, 221, 306, 
532 
Omstein-Uhlenbeck, 209 
sub-Gaussian, 213, 215, 302 
stochastic integral 
with respect to a complex-valued 
a-stable random measure, 
215-281, 307 
with respect to an a-stabie random 
measure, 113-118, 121-135, 
149-152, 155-167 
as a Poisson integral, 155-167 
with respect to an isotropic a- 
stable random measure, 281— 
286 
stochastic ordering, 16, 478, 555 
sub-Gaussian fractional stable noise, 
367, 413 
sub-Gaussian process, 142-143, 213, 
215, 218, 302, 502, 578, 580, 
582, 585 
codifference of, 214 
covariation of, 89, 253 
existence of conditional moments, 
252, 585 
integral representation, 142 
regression, 252 
series representation, 169 
sub-Gaussian random vector, 78-84, 86, 
91, 99, 102, 180, 252, 576, 
579 
in limit of normalized peri- 
odogram, 589 
spectral measure, 79, 82 
sub-stable process, 143-145, 502, 578 
codifference of, 215 
integral representation, 143 
sub-stable random vector, 168 
subordinator, see a-stable random vari- 
able 
suprema, see probability tails of the ex- 
trema 
symmetric a-stable process 
conditional normality, 152-154, 
578 
not conditionally Gaussian, 460 
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symmetric a-stable random measure, 


121 
complex-valued, 272-275, 306, 
307 
circular control measure of, 
272-274 


control measure of, 274 
integral with respect to, 275- 
286, 307 
isotropic, 274, 292, 307 
rotationally invariant, see 
isotropic 
symmetric a-stable random variable, 20 
characteristic function of, 20 
complex-valued, 84-87 
isotropic, 84, 109 
rotationally invariant, see 
isotropic 
conditional normality, 21 
symmetric a-stable random vector 
conditional laws, 181—187, 579 
linearity of regression, 174, 578 
multiple regression, 176-181, 579 


tables, see numerical tables 
tail behavior, see probability tails 
Takenaka random field, 402—405, 414- 
417, 590, 592 
codifference, 410—414 


codifference of, 591 
self-similar, 405, 417, 418 
unboundedness of sample paths, 
453, 552 
tight sequence, 61, 107, 561, 562 
topology, 422 
totally skewed to the left, see a-stable 
random variable 
totally skewed to the right, see a-stable 
random variable 
type G, 581 


unboundedness, see boundedness 
examples, 452 

underlying vector, 78 

upper-tail probabilities, see numerical 

tables 

vague convergence, 199 

version, 420-421 
indistinguishable, 421 
measurable, 431, 443 
Poisson process, 420 
separable, 423, 439, 440 


weak convergence, 61, 552 
zero-one laws, 434, 502, 592 


Zolotarev integrals for an a-stable c.d.f., 
39 
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